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INTEGRAL INEQUALITIES FOR MAXIMAL SPACE-LIKE
SUBMANIFOLDS IN THE INDEFINITE SPACE FORM

Liu Ximin

Abstract. In this note, we give two intrinsic integral inequalities for compact maximal
space-like submanifolds in the indefinite space form and a sufficent and necessary condition for
such submanifolds to be totally geodesic.

1. Introduction

Let M}*?(c) be an (n + p)-dimensional connected semi-Riemannian manifold
of constant curvature ¢ whose index is p. It is called an indefinite space form of
index p and simply a space form when p = 0. If ¢ > 0, we call it a de Sitter space of
index p. Let M™ be an n-dimensional Riemannian manifold immersed in M}*+?(c).
As the semi-Riemannian metric of M*?(c) induces the Riemannian metric of M™,
M™ is called a space-like submanifold. A space-like submanifold with vanishing
mean curvature is called a maximal space-like submanifold. Kobayashi [5] gave
the Weierstrass-Enneper representation formulas for maximal space-like surfaces in
3-dimensional Minkowski space and exhibited various examples. In particular, he
determined the maximal space-like surfaces which are rotation surfaces or ruled sur-
faces. Montiel [6] gave an integral inequality for compact space-like hypersurfaces
in a de Sitter space and by use of this integral inequality, he studied the constant
mean curvature space-like hypersurfaces. Also, Akutagawa [1] and Ramanathan [8]
investigated space-like hypersurfaces in a de Sitter space and proved independently
that a complete space-like hypersurface in a de Sitter space with constant mean
curvature is totally umbilical if the mean curvature H satisfies H2 < ¢ when n = 2
and n2H? < 4(n — 1)c when n > 3. Later, Cheng [3] generalized this result to
general submanifolds in a de Sitter space.

In this paper, we study compact maximal space-like submanifolds in the indefi-
nite space form with flat normal bundle and obtain two intrinsic integral inequalities
for such submanifolds. We also give a sufficent and necessary condition for such
submanifolds to be totally geodesic. We will prove the following
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THEOREM 1. Let M™ be an n-dimensional compact mazimal space-like sub-
manifold in M}*?(c) with flat normal bundle. Then

1
/ {EZRfmjk-kZRfm —ncR}*l <0.

THEOREM 2. Let M™ be an n-dimensitonal compact mazimal space-like sub-
manifold in M}*?(c) with flat normal bundle. Then

1
/ {§ER72m-jk +18%+ (n—2)eS —n(n— 1)02} x1<0.

THEOREM 3. Let M™ be an n-dimensional compact mazximal space-like sub-
manifold in M;}"’p(c) with flat normal bundle. Then M™ is totally geodesic if and

only if
/ n{%zRiLia‘k+("—2)05—n(n—1)c2} £1=0.

In the above theorems, Rfm-jk is the square length of the Riemannian cur-
vature tensor, > anj the square length of the Ricci curvature tensor, S the square
length of the second fundamental form, R the scalar curvature. All these are in-
trinsic properties of M™.

2. Preliminaries

Let M7?*?(c) be an (n + p)-dimensional semi-Riemannian manifold of constant
curvature ¢ whose index is p. Let M™ be an n-dimensional Riemannian manifold
immersed in M}*?(c). We choose a local field of semi-Riemannian orthonormal
frames eq,... ,€nqp in M}?‘“’(c) such that at each point of M™, eq,... ,e, span the
tangent space of M™ and form an orthonormal frame there. We use the following
convention on the range of indices:

Let wi,... ,wntp be its dual frame field so that the semi-Riemannian metric of
M +P(c) is given by d5* = Y, wi — Y, wi = > 4 €aw’, where ¢; = 1 and e, = —1.
Then the structure equations of M*?(c) are given by

dwa =) epwap ANwp, wap+wpa =0,
B

1
dwap =) ecwac NweB — = >, Kapopwe Awp,
c 2¢D
Kapop = ceaep(dacédBp — 6apéBC).
Restricting these forms to M™, we obtain w, = 0, n +1 < a < n + p, and the
Riemannian metric of M™ is written as ds* = Y, w?. From Cartan’s lemma we
can write

iy

— a, . a __ ha
Wai = Zhijw], hé h.
j
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From these formulas, we obtain the structure equations of M™:

dw; = Ewij ANwj, wij +wji; =0,
J

1
dwi; = > wik Awij — 3 S Kijuiwk A wi,
% Kl

Rijii = c(8ixbji — 6udji) — Y (hghg — hih$y), (1)

(3

where R;j; are the components of the curvature tensor of M™.
For details on indefinite Riemannian manifolds we refer to O’Neill [7].

