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MIXED NORM SPACES OF DIFFERENCE SEQUENCES
AND MATRIX TRANSFORMATIONS

A. M. Jarrah and E. Malkowsky

Abstract. In this paper, we generalise the definition of mixed norm spaces, define mixed
norm spaces of difference sequences, determine their 8-duals, and characterise matrix transforma-
tions on them. We obtain many known results as special cases.

1. Introduction

Let 1 < p < 0o. By w we denote the set of all complex sequences z = (2x)32 -
In 1968, Maddoz [5] introduced and studied the sets
12 12
wh={z€w: lim — 2P =0p and w?, = ¢z € w :sup — Ti|P < o0
0 n_mnkizy k| b npnk§1| |
of sequences that are strongly summable and bounded, respectively, with index p
by the Cesaro method of order 1. He also observed that the sections 1/n_,_; can

be replaced by the blocks 1/2v+! Zi:;fl, and that the section and block norms

1 n 1/p 1 2vti-a 1/p
z|| =sup| — T|P and [|z||' = su (— arkp)
ol = sup (5 35 fae ) and ol = sup(r > o
are equivalent.
In 1974, Jagers [3] studied the Cesdro sequence spaces

which are Banach spaces with the norm

oS} 1 n p 1/1’
ooy = (z (— > |mk|) ) .
n=1 \" k=1
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It can be found in [1] that an equivalent norm on ces(p) is

o v+l p\ 1/p
loll = (£ 200 (" % henl) )

k=2v

In 1969, Hedlund [2] introduced the mized norm spaces

oo f2vT1o1 a/p
(p,q) = {a: Ew: Y, ( > |xk|”> < oo} see also Kellogg [4];

v=0\ k=2

obviously the Cesaro sequence spaces ces(p) are weighted £(p, 1) mixed norm spaces.
Results on the equivalence of block and section norms on mixed norm spaces can
also be found in [1].

In this paper, we generalise the definition of mixed norm spaces, define mixed
norm spaces of difference sequences, determine their 3-duals, and characterise ma-
trix transformations on them. We obtain many known results as special cases.

2. Notations and Definitions

Let 4o, ¢, co and ¢ be the sets of all bounded, convergent, null and finite
sequences, cs and bs be the sets of all convergent and bounded series, and ¢, =
{zew:Y 1o |zklP < oo} for 1 <p<oo.

By e and e (n =1,2,...), we denote the sequences with e, = 1 for all ,
and e = 1 and e = 0 for k # n.

An FK space X is a complete linear metric sequence space with continuous
coordinates P, : X — C where Py(x) = zf for all z € X and k = 1,2,...; a
BK space is a normed FK space. We say that an FK space X D ¢ has AK if
gl = YL zre® — 2 (m — oo) for every sequence z = ()52, € X; zl™ is
called the m-section of the sequence x.

If X and Y are subsets of w, and z is a sequence, we write 2z~ 1 xY = {z €
w:zz = (zp2e)iey, € Y} and M(X)Y) = pexz ' %Y = {2z € w: 2z €
Y for all z € X} for the multiplier of X and Y. In the special cases when Y = ¢;
or Y = cs, we write 2® = 27! x £, or 2% = 271 x ¢s, and the sets X® = M (X, ¢,)
and XP = M (X, cs) are called the a- or Kithe-Toeplitz- and S-duals of X.

Let A = (ank);’;’k:l be an infinite matrix of complex numbers, x be a sequence
and X be a subset of w. Then we write A, = (ank)f>, and AF = (anr),
for the sequences in the n-th row and the k-th column of A, respectively, AT for
the transpose of A, A,(z) = Y ;2 ankzr (n =1,2,...) and A(z) = (A, ()52,
provided A4, € 2P for all n. The set X4 = {z € w: A(z) € X} is called the matriz
domain of A in X. Given any subsets X and Y of w, then (X,Y") denotes the class
of all matrices A that map X into Y, that is for which A4, € X? for all n and
A(x) € Y for all x € X, or equivalently A € (X,Y) if and only if X C Yj4.

Throughout, let (k(v))S2, be a strictly increasing sequence of integers with
k(0) = 1 and I, be the set of all integers k with k(v) < k< k(r+1)—-1 (v =
0,1,...). Given any sequence z, then, for each v = 0,1,..., z{) = Zkeluxke(k) is
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the v-block of the sequence x. Let X, Y D ¢ be sequence spaces, normed with || -||x
and || - ||y. We define the generalised mized norm spaces

Z =[v, x]*) = {z €w: (||z<")||x)oo_0 € Y}
and put -
I (1) ], e o

Since ¢ C X, ||z(”)||X is defined for every z € w and for all v = 0,1,.... Hence the
sequence y = (y,)5%, with y, = [[z*||x (v = 0,1,...) is defined. Furthermore,
since ¢ C X,Y, we obviously have ¢ C Z.

Finally, let A = ((Snk)fl‘jk:l be the matrix with d,,, = 1, dpn—1 = —1 and
dn = 0 otherwise. Then we define the mized norm spaces of difference sequences

I = ([Y, X](k(V)))A

We consider a few special cases.
EXAMPLE 2.1. (a) Let 1 <p < oo and 1 <r < co. Then we obtain

r/p
el

[l O (k(")

zZEw E(max|zk|) <OO},

V=0 ke,

{
[co, £, {z lim > |z[P = 0} and
[loo (k(") {

tsup Y |zl < oo}.
v>0kel,

In the special case of r = p and 1 < p < 00, we have [ép,ép]<k(")> ={p.

If k(v) =2" forv =0,1,..., then [KT,ZP]<k(”)> = {(r,p), the mixed norm spaces
in [2, 4].

