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COVERINGS, ACTIONS AND QUOTIENTS IN CAT!'-GROUPOIDS

Sedat Temel and Osman Can

Abstract. The aim of this paper is to present the notions of actions and coverings of
cat'-groupoids and to prove the natural equivalence between their categories. Moreover, in
this context, we characterize the quotient concept of cat!-groupoids. Finally we extend these
notions to cat™-groupoids which are groupoid version of cat™-groups.

1. Introduction

There are various 2-dimensional notions of groupoids such as 2-groupoids, double-
groupoids, and crossed modules over groupoids. It is known that crossed modules over
groupoids are categorically equivalent to 2-groupoids [7,11] and to double groupoids
with thin structures [18]. In this context, the notion of cat!-groupoids as a new 2-
dimensional version of groupoids was introduced in [12,21] and it was proved that
crossed modules over groupoids are equivalent to cat'-groupoids. Since a groupoid
with a single object is a group, cat'-groupoids can be regarded as the groupoid case of
cat!-groups defined by Loday [13] (see also [6]). It is well known that the categories
of cat'-groups and of crossed modules over groups are naturally equivalent. This
equivalence is useful for extending crossed modules to higher dimensions.

Studies of covering groupoids play an important role in applications of groupoids
[3,10]. The categorical equivalence between the category Cov(GPD)/G of covering
morphisms of a certain groupoid G and the category Act(GPD)/G of groupoid actions
of G on sets is well known (for the topological version, see [8]). Brown & Mucuk [4] ex-
tended this equivalence to group groupoids (i.e., 2-groups [2], G-groupoids [5], or group
objects in the category of groupoids). This result was adapted to internal groupoids
in the category of groups with operations [1], to Leibniz algebras setting [19], to
categorical groups [16] and rings [17].

The quotient concept of groupoids is constructed in [3, p. 420] and [10, p. 86]. Re-
cently, normal and quotient objects in the category of crossed modules over groupoids
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have been characterized and compared with the corresponding objects in 2-groupoids
[20] and double groupoids with thin structures [18] using the categorical equivalences
between them.

The aim of this manuscript is to introduce the notion of coverings and actions
of cat!-groupoids and to prove the categorical equivalence between their categories.
In [21], the normal subcat'-groupoids are obtained via normality in groupoids and
compared with normal objects in crossed modules over groupoids by using the equiv-
alence between these two categories. However, there is a gap in this equivalence with
respect to quotient structures. In this paper, we also study the quotient concept of
cat!-groupoids. Finally, we introduce the notions of cat™-groupoids as a groupoid case
of cat”-groups and then study coverings, actions, normality and quotient concepts in
cat™-groupoids. The results presented in Section 3 originated in the thesis [9].

2. Preliminaries

A groupoid G = (Go, G) consists of the class G of objects, the class G=J, ,cq, G(,Y)

of morphisms, where G(x, y) is the class of morphisms from x to y as follows: x Iy
with the source and target maps do,d1: G — Gy, respectively, such that do(g) =
x,d1(g) = y, the associative composition map G(y, z) X G(z,y) = G(z,z2), (h,g) —
ho g and the identity morphism map ¢: Gy — G, =+ 1, € G(z) (where G(z) is the
set of morphisms from x to x) such that go1l, =g, 1, 0¢’ = ¢’, where dy(¢’) = z and
the inverse mapping n: G1 — G1,7n(g) = g~ ! is such that gog™ ' =1,, g7l og=1,.
We write Stgx for dy ! (x) and call it the star of G at x € Gy. Briefly a groupoid is a
small category in which all morphisms are invertible. For further details, see [3,15].

A subgroupoid H of G is a subcategory H of G such that h € H implies h=! € H.
We say H is wide if Hy = Gy. Let G be a groupoid and N be a wide subgroupoid of
G. Then N is called normal if go N(x)og~! C N(y), i.e go N(z) = N(y)og, for each
x,y € Gg and g € G(z,y) [3]. Given a normal subgroupoid N of G, then N defines an
equivalence relation on the objects of G by x ~ 2/, for x, 2’ € Gy, if and only if there
is a morphism n of N such that dyo(n) = z, di(n) = a’. These equivalence classes
are denoted by [z] and the set of equivalence classes by Go/N. Here N defines an
equivalence relation on morphisms of G by g ~ ¢, for ¢g,¢' € G if and only if there
are morphisms m,n of N such that ¢ = mo ¢’ on. Since N is a subgroupoid of G,
~ is an equivalence relation on G. These equivalence classes are denoted by [g], for
g € G and the set of equivalence classes by G/N. Then G/N = (Go/N,G/N) is a
groupoid, where the structure maps are defined as follows

