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SOME NEW PROPERTIES OF SEQUENCE SPACES
AND APPLICATION TO THE CONTINUED FRACTIONS

Bruno de Malafosse

Abstract. We give two methods of approximation of a solution of an infinite linear system.
First, we will construct a sequence of finite matrices which approaches a solution, this one being
defined by an infinite sequence. Then, we will apply these results to the continued fractions.

1. Introduction

Infinite linear systems have been studied by many authors, let us cite for
instance Cooke [1], Defranza, Zeller [2], Maddox [6], Polya [1], Reade [13]. Here,
we construct a natural sequence which converges to a solution of the system, by
the means of a sequence of finite matrices deduced from an infinite matrix A. This
principle has been developed by Polya, but the space used by this author contains
infinitely many solutions, and the matrices are very particular. We propose another
class of matrices, a space in which the system has one and only one solution, and
the possibility to do a calculus of error.

This paper is organized as follows; in section 2 we recall [1], [10], [11] the
Polya’s method, which illustrate the construction of a solution of an infinite linear
system. This method consists in defining a sequence of finite matrices converging
to a solution of a system. We give, further, in other spaces denoted s, or s,, see
[4], [7] another sequence of finite matrices which converges to a solution of such a
space. Under other conditions, we have a second approximation of this solution,
with a calculus of the error. In Section 3, we recall (see E. Hellinger and H.S. Wall
[3], [14], [15]) some results concerning the continued fractions and the bounded
matrices. Finally, we apply the results of Section 2 to those. In fact, to obtain
the formal expansion into a continued fraction, we have to give an approximation
of the coefficient a};, in the first row, and in the first column of a particular right
reciprocal matrix. a}, is called the leading coefficient, we have in fact a}; = af;(2),
and it has been shown [14] that aj,(2) = 1 + %1()2), where O(1) represents a
function of z which is numerically less than a constant independent of z for all z
with Im(z) > 0.
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2. Some definitions and properties of infinite linear systems

2.1. Linear infinite systems and Polya matrices

In this work, we shall study linear infinite systems

+oo
> nmTm = b, n=12,..., (1)
m=1
where the sequences (anm) and (b,) are given, (x,) being the unknown sequence.
This system is equivalent to the single matrix equation

AX =B, (2)
where A = (anm ), n being the index of the n-th row, m the one of the m-th column,
n and m being integers greater than 1; X = (x,) and B = (b,) are one-column
matrices. Define, now, for every p, by [A]p the matrix, whose elements of the p
first rows, and of the p first columns are those of A. In this section the goal is to
give a method permitting to calculate an approximation of a solution of an infinite
linear system, by the means of a sequence of finite matrices {[A] }. This principle
has been developed by Polya, see [1], but, as we shall see, the matrices used and
the results obtained are totally different.

Let us recall that a Polya matrix A satisfies the following conditions a,, 7# 0

for infinitely many values of m, and
n—1
liminf )"

m—o0 p_q

Akm

=0, n=23,...

anm

Polya’s theorem, [1], [10], is formulated as follows:

THEOREM 1. If A is a Polya matriz, then the equation AX = B, admits for
any B, a solution such that the series Y  Gnm%m are absolutely convergent, for
each value of n.

Recall briefly the well-known construction of a solution of such a system, (see
[1] for a detailed study). We consider, here, the particular case where the finite
matrices deducted from A, are successively

X;:(all)a A~2:<a12 a13)7 ey

az2 a23
al,an PN al,an+n_1
A, = :
an an, - - Ona,4+n-1

with o, = (n? —n +2)/2, for all n > 2, and are invertible; then a solution of (1)
can be determined by the following method:

.Zle = E, with X1 = (wl), E = (b1> admits xr1 = bl/au as solution; in
the same way, with z; defined by the preceding equation, we let By, such that
tBy = (0,ba — a2171), and consider the equation:

A,Xy = By,
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with ' X5 = (22, 23). This one has Xy = (:4;)_135;, as its unique solution. Step by
step, setting, for ¢ > 3

where x1,...,%q,-1, are determined by X; = (;4:)_135;, 1< j<i—1,it has been
proved that the vector Z, defined by Z = (X,),,»; is a solution of (1) satisfying
Theorem 1. B
REMARK 1. In the case where the matrices 4, are not all invertible, it is
necessary to consider the first integer p, such that A, is not invertible; it has been
proved by Polya that there exists an integer k; > p, such that the matrix
a1,a, D ) e T |
Al =
akzl,ap . . akl,ap+k1—1
is invertible. So, we obtain by induction a strictly increasing sequence of integers
ki < ky < --- <k, < ---, and a sequence of corresponding matrices. Using a
reasoning analogous to the preceding one, we can construct a solution satisfying
Theorem 1.
A Pélya’s system admits, indeed, infinitely many solutions, see [1]. In this
work we introduce spaces in which the system contains a unique solution, and we
impose other hypotheses on A. Let us recall [4], [7] the spaces that we shall use.

2.2. The spaces S, and s,

For a sequence ¢ = (¢, ), with ¢, > 0 for every n, we define the Banach algebra
S. by

Se={ 4= (@nm) | sup(Slann| &) <00}, 3)

“) We also define the Banach space s. of

C

normed by ||Alg = sup, (Zm |@nm
one-row matrices, by

Tn
se={ @1 sup(22]) < o0}, (4)
normed by
Tn
11, =sup (221, Q

If ¢ = (en), and ¢’ = (¢),) are two sequences, such that 0 < ¢, < ¢}, Vn, then:

Se C Ser.

A special, very useful case is the one where ¢,, = r™, r > 0. Then we denote by
S, and s.., the spaces S., and s.. When r = 1, we obtain the space of the bounded
sequences [ = s;. Finally, ¢ is the set of all sequences that have only a finite
number of nonvanishing terms.
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If | — Allg, <1, we shall say that A satisfies the condition I'c. If ¢ = (r"),
T'. is replaced by T',.

S being a unit algebra, we have the useful result: if A satisfies the condition
T'., A is invertible in the space S., and for every B € s., the equation AX = B
admits one and only one solution in s., given by

X = i_'f (I— A)B. 6)

We have seen [4] that a matrix A, which verifies the condition T, for a given
sequence ¢ = (¢, ) is not necessarily of Polya type. In fact, the matrix A = (¢I™~"1),
with 0 < ¢ < 1/3 satisfies the condition I'y; but: S 7_; % > ¢ > 0, which shows
that this matrix is not of Polya type.

2.3. Construction of a sequence converging to a solution of an infinite
linear system

In the following, A is a matrix in S, with a,, 7 0 for all n. For any positive
integer ¢ let A denote the matrix with entries aj,,, = @nm for 1 <n,m < ¢ and
al,,, = 0 otherwise. We denote by B, the matrix deduced from B by the same
way. As we have seen in 2-1 we associate to the matrix Ay, the finite matrix [4],
of order g, whose entries in the first ¢ rows and columns are equal to those in A.
In the same way we define [B], from B. When [A], is invertible, we denote by A;

the matrix .
ZiREERY
0]

When A =1, A is denoted by I;. Then we have
ALA, = ALAL =T

PROPOSITION 2. There exists a non-invertible infinite matriz A such that all
the finite matrices [A] ¢ » 421, are invertible.