If k(v) =v+1for v =0,1,..., then we also obtain the classical sequence
spaces [€y, 61]% = 0, [co, 0] = ¢5 and [loo, 1] F) = £

(b) Let 1 < p < oo and k(v) = 2¥ for all v. If d, = (1/k(v + 1))'/? for
=0,1,... then
[d %o, 6] =wl  and A7 % Lo, £,]F)) = wE, [5].
If d, = 2v(/P=1) for y = 0,1,... then we obtain the Cesiro sequence spaces or

weighted mixed norm spaces [d~! * Kp,£1]<k(”)> = ces(p) [3].
ExaMPLE 2.2. (a) Let 1 <p < oo and 1 <7 < oo. Then we obtain
k@)Y _ & 3 » r/p
([KT,KP] )A {z Ew: VZ::O <k§,, |2k — 2k—1] ) < oo} etc.

If k(v) =v+1for v =0,1,... then we obtain the sets of sequences of bounded
variation

b? = ([Ep,fl](k(")))A = {z Ew: uijo |2p41 — 20|P < oo} [12],
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and the sets of difference sequences that are convergent to zero or bounded
(leo, 6] ") 2 = (co)a = co(8) and ([foo, 2] ) = (o) = Leo(A) [9].

(b) Let (ur)32, be an increasing sequence of positive reals tending to infinity
and d, = 1/pp(,41) for v =0,1,.... Then we obtain the sets of sequences that are
p-strongly convergent to zero or bounded, respectively, with index p

co(p) = p~t* ([d*1 * c(),Ep]<k(")>)A

= {z €w: lim > |bkze — pr—12k-1[P = 0}
r—0o0 Hk(l/+1) kel,

and coo (1) = g ([d 1 * oo, £] )4 [10].
3. The topological properties of the spaces Z and Za

Here we study the topological properties of Z = [Y, X](k(")) and Zp =
(v, X]#) s
A norm || - || on a sequence space X is said to be monotonous if |zy| < |Zg|

(k=1,2,...) for z,% € X implies ||z|| < ||Z]|. A subset X of w is called normal if
z € X and |yx| < |zk| (K =1,2,...) for a sequence y together imply y € X.

Given z € w, we write y = (y,)32, for the sequence with y, = [|2]|x
(v=0,1,...).

PROPOSITION 3.1. Let X D ¢ and Y D ¢ be normed sequence spaces and
Z = [y, x]*00
(a) If Y is normal and || - ||x is monotonous then Z is normal.

(b) If || - ||y is monotonous then Z is normed with respect to g defined in (2.1).
If, however, ||-||y is not monotonous, then g does not satisfy the triangle inequality
in general.

Proof. (a) If z € Z and Z € w with |Z| < |zk| for all k, then the monotony of
| - || x implies || < |y, | for all v. Since Y is normal, it follows that z € Z.

(b) We show that g satisfies the triangle inequality, since it obviously satisfies
the other properties of a norm. Let z,Z € Z. Then ||(z + 2)<">||x = ||z} +
<> x < 12 x + 12<">|lx = vo +3» (v =0,1,...),50 2+ 2 € Z, since Y is
normal. Furthermore, by the monotony of || - ||y, we have g(z + 2) < ||y + §|ly <
llylly + llglly = g(z) + g(2).

To prove the last part, we choose Y = (41)a, ||yl = |A®W)||1, k(v) =v +1
(v =0,1,...) and X = /; with its natural norm. Then obviously || - ||y is not
monotonous. If we choose z = ") + e 4+ e() and 7 = e — e® 4 ¢ then
9(z+2) = 29(e) +e®) =8 >4=¢g(z) + g(2). m

THEOREM 3.2. Let X D ¢ be a normed sequence space, Y D ¢ be a normal
BK space and || - ||y be monotonous. Then Z is a BK space with || - ||z = g where
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g 1is defined in (2.1). Furthermore, if Y has AK and || - ||x is monotonous then Z
also has AK.

Proof. By Proposition 3.1, || - ||z = ¢ is a norm. We write || - || = || - ||z for
short. First, since Y is a BK space, ||2(™ —z|| = 0 (m — oo) implies ||(2(™))<¥> —
2 ||x = 0 (m = oo) for each v, and it follows that |z,(cm) — 2 = 0 (m — )
for each k € I, (v =0,1,...), since for each v there are only finitely many k € I,,.
Thus the norm || - || is stronger than the metric of w on Z.

To show that Z is complete with || - ||, let (2(™)%°_; be a Cauchy sequence in
Z, hence in w by what we have just shown. Thus there exists z € w such that

2™ & 2 (m = o0) in w. (3.1)
Furthermore, by the completeness of Y, there is y € Y such that

g = (Il Ix) =y (m = o00)in Y. (3.2)

From (3.1), we conclude z,gm) — 2 (m = o0) for each k, hence (2(™)<¥> — ()
(m — o00) for each v, and so

Y = |(z(™)<"> || x = [|2%]|x (m — o0) or each v. (3.3)
Since Y is a BK space, (3.2) implies y,(,m) — y, (m — o00) for each v, and so, by
(3.3), ¥, = [|2®]|x for each v and y = (||z<">||x)%2, € Y, hence z € Z. This
shows that Z is complete.

Finally, let Y have AK and ||-||x be monotonous. We show that Z as AK. Let
z = (2r)724 € Z and € > 0 be given. For each m € IN let v,,, be the uniquely defined
integer for which m € I, . We define the sequence y = (y,)%2, by v, = [|2{)]|x
for v =0,1,..., and write yl# = > o ye®) for 4 =0,1,.... Since Y has AK,
there exists an integer po such that ||y — y||y < e for all u > uy.We choose
mo = k(uo + 1). Let m > myg be given. Then v, > uo + 1 and

o= Gz = ™) =0 =y, —yfrn T for 0< v < v —1
Gm = 1z = 2@ =110, -, 0, 21, - ) 1x < (129 |x =y
since || - ||x is monotonous, and
G = II(z = 2" W x =[]z |x =y, for all v > v + 1.