do([g)) = [do(9)],  da(lg]) = [da(9)], Ly =[L], [ =1lg""]
and the composition is defined by [g1]o[g]=[g10nog|, where do(g1)~d1(g), do(n)=d;1(g)
and dj(n)=dy(g1). For more details see [14, p. 9], [10, p. 86] and [3, p. 420].

Let G, N_C? be two groupoids and p: G—>3Ghbea morphism of the groupoids. If for
each T € Gy the restriction St5(x) — Stgp(7) is bijective, then p is called a covering
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morphism of groupoids and G is called a covering groupoid of G [3].

Let p: G — Gand q: G’ — G be two covering morphisms of groupoids. A morphism
p: G — G’ such that ¢p = p is called a morphism of coverings of G. Thus, coverings
of G and their morphisms form a category which we denote by Cov(GPD)/G.

COROLLARY 2.1 ([3]). A I-connected covering groupoid of G covers every covering
groupoid of G. This covering groupoid is called a universal covering groupoid of G.

Let G be a groupoid, S a set, and w: S — Gy a mapping. An action of G on S via
w is a mapping Gg, X, S — S, (g,8) — g.s where Gg, X, S = {(g,5) | do(g9) = w(s)}
satisfies the following conditions:
(AC1) w(g.s) =di(g), (AC2) 1y(5)+s = s,

(AC3) (hog)ss=h.(g.s),
when hog and g.s are defined. This action of G on S via w is denoted by (S,w). We
also say that G acts on S via w or S is a G-set [3].

Given such an action, the semi-direct product (S, S x G) is defined as a groupoid.

Morphisms here are pairs (s, g) as s 9 g« s , where the composition of morphisms
is defined by (g.s,h) o (s,9) = (s,h o g). Given such a groupoid, the projection
p: Sx G — G, (s,g) — g is a covering morphism, where p on objects is given by
w: S = Gg. For more details see [3, p. 374].

Let G act on S and S’ via w and w’, respectively. A morphism f: (S,w) — (5,w’)
of such actions is a mapping f: S — S’ such that w'f = w and f(g.s) = g. f(s)
whenever g. s is defined. Therefore, actions of G on sets and their morphisms form a
category denoted Act(GPD)/G.

3. Cat'-groupoids

In this section we recall the notion of cat!-groupoid from [21]. Then we obtain cov-
erings, actions and quotient concepts of cat'-groupoids.

DEFINITION 3.1. Let G = (Go, G) be a groupoid, o,7: G — G be groupoid morphisms
which are identities on objects. A cat!-groupoid is a triple (G, o, 7) satisfying the
following conditions:

(C1Gdl) or=7and 70 =0

(C1Gd2) hokoh~lok=l=edy(h), for all h € Ker(c), k € Ker(r) such that do(h)=do (k).
Here Ker(o) = {g € G | o(g) = edo(g9)} and Ker(7) = {g € G | 7(g) = edp(g)} are
totally disconnected and wide subgroupoids of G on the base object set Gy.

EXAMPLE 3.2. Given a catl-group (G,s,t) and a set X, we obtain trivial cat!-
groupoid G=(X, X xGx X), where o(z, g,y)=(, 5(g),y) and 7(z, g, y)=(,t(9),y).

PROPOSITION 3.3. Given a cat'-groupoid (G, o, T), we have
(i) o(G) =71(G), (i1) o and T are identities on o(G) and 7(G),



4 Coverings, actions and quotients in cat!-groupoids

(iii) 0% =0 and 7% = T.

DEFINITION 3.4. Let (G,0,7) and (G, o', 7') be two cat!-groupoids and let f: G — G’
be a morphism of groupoids such that the following diagram is commutative.

g—=¢
)
g/%g/

’
T

Then, f is called a morphism of cat!'-groupoids. Therefore, cat!-groupoids and their
morphism form a category which we denote by CAT'-GPD.