Proof. Consider, indeed, the matrix A defined for @« > 1 by a11 = 1, a1, =0

if m > 2; azy, = 1 for all values of m; ann—2 = —1if n >3, np = 25 if n > 3; the
other elements being equal to 0. That is,
1 0 0
1 1 1 . .
-1 0 % o0 O
A= “ 7
0 -1 0 % @
(@)

Then A is an element of S,, with 0 < r < 1. The matrices [A];, [A], and [A]; are
obviously invertible; and for ¢ > 4, the determinant of [A]_ is equal to

s ()
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and is different from 0. If A were invertible, the equation AX = B, where B € ¢,
would have a solution. Denote then by C the matrix obtained from A, by deleting
the two first rows and by D the matrix obtained from B in the same way. Let us
describe the set of the solutions of CX = D. First we remark that C' is invertible,
being upper triangular. Considering the matrix obtained from C by adding of the
rows e; = (1,0,...) and e = (0,1,0,...), we see that it is lower triangular with
non-zero elements on the main diagonal, and then invertible. We conclude [4], [7],
that the solutions of CX = D form a linear space of dimension 2. The function
-1+ %zz admitting z = +a as roots, the solutions of CX = 0 are given by
X = (A" + p(—a)"), >, Then the solutions of CX = D are

X =QAa" +p(—a)"), 5, + c~'D,

where A and p are arbitrary scalars. Finally the evaluation of the sum of the
series Em G2mTm shows then, that the product AX cannot converge, which is
contradictory. m

We see that we must give additional conditions for A, so that the sequence
defined by Aszq converges to a limit, as ¢ tends to infinity, in a given space. So,
we impose the following hypotheses on A.

DEFINITION 3. Let ¢ = (¢,) be a decreasing sequence, such that for all n:
0 <e¢p, <1; A€ S. (3),is called c-invertible, if the following conditions are
satisfied:

1. For any g, [4], is invertible, (we shall denote the elements of this inverse
by a5 (2))-

2. Letting, for all ¢ > 2:

ky = sup(qz_:l lanml),

n>q ‘m=1 Cn
the series )k, is convergent.
3. The sequence of general term 7, = sup,, ,,<,{|@7,,(¢)|} is bounded.

When ¢, = 7™, with r € ]0,1] we shall say that A is r-invertible. Denote, now,
for every ¢, by Xy = (2n(g))n>1 the vector A} By, we have the following result.

THEOREM 4. When A is c-invertible, for every B € ¢ the sequence (X,)
converges in S. to a limit Z, a solution of AX = B.

Proof. Let B = (b,) be an element of ¢, there exists an integer N such that
b, = 0, for n > N. First let us show that (X,) is a Cauchy sequence in s.. For
q > N, we have
X, - X1 =A A, —AX, 1.
In fact, this last expression is equal to

Al _ B, — ALAl_ B,
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where I} _; B, = B, and AQA; = I;. We know that for n > ¢ + 1, the terms &,, of
Xq— Xq-1, are zero; and if n < ¢:
q—1

on = _a;q(Q) Z:: AgmTm (g — 1).

Elsewhere z,(q — 1) = Zm 1m(g— l)b for n < q. Then we have

o]  J00a @I o= 1)

Cn m=1 k=1

If |7y| £ M for every g, then

Cn Cn m=1 Cq
(cn) being decreasing, there exists a constant C' > 0, such that % < CM?k,, then
X, — Xq_1||s(: < CM2kq-
We conclude easily that (X,) is a Cauchy sequence in s.. In fact V&, [, with k > N:

k+1 9 k+1
1 Xkt = Xell,, £ 2 1Xg = Xgall,, SCM?* 32 k.
qg=k+1 q=k+1

Since s, is a Banach space, the Cauchy sequence (X,) has a limit Z in s.. Now
we have to verify that AZ = B. For this, let A, = (A — A})Z,. The coordinates
of Ay, whose indices n are less than g, are equal to 0, and for n > g + 1 they are

equal t0: 30 _ (0%, @’ ,bi). We have

N
(A= 22|, < M[ sup (5 Janml )] (X I
¢ n>g+1 m=1 Cn d =1
Hence ||(A — Ag)ZqHSr < KMkgyyq, with K = Y |by]; then A, converges to 0,
in s.. Furthermore, since the map X — AX from s, into itself is continuous, we
conclude that the sequence (AZ,) converges to AZ, as ¢ — 00, which concludes
the proof. m