Thus || < |y» — y&™ Y| for all v, and so

(=<)L,

since || - |y is monotonous. Therefore z[™ — 2 (m = 00). m

lglly = <|ly -yl y <,

As an immediate consequence of Theorem 3.2 and [14, Theorem 4.3.12, p. 63],
we obtain

COROLLARY 3.3. Let X D ¢ be a normed sequence space, Y D ¢ be a normal
BK space and |||y be monotonous. Then Za is a BK space with ||z]|a = g(A(2))
(z € ZA) where g is defined in (2.1).
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We close this section with a few examples.

EXAMPLE 3.4. (a) Let 1 < p < oo and 1 < r < oco. Then [(,£,]** and
[co, £,)*) are BK spaces with AK with

0 r/p\ 1/r 1/p
||z||<T,p>=(z(z|zk|P) ) andnzu(m,p):sup(z|zk|f’) ,

v=0 \k€Il, v>0 \kel,

and [E(x,,lfp](k(”)) is a BK space with || - [|(s0,p); moreover, [c(),Z,D]<k(")> is a closed

subspace of [l £,) ¥ by [14, Corollary 4.2.4, p. 56]. The spaces [iy, o] **)
are BK spaces with AK with

oo r 1/7
oo = (& () )

(b) Let 1 < p < oo and the sequences (k(v))22, and d = (d,)$2, be defined
as in Example 2.1(b). Since ¢y and £ are BK spaces and ¢o has AK, and since
d, # 0 for all v, the sets Yy = d~! x ¢y and Yo, = d~! x £, are BK spaces with
lylly.. = llvd||e, and Yy has AK (cf. [14, Theorems 4.3.6 and 4.3.12, pp. 62 and
63]. Furthermore, obviously || - ||y, and || - ||, are monotonous. Therefore w§ and
wk, are BK spaces with

Il

. 1 or+1_q 1/p
= —_— p
ll2]] 5313(2"“ kZEQIV I:vk|> ;

and w) has AK; moreover w} is a closed subspace of w?, by [14, Corollary 4.2.4,
p. 56].

EXAMPLE 3.5. (a) Let 1 < p < oo and 1 < r < co. Then ([£,,£,] ¥,
([co, £,]* ) A and ([lso, £,]*“?) A are BK spaces with

00 r/p\ 1/7
lellinpe = (z ( S Jes - k|) ) and

v=0 \kel,

1/p
1l o = sup( S Jop— zk_m) ,
v>0 \kel,

k('f)))

and ([co,ép](k("») A is a closed subspace of ([EOO,EP]( A by Example 3.4(a) and

[14, Theorem 4.3.14, p. 64].

(b) Let the sequences (u)$2, and d = (d, )2, be as in Example 2.2(b). Then,
by a similar argument as that used in Example 3.4(b), ¢o(p) and coo(p) are BK
spaces with

1 1/13
[Emp—— ( S ks — uk_lxk_up) ,
v>0 Mk(v+1) \k€el,

and cf(p) is a closed subspace of ¢£ (u) by Example 3.4 and [14, Theorem 4.3.14,
p. 64].
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4. The (-duals of the spaces Z and matrix transformations

In this section, we determine the #-duals of the spaces Z and characterise some
classes of matrix transformations between them.

We denote the closed unit ball in a normed space X by Bx = {x € X :
llz]] < 1}. If X is a normed sequence space and a € w, we write |la||x,o =
SUPzeBy Dpeol@kZk| and |lallx,s = sup,cp, |>r—oakek| provided the expressions
exist and are finite which is the case whenever X is a BK space and a € X® or
a € XP (cf. [14, Theorems 4.3.15 and 7.2.9, pp. 64 and 107].

A norm on a sequence space X is said to be KB if the set P = {P, : X —
C: Pi(z) =2 (z € X) k=1,2,...} of coordinates is equicontinuous, that is if
there is a constant K such that |zx| < K||z|| (k=1,2,...) forallz € X. If X isa
Banach sequence space with a norm which is KB then it is obviously a BK space.
Conversely the norm of a BK space need not be K B in general. To see this, we
choose X = ({so)a with ||z|| = supy |zx — zk—1|, @ BK space, and the sequence z
with zp, =k for k=1,2,....

If X is a normed sequence space then we write X° = {a € w : ||a|x,a < o0}

THEOREM 4.1. Let X and Y be normed sequence spaces with X, Y D ¢ and
|| - [ly be monotonous.

(a) Then [Y?, X3  ([y, x]*0D0)s,

(b) If, in addition, the norms ||-||x and ||-||y are both KB, ||-||x is monotonous
and Y is normal then ([Y, X]*)0 ¢ [yo x 9]k,

Proof. We write Z = [V, X]*®? and W = [v?, x5]*®)_ Since || - ||x,a and
Il - [V, are norms on X°® and Y?, respectively, and ¢ C X,V the set W = {w €
w: (Jlw™|x,0)320 € Y} is defined.

(a) First we observe that Z is a normed space with || - || = g by Proposition
3.1. Let a € W and z € Bz. Then 2{*) € X for v =0, 1,..., and, by the definition
of the norm || - || x,o, we have

o0
> a2 < 1a||x 6 |24 x for all v = 0,1, ... (4.1)
k=1

We define the sequences y and b by y, = [|z2{)||x and b, = [|a![|x,o (v =0,1,...).
Then y € By and b € Y°, and it follows from (4.1) that > o |arzk| =
Yoot mealan Tz < Yo olbuyy] < ||blly,a by the definition of the norm
| - [lv,a. Therefore ||al|z,a =sup,ep, D opeqlarze| < ||blly,a < 0o, that is a € Z°.