3.1 Coverings and actions of cat!-groupoids

In this subsection we introduce the notions of actions and coverings of cat!-groupoids.
Then we prove the natural equivalence between their categories.

DEFINITION 3.5. Let (G, 0, T),(é,&,?) be two cat!-groupoids and p: G > Gbea
morphism of cat'-groupoids. If for every € Gy the restriction Stz(x) — Stgp(T)

is bijective, then p is called a covering morphism of cat!-groupoids and G is called a
covering cat!-groupoid of G.

Note that the underlying groupoid Gis a covering groupoid of the underlying
groupoid G and thus p is a covering morphism of groupoids.

REMARK 3.6. Let G be a covering cat!-groupoid of G. Then, we easily obtain that
po = op, pT = 7p from the following diagram

G

i”

g

g
|
g
DEFINITION 3.7. Let (G,0,7) be a catl—grougoid and p: G—G,q:G — G be two
covering morphisms of G. A morphism p: G — G’ such that ¢gp = p is called a

morphism of coverings of G. Thus, the coverings of G and their morphisms form a
category which we denote by Cov(CaT'-GpPD)/G.

P
P,
P
o

e

7
P
T

DEFINITION 3.8. Let (G, 0,7) be a cat!'-groupoid, S a set, and w: S — G a mapping.
An action of G on S via w is a mapping G4, X, S — S, (g,8) — g .s, where
Gay Xw S ={(g,9) | do(g) = w(s)} satisfies the following conditions:

(AC1G1) w(g.s) =di(9g), (AC1G2) 1y »5 = s,

(AC1G3) (hog).s=h.(g.s), (AC1G4) o(g).s=g.s,and 7(g9).s=g.s
if hog and g.s are defined. This action of G on S via w is denoted by (S,w). We
also say that G acts on S over w or S is a cat'-G-set.
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Note that the underlying groupoid G acts on S via w. Under such an action,
the semi-direct product cat!-groupoid ((S, G x S),,7) is defined as a cat!-groupoid,
whose underlying groupoid is the semi-direct product groupoid (S,G x S), where
o(g,s) = (o(9),s), 7(g,8) = (7(g), s). So the projection p: G x S — G is a covering
morphism of cat!-groupoids.

COROLLARY 3.9. A cat'-groupoid whose underlying groupoid is connected has a uni-
versal covering cat!'-groupoid.

DEFINITION 3.10. Let S and S be cat!-G-sets over w and w’ respectively. A morphism
f:(S,w) = (9",w") of such actions is a mapping f: S — S’ such that «'f = w and
flg.s)=g.f(s) whenever g.s is defined.

Therefore, the actions of a cat!-groupoid G on sets and their morphisms form a
category which we denote by Act(CaT*-GPD)/G.

THEOREM 3.11. Let (G,0,7) be a cat'-groupoid. Then the category Cov(CAT'-GPD)/G
is naturally equivalent to the category Act(CaT'-GPD)/G.

Proof. A functor 6: Act(CAT'-GPD)/G — Cov(CAT'-GPD)/G is an equivalence of
categories. Let (S,w) be an object of Act(CAT'-GPD)/G. Then 0(S,w) = (G,5,7) is
a covering cat!-groupoid of G, where Gy = S, G = G x S = {(g,5) | do(g) = w(s)},
a(g,s) = (o(g9),s), T(g,8) = (7(g9),s). Here the source and target maps are defined
by do(g,s) = s, di(g,s) = g s, respectively,and the composition of the morphisms
is given by (g1,51) 0 (g9,8) = (g1 0 g,s) with s1 = g.s. The identity map is defined
by e(s) = (lu(s),s), where the inverse of (g,s) is defined by (g,5)™" = (g7 ', g.s).
The covering morphism p = (pg, p) is defined such that po(s) = w(s) and p(g, s) = g.
Since o(g)+s =g.s and 7(g) . s = g . s are from (AC1G4), 7 and 7 are identities on
objects. Thus, we can prove that the conditions (C1Gdl) and (C1Gd2) are satisfied.

(C1Gd1) Since 37(g,5) = 3(r(g),5) = (o7(g).5) = (10(g),s) = F((g),s) =
75(g,s), then 67 = 7. Similarly 70 = 7.

