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A NOTE ON THE HURWITZ ZETA FUNCTION
Djurdje Cvijovié and Jacek Klinowski

Abstract. We show that the Hurwitz zeta function and polylogarithm, {(v, a) and Li,(z),
form a discrete Fourier transform pair for Rev > 1. Many formulae, the majority of them
previously unknown, are obtained as a corollary to this result. In particular, the transformation
relation allows the evaluation of ((v,a) at rational values of the parameter a. It is also shown
that, by making use of the transform pair, various known results can be deduced easily and in a
unified manner. For instance,

o) 2n+1
2¢(2n +1,1/3) = (32" —1)¢(2n + 1) + (—1)"—132"\@%32“1(1/3),
n > 1, where B, (-) stands for the Bernoulli polynomial of degree n.

1. Introduction

As the various zeta functions (Riemann, Hurwitz, Epstein, Lerch, Selberg and
their generalisations) constantly find new applications in different areas of math-
ematics (number theory, analysis, numerical methods etc.) and physics (quantum
field theory, string theory, cosmology etc.), further development of their theory is
needed. In this note we extend the procedure used in [1] to establish a new relation
between the Hurwitz zeta function and polylogartithms.

2. Statement of the results

The Riemann and the Hurwitz zeta functions, ((v) and ((v,a) respectively,
are both analytic over the whole v-complex plane, except at v = 1, where they
have a simple pole. {(v) and {(v,a) can be defined for Rev < 1, v # 1, as analytic
continuations of the following series [2, p. 19 and p. 22]

(o] (o]

1 1
= - = — <1 1. 1
¢(v) X and  ((v,a) kz::O iy 0<a<1, Rev > (1)

Throughout the text Li,(z), here referred to as the polylogarithm, denotes the
Dirichlet power series defined by
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Li, (2) = (2)
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which converges absolutely for all v if |z| < 1, for Rev > 01if |z] = 1, z # 1, and for
Rev > 1if z =1. It is known that Li,(z) admits an analytic continuation which
makes it regular for every v. It is evident that Li, (1) = {(v,1) = {(v).

The Bernoulli polynomial of degree n, denoted by B,(z), is defined by the
power series [2, p. 25]
tx 00 n
= LB < (3)
and B,, = B,(0) is the n-th Bernoulli number. Note that the (Euler) relation exists
between the even-indexed Bernoulli numbers Bsy,, and the values {(2n). For a more
detailed discussion of {(v) and ((v,a) see Whittaker and Watson [3]. An extensive
list of formulae involving Li, (z) can be found in Prudnikov et al. [4, pp. 762-763].
The theory of this and related functions (for example the Legendre chi function,
and the generalised and associated Clausen functions) is well covered in Lewin’s
standard text [5]. Formulae involving B, (z) and B, can be found in Magnus et al.
[2, pp. 25-32], Abramowitz and Stegun [6, pp. 803-806], Gradshteyn and Ryzhik
[7, pp. 1076-1080] and Prudnikov et al. [4, pp. 765-766]. Our results are as follows.

THEOREM. Assume that t is a positive integer and set w = exp(i 2w /t). Let
¢(v,a) and Li,(z) be the Hurwitz zeta function and the polylogarithm defined as in
(1) and (2). Then:

((v,s/t) =

& | =

# Li,(ww ™, s=1,2,....t (4a)

0~ 107

| =

Li, (w") = C(v, s/t)w"s, r=1,2,...,t. (4b)
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COROLLARY 1. Consider

() = 3> SmCETD) L @y = 3 SR st ()
k=1 kl’ k=1 ky
and assume that p and q, with p > 0 and g > 0, are integers. Then:
. 1 3 .
(i) Sv(p/a) = po ; C(v,s/q)sin(s 2mp/q), 0<Pp< g (6a)
. 1 4
(ii) Cu(p/q) = ) C(v,s/q) cos(s2mp/q), 0<p<g; (6b)
q
(i) C(v.p/a) = "~ 32 Culs/a) cos(s 2mp/a) + 5. (s/a)sin(s 2mp/a)). 1<p<
= (6¢)
q
(iv) C(v.p/q) = (.1 =p/g) =2¢"" 32 S, (s/)sin(s 2mp/g), 1<p<q—1;
= (6d)

(v) ¢, p/a) + (w1 = pla) = 2"+ 2 Cu(s/g) cos(s 2mp/q), t<p<ast
s=1 6e



A note on the Hurwitz zeta function 49

COROLLARY 2. Assume that p, ¢ and n, with p > 0 and q, n > 0, are integers.
Let B,,(z) be the Bernoulli polynomial of degree n defined in (3). Ifn > 1, the
following holds:

0) Banis0/a) = (1" 2t S o+ 1,/ sins 2np/a), 0<p <
(2mq) s=1 (7a)

(i) Ban(p/a) = (<1 2l 5 ((2m,s/a) cos(s2apfa), 0 <p < a
(2mq) (7b)

(iii) ¢(2n+1,p/q) —C(2n+1,1—-p/q) =

1 on (2m)PH &
= (=" ”m Z Bont1(s/q)sin(s2mp/q), 1<p<qg—1; (7¢)

(iv) ¢(2n,p/q) —((2n,1-p/q) =

= oyt OO 8 BaGsfoycos(s2mpfe). 1<p<a-1 (1

NOTE. The formula (4b) in the Theorem and the parts (i) and (ii) of Corol-
lary 1 and Corollary 2 have been recently deduced [1]. The formula in (7a) was
first given by Almkvist and Meurman [8], but it appears that the remaining results
and the Theorem in the form given above are unknown. For further discussion of
the results and illustrative examples see Section 4.

3. Proof of the results

Before proving the Theorem, we recall the definition of the discrete Fourier
transform [9, Chapter 8]. Let (a,) (r =0,1,...,t—1,¢ > 1) be a sequence of real or
complex numbers with period ¢ (a,4+ = a, for all r € Ng) and let w = exp(i 27 /t).
Then, the discrete Fourier transform pair of the sequences (a,) and (a¥) is defined
as

H-l»—l

f} s=0,1,....t—1,
1_
E aiw r=0,1,...,t—1.
s=0

The first relation is known as the direct discrete Fourier transform, and the second
as the inverse discrete Fourier transform. We note that although it is usually
asserted that 0 <r <t—1and 0 < s <t—1,r and s can be arbitrary integers (or
residues modulo t).

Proof of Theorem. We shall first derive the formula in (4b), i.e. show that the
sequence t¥ Li, (w”) is the inverse Fourier transform of {(v, s/t) .
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The sequence of the numbers Li, (w") (and thus ¥ Li,(w")) given by

oo exp(i2knr/t) = exp(i2(k+ 1)wr/t) .
L) = 3 SRUBT _ § oRUARL Il -y

is clearly periodic with period ¢, and the absolute convergence of the series involved
is assured when Rev > 1 (see (2)).

Next, we recall the division law in Z: for any a € Z, b € N there exist unique
¢,d € Z such that a = bc +d and 0 < d < b. Here, in the case of the series for
Li, (w™), this means that any (k,t) (k € Ng, t € N) uniquely determine the integers
m and s such that k = tm + s where m =0,1,2,... and s =0,1,...,t — 1. Hence,
it follows by absolute convergence that

o =1 expli 2(tm + s + 1)7r /] >t oexpli2(tm + s)wr/t]

Liy(uﬂ) :mz()sz (tm—l—s—l—l) mZ[]sE (tm—l—s)"
_ 1 < exp(i 2mnr) exp(i 2smr /t)
o Z:: Z=:o (m 4+ s/t)”

which can be further simplified to

L

s=1lm

exp(i2smr/t) 1

S e = Bzl £ o

Li, (w") = m T sJ”

~
N

since exp(i2mnr) = 1 (m and r are integers). In view of the definition of the
Hurwitz zeta function in (1), the last double sum results in the required formula
n (4Db).

Finally, what remains is to show that the transform relations in (4a) and in
(4b) form a discrete Fourier pair. Indeed, substitution of (4b) into (4a) yields

sl = X ¢ Lo = 1 T o0 (17 5 s/ ) -
I%Zi: (v, s/t)zi: w =((v,s/t), s=1,2,...,t

because of the following orthogonality relationship
i — { t, ifr=s,
r=1 0, otherwise

and thus the proposed transform relations in (4) are established for Rev > 1. This
completes the proof when Rev > 1, and for other values of v the relations hold by
the principle of analytic continuation. m

Proof of Corollary 1. Clearly, the series in (5) are absolutely convergent for
any real x and simple consideration of them shows that

S,(1—z)=-5,(z) and C,(1-—2)=C,(z) (8a)
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while
S,(1)=5,(0)=0 and C,(1)=C,(0) =((v). (8b)

Moreover, the following
Li, [exp(i 2knz)] = Cp(x) + S, (z) (9)
holds by (2).

Now, in view of (9) the required formulae in (6a,b), valid for 1 < p < ¢, follow
trivially from (4b). It can be shown by direct verification that they remain valid
for p = 0.