(b) First we observe that Z is a BK space by Theorem 3.2. Let a € Z° be
given. Then

oo
E |akzk| < ||a||z’a = K; < oo for all z € Bz. (4.2)
k=1

We have to show a € W, that is

o0
sup 3 [la[|x.a lyw| < cc. (4.3)
yEBy v=0
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We note that [|a”?||x, is defined for each v. For if # € Bx is given then
YoreilantT k| = Yoper lag”” zk|, and since || - ||x is KB, there is a constant
K5 such that

o0
Y a7 ar| < Kz 3 lag” [ llallx < Ko 3o |agt”,
k=1 kel, kel,

hence [|a‘)||x,a = Sup,cp, Sopeslas”” k| < K23 ier lag?”| < oo for all v. Now
let y € By be given. By the definition of || - ||x,q, for every v, we can choose

a sequence z(v) = (zx(v))32,; € Bx such that [|a{?]|x,a < Yro,lag” 2 (V)| +
2-(+1)  whence

o0

o] o) 1
> e llxalynl < 3 X lag”>zr@)ywl + oz lywl )- (4.4)
v=0 v=0 \k=1 vt
Since || - ||y is KB, there is a constant K3 such that |y,| < Ksl|y|ly < K3 for all
v=0,1,..., and it follows from (4.4) that

o0
> [la®]

o0

o0
alpl < 3 (2 |a,f">wk<v>yu|) T K. (45)
r=0 \k=1

We define the sequence z by 2z, = zx(v)y, (k € I,; v =0,1,...). Then ||z x
lyu|l|(x(¥))<">||x for all v = 0,1,.... Since, for each v, we have |(zy(v))<">| <
|z (V)| (k=1,2,...), the monotony of ||| x implies |[(z(¥))<*”||x < |lz(V)||x =1
(v =0,1,...), hence ||2?||x < |y,| (v =0,1,...). Since Y is normal, this implies
(2| x)%2, € Y, that is z € Z. Furthermore, ||y,|| < |y,| for v = 0,1,...
implies (|y,|)52, € Y, since Y is normal, and the monotony of || - ||y yields ||z]|z <
(1 Dolly < llylly- Now (4.5) and (4.2) together imply

A

o o0 o
> e xalyel < X X lag*> 2zl +Ks = 3 |arzk| < Killzl|lz+Ks < K1+ Ks.
v=0 v=0kel, k=1

Since y € By was arbitrary, condition (4.3) follows. m

If X is a BK space then X® = X% by [14, Theorem 4.3.15, p. 64], and if X is
normal then X® = X?#. Therefore we obtain from Proposition 3.1 and Theorems
3.2 and 4.1

COROLLARY 4.2. Let X be a normed sequence space, Y be a normal BK
space and the norms || - ||x and || - ||y be monotonous and KB. Then Z* =

(v, X]*Me = [ye xo]®0D 1 in addition, X is normal then ZP =
[Y’g,X'B](k(V)).

ExaMmpPLE 4.3. (a) Let 1 < p < o0, 1 <r < o0, ¢ and s be the conjugate
numbers of p and r, that is g = co for p =1 and ¢ = p/(p—1) for 1 < p < o0
and s defined similarly. Since the norms || - [, 5 and || - [|; and || - [|¢,, and || - |1
are equivalent on £5 and on £5, = ¢, we have ([€r, £,)¥NB = [£,,£,]*™) and
([eo, 65072 = ([boo, €15 = 1, €)%
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(b) Let U denote the set of all sequences u with uy # 0 for all k. If u € U then
we write 1/u = (1/uy)$2,, and it is obvious that (u™! * X)? = (1/u)~! x XP for
arbitrary subsets X of w. Let the sequences k(v) and d be defined as in Example
2.1(b). Then

{aEw: 22"+1£nax\ak|<oo} (p=1)
o €I,

(w§)? = (wh,)? =M, =

{a Ew:véoT"H( > \ak\q)”q < oo} (1 <p< oo).

keI,

Now we characterise some classes of matrix transformations between mixed
norm spaces.

Let (m(p))52, be a strictly increasing sequence of integers with m(0) = 1 and
M,={meN:mp <m<m(p+1) -1} (¢ =0,1,...). Furthermore, let T
denote the set of all sequences (t,)5%, of integers such that for each p there is one
and only one t, € M,,.

First we give a result that characterises the classes (X,Y) where X is any
BK space and Y is any of the spaces {u., co, 41, [600,61]<m(“)), [él,ﬁoo]m(”)) or
[co, El](m(u))_

THEOREM 4.4. Let X be a BK space, or a BK space with AK in the cases
marked x. We write supy for the supremum taken over all finite subsets N of
No. Then the conditions for A € (X,Y) when Y is any of the spaces L, co, {1,

[loo, 011 18y, 050] ™ 0r [co, 01 can be read from the table

To
From loo | co A [Zoo,gl](m(u)) [el’gm](m(u)) [00,51]<m(u)>
X (1) *(2.)|(3.) (4.) (5.) *(6.)
where

(1) (1.1) where (1.1) sup ||4A,||x,3 < 0o

(2.) (1.1) and (2.1) where (2.1) ILm ant, = 0 for each k

(3.) (31) where (3.1) sup” > A””Xﬁ < 0
N nenN ’

4. .1 where (4.1) su ma, A < o0

(4) (1) (1) sup( max | 52 Anllxs)

(5.) (5.1) where (5.1) sup(sup| > At”HXﬁ) < o
N teT peN ’

(6.) (4.1) and (6.1) where (6.1) lim > |ank| =0 for each k.
P00 neM,,

Proof. (1.) is [11, Theorem 1.23, p. 155], (2.) follows from (1.) and [14,
8.3.6, p. 123], since ¢q is a closed subspace of £, and (3.) is [8, Satz 1].
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(4.) We have A € (X, [loo, 64]"™"?) if and only if 4, € X7 for all n and
(I (A() ™D )% € Lo for all 7 € X. (4.6)
Since by a well-known inequality [13]

max | 3 An(2)| < X [Am(@)| = [I(A@@)#[h <

M(p)CM, mEM (p) meM,,

<4- max Ap(z)| for all g and all xz € X,
=% e, mG%/I:(u) m () I

it follows by condition (1.1) that (4.6) holds if and only if condition (4.1) is satisfied.