(C1Gd2) Since Kero = {(g,s) | o(g,5) = edo(g,5)} = {(g,5) | 0(9) = 1)} and
Ker7 = {(h,s") | T(h,s") = edo(h,s")} = {(h,s") | T(9) = lus)}, we get g.s =
0(g)es = 1y =5 =35, has' = o0(h).s = 1,).8 = s and thus (g,8)" ! =
(g71,8),(h,s")"t = (h71,s'). Let s = s'. Then dy(g,s) = do(h,s’). So (g,s) o (h,s)o
(9,5) "0 (h5)" = (gohog ' oh~5) = (Ly(e) 5).

Let f: (S,w) — (S’,w') be a morphism of Act(CAT'-GPD)/G. Then 0(f) =
(f,1g x f) is a morphism of Cov(CAT'-GPD)/G.

Let p = (po,p): (5,5,7’) — (G,0,7) be a covering morphism of cat!-groupoids.
We define a functor : Cov(CAT'-GPD)/G — Act(CAT'-GPD)/G as a weak inverse
of 6, such that (G, p) = (Go,po) is an object of Act(CAT'-GPD)/G. An action of G

on (Go,po) is given by g.7 = dy(g) where x —I sy, 7—2-7 and p(q) =g
ACIG1) po(g - ) = podi(9) = po(y) =y = di(9).

(
(AC1G2) 1z -7 = 1o & = da(1,) = 7.
(AC1G3) (hog)eZ=di(hog) =di(h) =h.(g.7).
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(AC1G4) Since o is identical on objects, we can write di(g) = di10(g). Since
po = op, we can write po(g) = op(g) = o(g). Therefore, we obtain g.= = di(g) =
dio(g)=o(9).2.

Let p = (§o,p): G — G’ be a morphism of Cov(CAT'-GPD)/G. Then ¥(p) =
Po: Go — G} is a morphism of Act(CAT!-GPD)/G.

It is easy to verify that 90 = 1. To show 1 = 61, define a natural equivalence
§: leapr-gen/9 — 09 via a map {5 such that it is identical on objects and {5(g) =
(p(9),do(g)) for g € G. Since p is bijective, 5(1;1 can be defined and ¢z preserves the

composition: é5(h o) = (p(h o), do(h o §)) = (p(h) o p(@): do(§)) = (p(h),do(h)) o
(p(9),do(9)) = £5(h) 0 §5(9), for g,h € G. O

3.2 Quotient cat'-groupoids

In this subsection we recall the notions of subcat'-groupoids and normal cat!-groupoids
from [21]. We then obtain the quotient concept of cat!-groupoids.

DEFINITION 3.12. A subcat!-groupoid (G’, o', 7') of a cat!-groupoid (G, o, 7) is a sub-
groupoid G’ = (Gj, G') of G = (G, G) such that o', 7" are respectively restrictions of
o,7 on G'. We say G’ is wide if G, = Go. If G’ is a normal subgroupoid of G, then
(G',0',7') is called normal subcat!-groupoid of (G,a, 7).

THEOREM 3.13 ([21]). Given a cat*-groupoid (G,o,7) and a crossed module (A, B, 0)
over groupoids corresponding to G, the category NC1GD /(G, 0, T) of the normal subcat® -
groupoids of (G,o,T) is equivalent to the category NCmc /(A,B,0) of the normal
subcrossed modules of (A, B, D).

We now construct the quotient concept of cat'-groupoids in the following theorem.

THEOREM 3.14. Let (G,0,7) be a cat'-groupoid and (N,o,7) be a normal subcat-
groupoid of (G,o,7). Then the quotient groupoid G/N s a cat'-groupoid with the
following functors a([g]) = [0(9)], T(lg]) = [7(g)], where [g] is an equivalence class in
G/N. This cat'-groupoid (Q/./\/, T, ?) is called quotient cat'-groupoid.

Proof. Since o and 7 are identities on objects, (N (z)) = N(z) and 7(N(x)) = N(z),
for any x € Gy. Then we can prove that & and 7 are functors as follows:

a(lg] e [g]) =a([g1 om0 g]) = [o(g1) 0 a(n) 0 0(g)] = [o(g1)] © [o(9)] = T([9:1]) T ([]);

a([1z]) =lo(12)] = [Lo(@)] = [La],

and similarly, 7([g1] o [g]) = T([g1]) e T([g]) , T([1z]) = [1], where s(g1) ~ t(g) and
s(n) = t(g),t(n) = s(g1).

y (fllGdjLSinge a 7(l9]) = a([7(9)]) = lo7(9)] = [7(9)] = 7([g]), then & T = 7.

imilarly 77 = 7.