This theorem shows not only the existence of a solution for the system, but
mainly gives a natural method to approximate it. Here, we see, once more, that
a Polya matrix does not necessarily satisfy the preceding hypotheses; consider the
lower triangular matrix A, defined by ap,, =0if m #n, n—1, @y, = 1 and app—1
= ("', where 0 < { < 1. We have k, = ¢(*~', then the series }__ k, is convergent;
A verifies the condition I'y, which proves that the sequence (7,) is convergent, and
we see that all the matrices [4], are invertible. Hence A is 1-invertible, but is not
of Polya type, since it is lower triangular. When we used the condition Ty, (see
2-2), we also had the existence (and uniqueness) of the solution, but this one was
written in a more complicated form of a sum of a series of infinite matrices (6).
When A is r-invertible, and satisfies the condition T',., which is possible, as we shall
see, the unique solution in s, can be written as

Z_hmAB Z(I—A)”B

q— o0 n=0
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Denote by FE, the set of r-invertible matrices, and by K,, u > 0, the set of the
matrices, whose entries on the main diagonal are equal to 1, (case which can be
referred considering the product DA, where D = (6,m/anm)), and which satisfy
the condition T',,. For every pair (r,u) €]0,1] x RT*, the set E, N K, is not empty,
and contains the unit matrix I. If 7" denotes the set of all upper triangular infinite
matrices, whose diagonal elements are all equal to 1, then we have the following
result

PROPOSITION 5. For every pair (r,u) of reals, with 0 <r <1 and u > 1, one
has K,NT C E,.

Proof. Let A be a matrix of K, NT, we have here
oo
sup( 3 |anm] um*”) <1
n  “m=n+l

Since r < u, A belongs to S,. The matrix Aj being upper triangular with non zero
entries on the main diagonal, is invertible for all values of g. Furthermore, k; = 0
for all ¢; we have now to verify that (7;) is bounded. For this, let us consider the
matrix A7, whose entries are those of Ag, except those of the main diagonal, whose
indices are larger than g which are equal to 1, that is

(4],
1 0

4, = 0 1 : (8)

Then A} is invertible, and (A}) ! can be written under the form
41,

1 0
0 1 ' )

The sequence of general term (A;)_1 is then bounded in S;. Indeed, for n less than
qg—1
9
> Nanm| <= Allg,
m=n+1
since u > 1. Hence || — A}[ls, < ||[I — Alls, <1 and

1
N4 sy € T———
! 1— |1 - Allg,

Finally, ||f1;||51 being less than [|(A%) '|ls,, we conclude that for every n, m, g,
g 1
! !
a Ssup< a;:(q )S—.
(@) < 0835 15 01) < g
Then the sequence (7,) is bounded; this completes the proof. m
In the same way, considering the case where ¢, = 1, for every n, kq is, then

defined by sup,,>, (Efn_:ll |anm|>, we have the following result.
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COROLLARY 6. If A is a matriz belonging to K1, such that the series Eq kq
1s convergent, then A belongs to Ej.

Proof. In fact [A], is invertible for every ¢, and |7,| < ﬁ, for any u
strictly larger than 1. m ’

EXAMPLE 7. If A = (¢/™="I™), with o €]0,1[ and 3
then we see that A satisfies the condition I'; and

kg <ot 40207 4 4 017 < (g = 1)o7

4n 0.|m—n|m < 17

m>1,m

The second condition of Definition 3 is then satisfied, and A is l-invertible. We
see that this matrix is of Polya, which proves that this system has infinitely many
solutions; and here we have determined a space in which we have one and only one
solution approximated by the sequence X,.

Let us come back to the matrix A, defined by (7). Consider a real 0 < 6 < 1
and the matrix My = AP), with P, = (6" '6,,). Denote, as in Definition 3,
[Mg];l = (@nm(q))n,m<q, we have

COROLLARY 8. Vr <1 My ¢ E,, and the sequence defined by:
Ty = sup {|anm(q)}

nm<
s not bounded.