(5.) First we assume that condition (5.1) holds. Then obviously 4, € X?
for all n. Let x € X be given. For each 4 =0,1,..., let m;, € M, be such that
|Am, (z)] = maxpmen, |Am(z)|. Let po be an arbitrary nonnegative integer. Then

we have by the definition of the norm || - ||x g
MO Ko
8 IAE) ™ oo = 8 A, @] <4 sup | S A, )
©#=0 ©#=0 NCNp 'penN
Nfinite
<a-( sup | £ An [ )l <4 sup (sup] £ 4] ) el <o
R ek s i, Ve

Since po was arbitrary, it follows that (||(A (x))<m(”>)||oo)z°:0 € 41, that is A(z) €
[1, goo](m(#))_

Conversely we assume A € [f1, o] ™). Since X and [£1, o] ™" are BK
spaces, the map f4 : X — [Kl,ﬁoo]m(“)) with fa(z) = A(z) (z € X) is continuous
(cf. [14, Theorem 4.2.8, p. 57]. Hence there is a constant K such that

1 fa(@)ll(1,00) = [[4(@)|(1,00) < K[l2]| for all z € X. (4.7)
We observe that A4,, € X? for all m implies Yuen Ar, € X5 for all finite sub-
sets N of INg and for all sequences ¢t € T, and so by (4.7), |3, cny Ar, (z)| <
Yoo A, (@) < (Ifa(@)]la,00) < Kllz|l. Now condition (5.1) follows from the
definition of the norm || - || x 3.

(6.) By Example 3.4(a), [co, 1] is a closed subspace of [foo, £1]™ ).
Thus (6.) is an immediate consequence of (4.) and [14, 8.3.6, p. 123]. m

We obtain as an immediate consequence of Example 4.3 and Theorem 4.4

COROLLARY 4.5. Let 1 <r < oo and 1 < p < oo and s and q be the conjugate
numbers of r and p. Then the conditions for A € ([ET,ZP]<k(")>,Y) where Y is any
of the spaces in Theorem 4.4 can be read from the table

To
From b | o | 4 [gomgl](m(u)) [gbgoo](m(u)) [Co,fl]<m(u)>

[0, 650 | (1)) (2)](3)  (4.) (5.) (6.)
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where
00 s/q
(1) (1.1) where (1.1) sup Y < > |ank|‘1) < oo
n v=0 ‘kel,
(2.) (1.1) and (2.1) where (2.1) is (2.1) in Theorem 4.4
3.) (3.1 where (8.1) sup i% (Zkeb‘ > ank q)S/q < o0
N v=0 neN
4.) ¢.1) where (4.1)
00 q\ s/4q
Sl;P(M(%aCJ’(M# Vz::o (Zke[,, WEIXW:(H) amk‘ ) ) < o0
oo 7\ s/a
(5.) (5.1) where (5.1) sup(sup 3 <Ek€1u‘ D Qi ok ) ) < 0
N “MeT v=0 LEN

(6.) (4.1) and (6.1) where (6.1) is (6.1) in Theorem 4.4.

Ifr =1 o0rp =1 replace y.,2 or > ker, by sup,>q or maxger, in conditions
(1.1), (3.1), (4.1) and (5.1) in (1.)—(6.). The conditions for A € ([co, £,)*""),Y)
are those in (1.)—(6.) with s = 1 in (1.1), (3.1), (4.1) and (5.1). Finally
([goo’gp](k("))’y) — ([CO’EP](k(V))’y) for Y # co, [CO’EI]W(N))_

Now we give the dual result of Theorem 4.4. We write T' for the set of all
strictly increasing sequences t = (¢,)°2, of integers such that for each v there is
one and only one t, € I,.

THEOREM 4.6. Let W be a BK space with AK and Y = WP. Then the
conditions for A € (X,Y) where X is any of the spaces L, cq, 41, [El,é(x,](k(y»,
[loos 1] o1 [co, 62]%%) can be read from the table

From
To loo | o | &1 [goo’gl](k(u)) [El,eoc](k(")) [Co,el](k('}»

v (1) (2)](3) (4-) (5.) (6.)

where
(1.) (1.1) where (1.1) sup|| > A™|ly < o0
N neN

(2.) (1.1)
(3.) (3.1) where (3.1) sup||A™||y < o0

(4.) (4.1) where (4.1) sup(sup > At”“y) < 00
N

teT' veN

(5.) (5.1) where (5.1) sgp(Kma.x > Am||y)<oo

(MCKy " meK(v)
6) (4.1).
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Proof. Since X is a BK space with AK when X is any of the spaces cg, /1,
[01,50) %" and [co, 4]*?, we have A € (X,Y) if and only if AT € (W, XP)
by [14, Theorem 8.3.9, p. 124], and (2.), (3.), (5.) and (6.) are immediate
consequences of Theorem 4.4 (3.), (1.), (4.) and (5.). Furthermore, since co” =
loo and ([co, 6] = [0, 0,]%™) | and (X,Y) = (X58,Y) by [14, Theorem
8.3.9, p. 124], (1.) and (4.) follow from (2.) and (6.). =

