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NUMERICAL STABILITY OF A CLASS (OF SYSTEMS)
OF NONLINEAR EQUATIONS

Zlatko Udovicié

Abstract. In this article we consider stability of nonlinear equations which have the fol-
lowing form:

Az + F(xz) =b, (1)

where F' is any function, A is a linear operator, b is given and z is an unknown vector. We give
(under some assumptions about function F' and operator A) a generalization of inequality:
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(equation (2) estimates the relative error of the solution when the linear equation Az = b; becomes
the equation Az = b2) and a generalization of inequality:
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(equation (3) estimates the relative error of the solution when the linear equation Ajz = by
becomes the equation Azx = b2).

1. Basic results

TEOREM 1. Let V be a normed space, let the linear operator A: V. — V be
invertible and bounded, let the inverse operator of the operator A be also bounded,
let by,b2 € V and let the functions Fy,Fy: V — V and the set S C V have the
following properties:

1. the function Fy is Lipschitz on S, i.e.,
(AL > 0) (Vo122 € ) || F1 (#1) — Fi (22)|| < Lz — 22|,
and the constant L is such that the inequality 1 — L HA‘1|| > 0, holds;
2. (3M > 0) (Vz € S) ||Fy (x)|| < M ||z||; and
3. (Fe >0) (V€ 8)||Fi(z) — Fs (z)]| <e.
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If X1 € S is a solution of the equation Az + Fy(x) = by and Xy € S is a solution
of the equation Ax + Fy(x) = by, then the following inequality holds:
=l AL M) (=t e )
X =  1-LfAY [[04]] [[04]]

Proof. Since AX; + Fy (X1) = by, we have
[01]] = [AX1 + F1 (X0)[| < [[AXq ]| + [[Fr (X))l < (JA+ M) [ X4 |

and we can conclude that

1 (IA[l + M)
< 5)
X1 4] (
On the other hand, from X; —Xa = A" (b1 — b2) — (F1 (X1) — F2 (X2))) it follows
that
|X1 — Xa|| < ||A*1H (b1 = ba| + ||FL (X1) — Fy (Xo)|| + ||FL (X2) — F> (X))
< AT (l[br = b2l + L[| X1 — Xa|| + ),

and that
|A| (161 = b2l + )

— < .

Finally, from (4) and (5) we have
X1 = Xof _ A~ (Al + M) (bl —bof |, e )
[Xaf = 1-LJ|A-Y [[04]] [[b1]]
which proves the theorem. m

If F; =0 and F, =0 (in this case we have L = M = ¢ = 0), then the proved
inequality becomes (2).

THEOREM 2. Let V' be a normed space, let the linear operators A1, As: V — V
be invertible and bounded, let their inverse operators be also bounded, let by,bs € V
and let the function F: V — V and the set S CV have the following properties:

1. the function F is Lipschitz on S, i.e.,
(AL > 0) (Vo122 € S) || F (21) — F (22)]| < L llzy — 22,
and the constant L is such that the inequality 1 — L HAl_lﬂ > 0 holds;
2. (AM >0)(Vz € ) | F (z)|| < M ||=| ;
3. the function F is bounded on the set S, i.e.,
(3B >0) (Vz € S)||F (z)| < B.
If X1 € S is a solution of the equation A1z + F(x) = by and X9 € S is a solution
of the equation Asx + F(x) = ba, then the following inequality holds:
X1 = Xol| _ A (1A + M) <||b1 — by
Xl = 1-L|ATY [[b1]]
o2ll A1 — Ao n BT - A - A .
[[04]] [ Al [[04]]

+ Al [ A3 %
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Proof. Since Xo = Ay' - (by — F (X3)), we have
A1 Xy = A1 Xy + by — Ay Xy — F (X))
= (A — A2) Xo + by — F (X2)
= (A1 — Ag) A7 (by — F (X2)) +ba — F (X2)
= (A] — Ap) ATy — (A — A9) AT F (Xo) + by — F(X3)
= (A1 — A2) A3 by + by — A1 A5 ' F (Xo),

and we can apply the previous theorem to the equations

A
A

Az + F(x) =b
and
Ay + A ATF () = (A — Ag) A5 'by + ba.
Condition 3. of the theorem is satisfied since for every x € S the inequality
IF @)~ 445" F @) < 1P @ |1 - 41451 < Bl - Audz?)
holds. So,

H&—Xﬂ<H&WMMN+M>Oh—w—wrﬁmAJM\
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The theorem has been proved. m
If F = 0 (in this case we have L = M = B = 0), then the inequality just
proved becomes (3).