Proof. First we show that there exists no real » < 1, such that My is 7-
invertible. Let B be any matrix of ¢; if ¥ were an element of s,, such that
MyY = B, we would conclude that B = A(P}Y), where PjY € s, (since 6 < 1).
A would be surjective from s, into ¢, which is contradictory, as we have seen in
Proposition 2. By application of Theorem 4, we see that, at least one condition
of Definition 3 is not verified. It is easy to prove that it is the third, where 7, is
replaced by 7, (notice that this property does not depend on 7). In fact, the first
hypothesis of Definition 3 is obviously satisfied, and for the second hypothesis, we

have Vg > 4
A\? 1

and if r € ], 1[, the series 3°_ k, is convergent. m

2.4. A second method of approximation of a solution of an infinite
system

We suppose that all the diagonal elements are equal to 1, we can give
an analogous result, whose the advantage is to approximate the solution Z =
>oue o(I = A)"B, of the equation AX = B, by the means of the sequence

Y, = (4) B = ¥ (- 4B,
Aj being defined in (8). When B € ¢, Y is equal to the sequence Xy = (z,(q))n,
given in Definition 3. Given a real r > 0, let us define from the infinite matrix A
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two sequences:
o o
— - 1 -
Y =5( X awm|r™ "), A= sup (X fawnlr™),
n<q “m=g+1 n>g+1 ‘m=1,m#n

so that to assert the following result

PROPOSITION 9. Assume that:

i) The sequences () and (7y,) converge to 0, as g tends to infinity;
i1) A satisfies the condition T'y.

Then for any B € s, (Y,) converges to Z in s., and

IBll,,
(1—p)*’

“Yq - Z”sr < SuP('Yqv'Y:;)
where p = ||I — Allg .

Proof. 1f we put p; = ||A — Aj||s,, (then p; < p, for every g), it can be easily
proved that

1% =2l <[4~ 475, & S o5 1B

|57‘ °

We can evaluate the double series in the second member of the inequality, since

o co p” =) pﬂ 1

n—t ,t—1 q

P P = E _ = E ,
17 n=1Pq— P n=1Pqg—P (l—pq)(l—p)

8
NgE!

n=11:

this last term being less than 1/(1 — p)®. Finally p, being equal to sup(vg,7,),
tends to 0 as ¢ — 0o, this complete the proof. m

EXAMPLE 10. This result can be applied to the matrix A = (o/™~"™), with
0 < 0 <1/3. So A satisfies the condition I'y. Considering the sequence defined by

q
Xq = 7257, We have:

o <sup 5 e} <

n<q “k=1
_ ol
% < sup {(n = 10"+ 120} < 007 + g
n>q+1

Since the sequences (x,) and (go?) converge to 0, as ¢ tends to infinity, it is the
same for [|A — A}||s,. Furthermore there exists an integer NV, such that

02

1-09%2)  q(1—gatl)

q0q+Xq+2—Xq+1=q0q[1+q( ]>0

for all ¢ > N. Hence applying the proposition we get

Bl

1Yy = Zlls; < (q07 + Xgt2) a=pp

for all ¢ > N.
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REMARK 2. We note that a matrix r-invertible does not necessarily satisfy
the previous proposition. Indeed, take A € K; N T, defined for a given real p,
0<p<1,by

we deduct from the Proposition 5, that it belongs to E;; but 7, = p does not
converge to 0, as ¢ — oo. This shows that the first condition of the preceding
proposition cannot be satisfied.