We obtain as an immediate consequence of Theorem 4.6

COROLLARY 4.7. Let 1 < r < o0 and 1 < p < oo. Then the conditions for

A e (X, [KT,KP]W(”))) where X is any of the spaces in Theorem 4.4 can be read
from the table

From
To b | co | 01 [@mjgl]uﬂ(”)) [eljgoo]aﬂ(”)) [Cojgl](k("))
[0, )™ (1)] (2)] (3)|  (4.) (5.) (6.)
where
o'} r/
(1) (1.2) where (1) sup 3 ( | T awn ) <00
N p=0 ‘keM, 'neN

2.) (1.1)
(3.) (%.1) where (3.1) sup §( 5 |a,m|v)r/” <

n pu=0 ‘keM,
p\7/P
) ) < o0

(4.) (4.1) where (4.1) sup(sup io:( >
N

teT’ u=0 “kc M,

Do Gk,

vEN

> akm\l))r/?) <o

(5.) (5.1) where (5.1) SUP(k(H;?}( o(keM ‘ R
v v y=| p meK(v

(6.) (4.1).

5. The f-duals of the spaces Za and matrix transformations

In this section, we determine the 3-duals of the sets Za and characterise some
matrix transformations between them.

First we prove a general result which reduces the determination of (Xa)? for
arbitrary BK spaces with AK to that of X# and the characterisation of the class
(X, Co) .

If X is a normed space, we write X* its continuous dual, that is the set of all
continuous linear functionals f on X with the norm |[|f|| = sup,cp, |f(z)|.

Let ¥ = (Unk)z?kzl be the matrix with o,;, = 1for 1 <k <nand o, =0
fork>n (n=1,2,...). Then z = A(E(z)) = Z(A(z)) for all z € w. Let X Cw
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and Y = Xa. Then z € X if and only if y = X(z) € Y, and y € YV if and only if
z=A(y) € X. If X is a BK space then so is Y and Bx = By by [14, Theorem
4.3.12, p. 63].

Given any sequence a, we write B® for the matrix with the rows B2 = anel”
(n=1,2,...). Then B%(z) = anXp(z) = anyy, for all z € X, y = X(z) and all n,
that is

a € M(Xa,W) if and only if B* € (X, W) for arbitrary subsets X and W of w.
(5.1)

THEOREM 5.1. Let E = X7, If X is a BK space with AK then a € (Xa)P
if and only if a € (XP)g and V® € (X, co) where V@ is the matriz with the rows
V. = Ep(a)el™ (n=1,2,...). Furthermore if a € (Xa)? then

o0

> aryr = Y, Er(a)Ar(y) for all y € Xa. (5.2)
k=1 k=1
Proof. We write Y = XA and V =V for short.

First we assume a € Y?. Then B® € (X, cs) by (5.1), and so C = £B% € (X, ¢)
by [11, Theorem 3.8, p. 180]. Since c is a closed subspace of £, we have by [14,
8.3.6, p. 123]

lim cp, = Y a; = Eg(a) exists for all k (5.3)
and
Ce (X,ly). (5.4)
From (5.3), we obtain that the matrix V is defined and
Jm ok = lim 3 a; =0, )
We also have
m—1 m m
> oaryr = Y Er(a)Ar(y) — Y vmkAr(y) for all m and all y. (5.6)
k=1 k=1 k=1

Since X is a BK space with AK, condition (5.4) implies CT € (¢, X?) by [14,
Theorem 8.3.9, p. 124]. Now X? is a BK space with
IBl1P = sup sup | 5 bewy| = sup 5™ |lx6 (b€ X*)
k=1 m

m zEBx

by [14, Example 4.3.16, p. 65]. Therefore, by [14, Example 8.4.1, p. 126], the
columns of the matrix C7, that is the rows of C are a bounded set in X?. Thus
there is a constant K; such that

‘ 3 cnkmk‘ < K; for all m and n and for all € Bx. (5.7)
k=1

Now (5.3) implies | Y-, Ex(a)zy| < K for all m and all z € Bx. It follows from
this and (5.6) that

m—1
[Vin(z)| < K1 + | > akyk‘ for all z € Bx, y € By and all m. (5.8)
k=1
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We define the linear functionals f,, (m = 1,2,...) on Y by f,.(y) = Ekm:_ll aryk
(y € Y). We note that f,, € Y* for all m, since Y is a BK space. Further-
more a € Y7 implies that f(y) = lim,, oo fm(y) exists for every y € Y, that is
the sequence (fr,)5°_; is pointwise convergent, hence pointwise bounded, and so
uniformly bounded by the uniform boundedness principle. Thus there exists a con-
stant Ky such that |f,(y)| = |ka:_11 aryr| < K for all y € By and all m, and
it follows from (5.8) that |V;,(z)| < K1 + K for all m and for all z € Bx, hence
sup,, ||Vimllx,s < oo. This and (5.5) imply V € (X, ¢p) by Theorem 4.4(2.); and
then (5.6) implies E(a) € X7, that is a € (X?)g.

If a € YP then E(a) € X? and V € (X, cp), as we have just shown, and so
(5.2) follows from (5.6).

Conversely, if a € (X?) and V € (X, o) then a € Y? by (5.6). m

Now we give the (Za)? in some special cases.