We call
h = Ehaea = E h%wi®wj X eq

1,70
the second fundamental form of M™ and the square length of the second funda-
mental form is defined by

§=Str(ha)? = 5 (h)*.

a71’7j

The mean curvature vector N of M™ is defined by
1 1
N = = Str(ha)ea = + (T hE)ea,

and it is well known that N is independent of the choice of unit normal vectors
€n+tls- -+ ntp to M™. The length of the mean curvature vector is called the mean
curvature of M™, denoted by H.

If M™ is maximal, then

>hE=0, a=n+1,---,n+p. (2)

Define the first and the second covariant derivatives of {hg; }, say {h$;; } and {hg;, },
by

zkj hpwi, = dh; + zkj hg wei + ; hS wij + % hfwpa,
> h?jkzwl = dh%k +>° h%jkw’”ﬂ + 20 Mg wmj + 2 h%mwmk +> hfjkwﬂa'
! m m m B
Then we have
h?jk = ?kja (3)
Rk = hijie = 22 i Ringrt + 22 G Rinat + Eﬂ: 1 Ragn, (4)
where R,gr; are the components of the normal curvature tensor of M™, that is

Ropn = E(h?khiﬂz - hghfk)'

7



56 Liu Ximin

If Ropri = 0 at a point z of M™ we say that the normal connection of M™ is flat at
x, and it is well known [2] that R.gr = 0 at « if and only if h, are simultaneously
diagonalizable at x.

The Laplacian Ahf; of the fundamental form hg; is defined to be 3°, iy,
and hence, if M™ has flat normal bundle, from (3) and (4) we have

Ah; = %(hgjkk = hg) + ;(h?kjk = h§e;) + ;(h?kkj = hikij)

= > he, Rmkjx + > b Rmijk (5)
m,k m,k

3. Proofs of the Theorems
Proof of Theorem 1. From (1), (2) and (5), we have
2ohGARY =3 hE RS Rt + 3 bR, Rukji
= 2 S — By b Romish + S(AGAS, — hEh) Ry
= % 2-[e(8ij0mr — 6mjbin) — Rimjk] Rimijn
+ 2[6(8i6im — biibjm) + Rijim]Rom;
= % Y R..ix + 2 R:, —ncR.

Since [, {2 h$; ARG} 1 <0, we have

J

Theorem 1 is proved. m

In order to prove Theorem 2, we need the following algebraic lemma

LEMMA. Let aq,...,an be real numbers. Then
1
(@) > (Y a)?, (7)
and the equality holds if and only if a1 = --- = ay,.
In fact,
n (i) = (FCai)? = Y(ai — a5)°, (8)

and the Lemma follows immediately from (8).
Proof of Theorem 2. From (1), we have

Ry = (n—1)cbm; + > hohs, and R=mn(n—1)c+S.

mi'Yi5>
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Since M™ has flat normal bundle, we can diagonalize the second fundamental form

simultaneously so that hf; = A%6;;, and then from (7), we have

Rmj = (n = 1)cbm; + 35(AF)?6mj)
Y R:,=n(n— 1)?c® +2(n —1)cS + (A9

>n(n—1)22 4+ 2(n—1)cS + %{Z(A?)QP

1
=n(n—1)% +2(n—1)cS + 55’2.

Therefore, from (6) we have

/n{%zanijk+%S2+("_2)CS_"(n_1)CQ}*ISO‘ )

Theorem 2 is proved. m

Proof of Theorem 3. From (9) we have

1
/M"{§zRfm.jk +(n—2)eS —n(n— et} x1<0. (10)
If M™ is totally geodesic, i.e., S =0, h{; = 0, then from (1) we have
Rmijk = C((smjéik — 6mk6ij)7 ZRgnijk = 2n(n — 1)62,
and in this case, (10) becomes an equality.

Conversely, if (10) becomes an equality, then S = 0, and M™ is totally geodes-
ic. m
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