Next, by making use of (9) the expression in (4a) can be rewritten as follows

C(v,s/t) =t 1 Zi:l(él(r) +i®y(r)) =t~ 1 Zi:l Dy (1)
=t zt: [Cu(r/t) cos(r2ms/t) + S, (r/t)sin(r2ws/t)], 1<s<t
r=t (10a)

i.e. the imaginary part vanishes since for

Dy(r) = S, (r/t)cos(r 2ms/t) — C,(r/t) sin(r 27s/t)
we have that ®2(t) = 0 and that $o(t —7) = —Po(r) (1 <7 <t —1) (see (8a,b))
and therefore 317} ®,(r) = 0.

In this way we have arrived at the proposed formula in (6¢). Finally, the
desired results in (6d) and (6e) are obtained from (10a) and

t
C(v, 1 —s/t) =t"=1 SO[C,(r/t) cos(r 2ms [t) — S, (r/t) sin(r 2ms /t)] (10b)
r=1
where 1 < s <t — 1. Here, the case s = t should be excluded considering that for
¢(v,a) must be a #0. m

Proof of Corollary 2. Tt is easy to verify that parts (i)—(iv) are immediate
consequences of (i), (ii), (iv) and (v) in Corollary 1 by recalling the following
Fourier series representation of the Bernoulli polynomials B, (z) [6, p. 805, Entry
23.1.17 and 23.1.18]

B (x) = <—1>“2é2$;_13! z sin(2km)

where 0 <z <lforn=2,3,...,0<zxz<1forn=1and

2(2n)! &= cos(2kwx)
e &k

By () = (=1)""

where0 <z <lforn=1,2,3,... m
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4. Concluding remarks

It has been shown that the Hurwitz zeta function and the polylogarithm form

a discrete Fourier pair. We note that more non-obvious identities, some with useful

physical applications, can be deduced from (4a,b) by using the theory of the discrete

Fourier transform, particularly the theorems on convolution [9, Chapter 8]. As an
illustration, we give
T

X CHr/t) + X SAr/0) = X Cr/)

r=1

whici is obtained by applying the Rayleigh-Parseval formula on the Fourier pair in
(4a,b) where (4b) is combined by (9).

The theorem allows evaluation of the Hurwitz zeta function {(v,a) at rational
values of the parameter a. Recall that an analytic continuation from [10]

2l(v) &
1 —v,s/t)= ont) > ¢(v,r/t)cosm(v/2 —2rs/t), 1<s<t (11)
wt)” r=1

has a similar property. However, equation (11) cannot in general be used directly
to yield {(v,a) for v a positive integer, unlike the following well known relations [6,
p. 260, Eq. 6.4.7 in conjunction with Eq. 6.4.10]

(2n+1,2)—C2n+1,1—2) =

cot(mz)™ (12a)

(2n)!

¢(2n,z) +¢(2n,1 —2) = — ' cot(rz)n—1) (12b)

™
(2n —1)
which are valid when 0 < 2 < 1 and n > 1 and involve derivatives of cot(rz).
Compare (12a,b) with our (7c,d) and observe that by combining them we arrive at
the following interesting sums
q 2n+1
3 Bruaa(s/a)sin(s 27p/a) = (1) gt cot(rr) ™)

z=p/q

3= Bau(5/a) cos(s2mp/a) = (~1)" =iz cotlma) ")

z=p/q

Further, in view of (6a,b) the trigonometric series C, (z) and S, (z) in (5) are
in the general case, when x is a rational, summed in closed form in terms of the
Hurwitz zeta function. For instance

Su(1/3) = =5,(2/3) = (1/2)37V3(¢(1, 1/3) = ((v,2/3))
Sy(1/4) = =5,(3/4) = 47"(C(v, 1/4) = ((v,3/4))
Sy(1/6) = =5,(5/6) = (1/2)6"V3[(¢(v,1/6) = ((11,5/6)) + (¢(v,1/3) = ((1,2/3))]-

Note that (6a) can be rewritten as

5.(p/0) = = % Glv.s/a)sins 2xp/a)

=— > (C(ws/q)—((v,1-s/q))sin(s2mp/q)
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and (6b) as
1 e/
Cu(p/q) = p 2231 (C(v,8/q) +((v,1 —s/q)) cos(s 2mp/q) + A((v)q~

where A = 1 and A = 2 — 2” when ¢ is an odd and even integer respectively.
Moreover, it is easy to verify that the other expressions given in Corollary 1 and
Corollary 2 can be similarly rewritten.

In order to show that various results can be deduced easily and, in particular,
in a unified manner, we give several examples of the application of the theorem and
its corollaries. Almost all these results can be found in Hansen’s text [11] while,
for instance, Prudnikov et al. [4, pp. 765-766] list those given in Examples (i) and
(ii), respectively.