ExaMPLE 5.2. (a) Let 1 < p < 00, 1 < 7 < o and ¢ and s be the
conjugate numbers of p and r. The conditions for E(a) € ([ﬁr,ﬁp]w(”)))ﬂ and
E(a) € ([co,ﬁp]<k(")>)5 are given in Example 4.3(a). Corollary 4.5 yields the
conditions for V¢ € ([IZT,E,,]U“(")),CO) and V¢ € ([co,ép]<k(”)>,co), the condition
lim,, o v%, = 0 for each k being redundant. For each positive integer n, let v(n)

denote the uniquely defined integer such that n € I,(,). We define the sequence
b*? by

v(n)—1 1/

( 2 ((k(w 1) = k()" 4 (1 - k(vn))*/e) (1<r<o0,1<p<oo)
bse = (v(n) +1)V/¢ (I1<r<oo,p=1)

rnax{osl,rsnfé)_l(k(u +1) — k@)Y, (n+1— k(u(n)))l/q} (r=1,1<p< o).

It is easy to see that condition (1.1) for A = V2 in Corollary 4.5 is equivalent to
E(a) € (b*9)~! % £y; in the case of [007€p]<k(")) (1 < p < ), we use the sequence
bl

Let us mention that the condition E(a) € (b%%)~! % £, becomes redundant is
some cases. Asin Example 2.2,let k(v) = v+1 (v =0,1,...). Then,for1 < p < oo,
we have bo? = ([£p, £4]*) s, and a € (bv?)? if and only if Yootol Yope, akl? < 0o
and sup,,(n + 1)Y2 |32 ax| < oo, and it is easy to see that, in general neither
condition implies the other. If, however, p = 1, then bv = ([61,61]<k(”)>)A =

([El,éoo]<k(”)>)A, and the conditions F(a) € [Eoo,él](k(")) and E(a) € b>! x £, are
the same, namely sup,, | Y-, ax| < oo that is a € cs.

(b) Let the sequences p and d be defined as in Example 2.2(b). First we observe
that a € (B(w))? if and only if a/u = (ax/ur)$, € (([d ! * co, £,]* ) A)B. Also
E(a/u) € [(1/d)~1 % Zl,ﬁq]<k(")> if and only if

c€ [El,Kq](k(”» where ¢, = 1/d, Ex(a/p) = prw+1) 2o % (kel,;v=0,1,...).
j=k Mj
(5.10)
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Since obviously, for all u € U and for all X,Y C w, we have 4 € (u=! x X,Y)
if and only if B € (X,Y) where b, = ank/ur for all n and k, it follows that
Vee (ptx[d? *co,ép]<k(")>,c0) if and only if V¢ € ([d~* *co,ﬁp]<k(")>,co), where
0%, = En(a/u) for 1 <k <nand 9, =0for k>n (n=1,2,...). Finally, since

z €[d1 x co,ép]<k(”)) if and only if y € [co,ﬁp](k(")) where y, = d, 2, (k€ I;v =
0,1,...), we have V* € ([d™! *co,ép]<k(")),co) if and only if W® € ([co,Ep]<k(")),co)

where w?, = 0%,1/d, (k € I,;v = 0,1,...) for all n = 1,2,.... Again, the
condition lim,, .., w,r = 0 is redundant, and we need
o0
sup ZO (W) < 0. (5.11)
n v=

We define the sequence b':?(u) by

v(n)—1
S tieeny (B 4 1) = k@) — pigumyan (1 + 1 = k(u(n))M/* (1 <p < oo)

v=0
b =9

20 Hiw+1) (p=1).

Condition (5.10) is equivalent to

0o Sy q\ 1/q
ZNk(u-i—l)(Z > ) < oo (1<p< o),
v=0 kel |j=k Mj

<o (p=1),

Zﬂ

j=k Mj

o0
VZZ)O Hi(v+1) Tax
and it is easy to see that condition (5.11) is equivalent to E(a/u) € (b19) 71 x £y
for 1 < p < oo and E(a/u) € (b4°(u))~! x £o for p = 1, this condition being
redundant, if there are reals s and ¢ with 0 < s < ,U/k:(u)/:uk(u—i-l) <t < 1forall v.
The next result reduces the the characterisation of (Xa,Y") to that of (X,Y)
and (X, co)-

THEOREM 5.3. Let X D ¢ be a BK space with AK andY be a subset of w.
Then A € (Xa,Y) if and only if

EA € (X,Y) where ey = 3 an; for all n and k (5.12)
j=k
and
VA € (X,co) for alln (5.13)

where VA» is the matriz with the rows VA = E;,(Ay)el™ (m =1,2,...).
Proof. First we assume A € (Xa,Y). Then A, € (Xa)? for all n, hence
condition (5.13) holds and
E(A,) € XP for all n (5.14)
by Theorem 5.1. Let 2 € X be given. Then A, € (Xa)? implies
(ENn(z) = Ap(E(x)) for all n (5.15)
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by (5.2). Since X(x) € Xa, it follows that A(X(z)) € Y, hence E4(x) € Y. Thus
(5.12) also holds.

Conversely we assume that conditions (5.12) and (5.13) are satisfied. Then
(5.14) holds, and this and (5.13) imply A, € (Xa)? for all n by Theorem 5.1.
Again (5.15) holds and then A € (Xa,Y). m

Now we give some characterisations of matrix transformations between Z and
ZA.

We obtain as an immediate consequence of Theorems 5.3 and 4.4 and of [11,
Theorem 3.8, p. 180]

THEOREM 5.4. Let X be a BK space with AK and Y be any of the spaces
loo, co, b1, [gmjgl](m(u))’ [El7goo](m(u)) or [Co,£1]<m(u)>-

(a) Then A € (Xa,Y) holds if and only if condition (5.13) holds in addition
to the respective conditions in Theorem 4.4 with the A replaced by E*.