(C1Gd2) Since Kerg = {[g] | g € Kero} and Ker7 = {[g] | g € Ker}, we get
[p]olglelg]  olg) ™ =[gronoglolgr omog ] = [gronogonsogoniog]
for g1 € Kero, ¢ € Kerr, where n,n;,nes € N(z) and do(g1) = do(g) = x. Since
N is normal, then [g1] o [g] o [9:] ' o [g] " = [gronogonyogitonmogT!] =
9109067 0 g~ omony o) = (L, o nomy om] = (L)
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3.3 Cat"-groupoids

In this subsection we define cat™-groupoids by extending the definition of cat™-groups
to the notion of groupoids. Once the notions of cat™-groups and cat'-groupoids are
known, it is easy to obtain coverings, actions, normality and quotient concepts for
cat”-groupoids.
DEFINITION 3.15. Let G = (Gy,G) be a groupoid, o;,7;: G — G be 2n functors
which are identities on objects. A cat™-groupoid (G,o;,7;) is a groupoid satisfying
the following conditions for ¢,5 € {1,2,...,n}, i # j.
(CnGdl) 0;T; = Tiy T30 = 04,
(CnGd2) 0,05 = 0j04, T;T; = TjT;, 0;Tj = T;0;,
(CnGd3) h;ok;o hi_1 ) k:i_l = edo(h;), for all h; € Ker(o;),k; € Ker(r;) such that
do(h;) = do(k;).

Each cat™-group can be viewed as a cat™-groupoid with a unique object. Another
example is obtained by using a trivial groupoid as in Example 3.2.

THEOREM 3.16. The category Cov(CAT"-GPD)/G of coverings of G is naturally equiv-
alent to the category Act(CAT"-GPD)/G of actions of G, where (G,0;,7;) is a cat™-
groupoid.

Proof. The idea of the proof is to show that the functors of Theorem 3.11 extend to an
equivalence of categories. Therefore, we define the functor : Act(CAaT"-GPD)/G —
Cov(CAT"-GPD)/G such that, given an object (5, w) of Act(CAT"-GpD)/G, 0(S,w) =
(G,0,7) is a covering cat™-groupoid of G via the process of proving Theorem 3.11,
where 7;(g, s) = (0:(9), $), Ti(g, s) = (1:(g), s). We only check if the condition (CnGd2)
is satisfied. Since

0i0j(9,s) =(0i0;(9),s) = (0;0i(9),s) = 7;0i(g, ),

TiTj(97 S) :(TiTj(g)7 S) = (TjTi(g)? 8) = ﬂﬁ(ga S)a

0i7j(g, s) =(0i7;(9), s) = (10i(9), s) = 7;0i(g, 5),
we have 0;0; = 0503, T;7; = 7;7; and 0;7; = 7;0;. Other details are straightforward
and therefore omitted. U
THEOREM 3.17. Let (G,04,7;) be a cat™-groupoid and (N,o,7) be a normal subcat!-
groupoid of (G,c4,7;). Then the quotient groupoid G/N is a cat™-groupoid with the
following functors 7;([g]) = [04(9)], Ti([g]) = [1:(g)], where [g] is an equivalence class
in G/N. This cat™-groupoid (Q/N,JT, ﬁ) is called quotient cat™-groupoid.
Proof. Following the proof of the Theorem 3.14, we show only the condition (CnGd2).
Since 77 75([9]) = 7il[o;(9)]) = loi0;(9)] = loj0i(9)] = Tj([0i(9)]) = T Ti([g]), then
i 0 = 7 o3. Since 77 T([g]) = Tl[7;(9)]) = [m7i(9)] = [mmi(9)] = T([m(9)]) =
7 Ti(lg]), then 73 75 = 75 7. Since 75 7;([g]) = @i([7;(9)]) = o7 (9)] = [m0i(9)] =
7 (loi(9)) =75 Fi(lg]), then 77 75 =75 7. -
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