EXAMPLES.
(i) Let C, be defined by (5). Then:

Cu(1/2) = (27" = 1)¢(v)

Cu(1/3) = Cu(2/3) = (1/2)(3"7" = 1)¢(v)

C,(1/4) = Cu(3/4) = 27(2"7" = 1)¢(v)
C,(1/6) = C,(5/6) = (1/2)(3'7" = 1)(2'7" — 1)¢().

(ii) Let B,(z) and B, be the Bernoulli polynomials and numbers. If n > 1,
then:
(2m )2

B3, (0) = Bon(1) = By = (-1)" C(Qn)

B2n(1/2) = (1/2)(2'7*" = 1) Baa

B2n(1/3) = B2n(2/3) = (1/2)(3'7*" = 1) By,

By,(1/4) = B, (3/4) = 272"(2'72" —1)Ba,

B2(1/6) = B2 (5/6) = (1/2)(2' > = 1)(3" " —1)Bsn.

(iii) If n is a positive integer and Q,, is given by Q,, = (—1)*"! @mym’ then:
(2n + 1)!
¢C(2n +1,1/2) = (22" —1)¢(2n + 1)

2((2n +1,1/3) = (3*"*! —1)¢(2n + 1) + V3 B2y41(1/3)3*"Qn
2¢(2n +1,2/3) = (32" — 1)¢(2n + 1) — V3 B2ny1(1/3)32"Q,,
2¢(2n + 1,1/4) = 2271 (227 _1)¢(2n 4 1) 4 2B, 11(1/4)4*"Q.,,
2¢(2n + 1,3/4) = 2271 (227 _1)¢(2n + 1) — 2By, 11(1/4)4*"Q.,
2¢(2n 4+ 1,1/6) = (32" —1)(22"*F! —1)¢(2n + 1)

+ V3 (Bant1(1/6) + B2n11(1/3))6*"Qn
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2¢(2n + 1,5/6) = (32" —1)(22" ! —1)¢(2n + 1)
— V3(Ban11(1/6) + Ban11(1/3))6°" Q.

Proof. Note that in view of (8b) on putting p = 0 in (6b) we have

z C(w,5/9) = ¢C(v)

and hence the following identities hold

((r,1/2) = (2" = 1)¢(v)
(1, 1/3) + (¢, 2/3) = (3" = 1){(¥)
((v,1/4) + ((v,3/4) = 27(2" = 1){(v)
((v,1/6) + ((v,5/6) = (2" = 1)(3" — 1)((v).

Then, all the formulae for special values in Examples (i)—(iii) follow readily on
making use of these identities in conjunction with parts (ii) of Corollary 1 and
Corollary 2 and part (iii) of Corollary 2, respectively.

REFERENCES

1]
(2]
(3]
(4]

[5]
[6]

[7]
(8]
[9]
(10]

(1]

Cvijovié¢, D., Klinowski, J., New formulae for the Bernoulli and Euler polynomzials at rational

arguments, Proc. Amer. Math. Soc. 123 (1995), 1527-1535.

Magnus, W., Obergettinger, F., Soni, R. P., Formulas and Theorems for the Special Functions
of Mathematical Physics, Springer-Verlag, Berlin, 1966.

Whittaker, E. T., Watson, G. N., A Course of Modern Analysis, Cambridge University Press,
4th ed., 1969.

Prudnikov, A. P., Brychkov, Yu. A., Marichev, O. 1., Integrals and Series, Vol. 3, Gordon
and Breach, New York, 1990.

Lewin, L., Polylogarithms and Associated Functions, North-Holland, Amsterdam, 1981.

Abramowitz, M., Stegun, I. (eds.), Handbook of Mathematical Functions with Formulas,
Graphs and Mathematical Tables, Dover Publications, New York, 1972.

Gradshteyn, I. S., Ryzhik, I. M., Table of Integrals, Series and Products, Academic Press,
New York, 1980.

Almkvist, G., Meurman, A., Values of Bernoulli polynomials and Hurwitz’s zeta function at
rational points, C. R. Math. Acad. Sci, Soc. R. Canada 13 (1991), 104-108.

Weaver, H. J., Theory of Discrete and Continuous Fourier Analysis, John Wiley, New York,
1989.

Hansen, E., Patrick, M. L., Some relations and values for the generalized Riemann zeta
function, Math. Comput. 16 (1962), 265-274.

Hansen, E. R., A Table of Series and Products, Prentice-Hall, Englewood Cliffs, N. J., 1975.

(received 13.03.2000., in revised form 18.12.2000.)

Department of Chemistry, University of Cambridge, Lensfield Road, Cambridge CB2 1IEW, U.K.

E-mail: jk18Q@Qcam.ac.uk