3. An application to the continued fractions

Let us consider the system of linear equations
(51 + 2)1'1 —a1%2 = by,

—a1xy + (P2 + 2)x2 — a3 = by, (10)
— ax2 + (B3 + 2)r3 — azxy = bs,

If ‘B =¢e] =(1,0,0,...), it is well known that we may write the linear equations
in the form

2 2
1 1Ty ay 0223 ay

= — a1z2° = _ azz3’ - _ azzs’
B+ 2z 1 B2tz T2 B3+ 2z 23

1 Z2

x1

If we substitute in succession from each into the preceding, we obtain the formal
expansion of x; into a continued fraction, also called the A-fraction, that is

1

Z1

2
a

B+ z— 22
A

The system defined by (10), is equivalent to the matrix equation AX = B. The
infinite tridiagonal matrix A admitting infinitely many right inverses it is neces-
sary to recall some results on continued fractions and bounded matrices. {2 is
the normed space of the sequences X = (z,) such that > |z.|? < oo, with

XM = (. |xn|2)1/2. A is called bounded, if there exists a constant M > 0,
such that for all X, Y € 12, X = (z,), Y = (yn)

IXAY| =

E AnmTnYm S M “*XP”l2 ”Y,”l2 .

We define by ||A||, the smallest number M > 0, such that this inequality is verified;
it is easy to see that ||-||,is a norm defined in the space of the bounded matrices.
It is known that there exists one bounded inverse, such that z; can be written, as
above, in a continued fraction. If we denote by a.,,, the elements of this bounded
inverse, B being equal to e}, we have z; = a},. This number is called the leading
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coefficient, see [14], it is said too that “aj; is formally equal to the A-fraction”. We
shall write more precisely a}; = aj,(z).

In order to give explicitly this bounded inverse we give the following result
[14].

PROPOSITION 11. If we have ||[I — All, < 1, A admits a bounded reciprocal,
and for every B € 12 the equation AX = B admits only one solution in 2.
Writing
1
A=ZI—|—J0=Z<I+—J0),
z

we deduce that for |z| > ||Jp||2, A admits the bounded inverse we have been search-
ing for. We can, now, give an application of Proposition 9 where the sequence
Y, = X, = A ’e}, given in 2-3 is used. Let us recall that x,(q) is the first compo-
nent of this vector.

PROPOSITION 12. Assume that
i) Bn = O(1), as n — oo;
i1) (an) is decreasing and converges to 0 as n tends to infinity. Putting K =
sup,,(@n, |Bn|), we deduce that if |z| > 3K, then x1(q) — ai;(2), as ¢ — oo, and
1
!
lz1(q) — a11(2)] < 2aq(|z|—73K)2'

Proof. In order to reduce to the case where all the elements of the main
diagonal are equal to 1, we consider the product DA, where D = (6m/Bn + 2).
We have ||[I — DA||g, = sup(r1,72), with

T:7a1 T:SUP<7Gn+an+l>
P B T T UlBa el )

Putting p' = ||[I — DA||,, we have for |z| > 3K

' <su 20\ o 2K <1
SANEE VA S

Since D € S;, and A~ = (DA)_1 D, we deduce that A is invertible in S;. We
have
Gq , An + Any1
=—) =sup| ———— |,
B T ( [Ba + 2] )
both less than J%GK, as |z| > 3K. Let us show, now, that || Jp||2 < 3K. We have

: 00 0 o0
XJOY = - E An—-1TnYn—1 + Z ﬁnxnyn - E AnTnYn+1-

n=2 n=1 n=1

Hence "X JoY| < 3K || X||,2 |V |l;2, and || Jo]l2 < 3K. If we take, |z| > 3K, then
A admits a bounded reciprocal, as above, which is equal to the preceding inverse
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A~Ll. Denote now, by {(q) the first component of A,D~!‘e;, and by al,, the

elements of the matrix (DA)™", then we have

z1(q) = (B + 2)x1(q), afy = (b1 + 2)ai;.

Hence, applying Proposition 9, we obtain

and since

1 2a, 1
T B+l =K (1 p)?

z(g) — ol
B+ 2

|71(q) — 11 (2)| =

1 z|-K
7 S sk Ve deduce the result. m

We remark that the map A: X — AX defined in the previous proposition is a

bijection from s; into itself, and its restriction to 2 is, also unrecognized, bijective
from this space into {2. A~! is a bounded inverse, and belongs to S;.
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