(b) Let C = AA, that is cpp = Gnk—an—1,k for alln and k. Then A € (XA, YA)
if and only if condition (5.13) with VA~ replaced by VE holds in addition to the
respective conditions of Theorem 4.4 with A replaced by EC.

In particular, we have, applying Corollary 4.5

COROLLARY 5.5. Let 1 <r < o0 and 1 < p < 00, s and q be the conjugate
numbers of r and p, and Y be any of the spaces in Theorem 5.4. Finally, let the
sequences b*>? be defined as in Example 5.2(a).

(a) Then (A € ([, £,] VA, Y) if and only if B(A,) € (b&D)~ x £y for
all n, and the respective conditions in Corollary 4.5 hold with A replaced by E*.
Furthermore, A € (([co,Zp]<k(")>)A,Y) for 1 < p < oo if and only if E(A,) €
(b19)~1 x £ for all n, and the respective conditions in Corollary 4.5 hold with A
replaced by EA.

(b) The conditions for A € (([tr, 6,]* A, YA) and (([co, £,]* ") A, YA) are
obtained from the respective ones in Part (a) by replacing A by C throughout.

For the next result, we need to know the S-duals of £ and [loo, £1] which
cannot be determined by Theorem 5.1, since they do not have AK.

LEMMA 5.6. Let E = X7, Then

(a) a € (€ss)a)? if and only if a € (b1 N ((n)S,) "t % co)E;

(1) a € (([loo, 1] A)P if and only if a € ([lr, Loo] ¥ N (B1°) L 5 o)
where the sequence b1 is defined as in Example 5.2(a).

In both parts, if a € (bs)a)? ora € (([Zoo,ﬁl](k(")))A)ﬁ then (5.2) holds.

Proof. (a) This follows from [9, Theorem 2, Corollary 2].
(b) We write Xoo = (([oo, 1)) and Xo = ([co, 1]*™)?) A, for short.
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First Xo C Xoo implies X8, € X7, hence X8, C ([t1,£0o] ") & by Example
4.3(a). Now we assume a € X2 . Since e € X, the sequence E(a) is defined.
Let y € Xo be given. Then, by (5.6), a € X2 and E(a) € [f1,£oo]*™) together
yield V¢ € ([Eoo,él](k(”)),c), that is E(a) € (Xeo,¢) by (5.1). Conversely, if a €
([61, 5] N M(Xoo, ), then E(a) € [loo, 4] and V@ € (Xo0, ), hence
a € X5 by (5.6). Thus we have shown X2 = ([t1, L] ") N M (X0, ¢))p. We
will prove

M(Xoo,¢) = M(Xoo,c0) = (65°) L x ¢q. (5.16)
We write b = b1>° and observe that a € M(Xy,c) if and only if B® €
([loor 1], 0) by (5.1).

First we assume B% € ([loo, ", ¢). Then, by [7, Satz 4.8],

o0
max |b%.| converges uniformly in n (5.17)
v=0 kel,
and lim, , b2, = aj exists for each k. Since [c0,61]<k(")> C [Zoo,El](k(")) im-
plies ([£oo, 4] ¢) C ([co, 4]*", ¢), we have sup,, ||B%||1.00 < 00 by Corollary
4.5(2.), and this is equivalent to a € b=! x £, by Example 5.2(a). Thus there is a
constant K such that sup,, |an|b, < K, whence |a,| < K/b, = 0 (n = 00), that is
a € ¢p. By (5.17), given € > 0 there is vy € INg such that

o0
> iréa;x|b;‘1k| < an| (bn = br(ve)—1) < &/2 for all n.
v=vp v

Furthermore, since a € cp, we can choose ng € IN such that |an|bg(,)—1 < €/2 for
all n > ng. Then |a,|b, < € for all n > ng, that is a € b= * .

Conversely we assume a € b~! x ¢g. Then obviously a € ¢g. Furthermore
a € b1 x ¢y implies

o0
1Ballo0) = 20 max b = 0 (n = 00) and sup||Bxll1,e0) < 00

By [6, Lemma, p. 168], these two conditions together imply (5.17). From this and
lim,, 00 %, = lim,_, a, = 0, we conclude B* € ([Eoo,ﬂl](k(")),c(]) by [7, Satz 4.8],
hence a € M(Xyo,c0)- ™

We obtain as an immediate consequence of Theorems 5.3, 4.6, Example 5.2(a)
and Lemma 5.6

THEOREM 5.7. Let W be a BK space with AK and Y = W? and X be any
of the spaces £, co, {1, [Kl,ﬁoo](k(")), [Eoo,ﬁl](k(")) or [co,ﬁl]<k(")).

(a) Then A € (Xa,Y) if and only if the respective conditions in Theorem 4.6
hold with A replaced by E* and, in addition for all m, E(A,,) € ((n)S%;) ! *co
when X = Lo, E(An) € (n)52;) ™" * Lo when X = co, E(An) € (b)) % co
when X = [Eoo,ﬁl]<k(")), E(A;) € (017 x £y, when X = [El,éoo]<k(”)>, and
E(A,,) € (b1°°)~ 1 x by, when X = [co,él]<k(l')); no additional condition is needed
when X = £; by Example 5.2(a).
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(b) Then A € (Xa,YA) if and only if the respective conditions in Part (a) hold
with A replaced by C = AA.

We obtain from Corollary 4.7

COROLLARY 5.8. Let 1 <r < oo and 1 <p < oo ad X be any of the spaces in
Theorem 5.7.

(a) Then A € (Xa,[lr, £p] <m(“)>) if and only if the conditions in Corollary 4.7
with A replaced by E* and the additional conditions of Theorem 5.7(a) hold.

(b) Then A € (Xa, ([, £6,)™ ") A) if and only if the conditions of Part (a)
hold with A replaced by C = AA.
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