From the theorems just proved we can conclude that relatively small changes
(of operator A, function F or vector b) in the equation (1) may cause relatively big
changes in the solution if the number

A=Y 1A] + b1)
[ LA T ©)

is big enough, so we can take this number as a measure of stability of equation
(1). Tt is obvious that the equation (1) gets more badly conditioned as the number
(6) increases. Since the inequality ||A[|||[A™1|| > 1 always holds, the number (6) is
greater than one whenever inequality 1 — L||A~!|| > 0 holds.
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2. A note

If the normed space X is complete and the subset S C X is closed, if the
function F satisfies the condition 1. of Theorem 1 (Theorem 2) and if ¢ (S) C S
where ¢ () = A7 (b — F (z)), then the array generated by the recursive formula

Tpp1=A"1(b—F(2,)),n €N (7)

converges to the unique solution of the equation (1) for every xy € S.

Indeed, the function ¢ is a contraction since for every z,y € S we have
e (@) =Wl < |ATH 16— F (2) = b+ F (y)ll < L{|A™H ]| lz — ]l

while from the condition 1. of Theorem 1 (Theorem 2) we have that L HA_l H <1,
and therefore in accordance with Banach fixed point theorem, the array defined by
formula (7) will converge to the unique solution of the equation (1).

3. Examples

The first example will give (under certain assumptions) a sufficient condition
for stability of polynomial with real coefficients. We thoroughly considered poly-
nomials of the third degree.

EXAMPLE 1. Let a polynomial with real coefficients P (x) = az®+ba?+cx +d,
(a,c # 0) have at least one zero in the segment [«, §]. Furthermore, let F (z
az3 + bx? and let A = max {|a|,|3|}. Then we have that (Vz € [a, 3]) |F ()

)
|
(lal A% + [b| A) |2| and max,e(ap [F" (2)] = max {|F" ()], |F" (B)], [F' (—32)[}

d
<

and in Theorems 1 and 2 we can put that

M = |a| A? + |b] A,

L =max {17 @117 @) (-5 )|}

If the condition 1 — \_il > 0 <= L < |c| is satisfied then, in accordance with The-

le|[+M _ 1+M/|c]
le|-L = 1-L/]c]
greater than one) is close enough to one, then relatively small changes in coeffi-
cients of the polynomial P will not cause relatively great changes in roots of the
polynomial. So, if linear term in polynomial P is more dominant (|¢| > M and
le| > L), the polynomial P is better conditioned.

and that

orems 1 and 2 we can say that if the number

(which is always

We can do the same thing with polynomial of the fourth degree P (x) = az* +
bz3 + cx? + dz + e, (a,d # 0) and conclude that the number “ddl‘t]\g (the numbers

M and L have the same meaning) can be used as a measure of stability of the

polynomial P. So, the polynomial P is in this case also better conditioned if the

d+M . .
number | d‘t 7 is closer to one. Of course, we can use the same technics for the

polynomials of higher degrees, but in that case the problem of effective finding of
number L is much more complex.
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EXAMPLE 2. Let V be a normed space, let d € V' be a fixed vector, and let
the function F': V — V be defined by

(Vz € V) F (z) = ||z|| d.

We shall consider the relative error of solution when the equation A;x + F () = b
becomes the equation Asxz + F' (x) = b. Since for every z,x1, 22 € V inequality

[F (z1) = F (z2)|| < [lz1 — w2l [|d]]
and equality
1 @) = ll=[ lldll
hold, we can put L = M = ||d||. So, if the condition 1 — |||/ ||A7]| > 0, is
AT ] (A + Nl

— as a measure of stability for
1— [ldf f|A7*]

satisfied we can take the number
the considered equation.

The following example is a numerical realization of Example 2.
ExaMpPLE 3. The solution of the system

max {z,y} + 2.01z — 1000y = 1000
max {z,y} — 0.01lz — 1000y = —1000

. 990.099 . .
is X1 = (1.98020)’ while the solution of the system

max {z,y} + 2.02z — 1000y = 1000
max {z, y} — 0.01z — 1000y = —1000,

is the vector X5 = <985'222).

1.97537

Stability of the considered system can be estimated by using the previous
1 . .
example (V = R? d = (1), and the norm is the uniform norm of the space

2.01  —1000
—0.01 —1000
2.02  —1000] . A1 — Asl 5 (103
[—0.01 —1000} e A I S O
while the relative error of the solution when the first system becomes the sec-
X —X
1% — X5l |1|X ” 2lloo ~ 0.5-1072 (0.5%). So, the relative error of the so-
1 oo
lution is approximately 500 times bigger then the relative error of the matrix
A. According to the proved theorems our system is badly conditioned since
1A (Al + lldll.)

L= [l [JAT ]

R?). The relative error of the matrix A; = } when this matrix

becomes the matrix Ay =

ond one is

= 100301.
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It should be noted that the influence of nonlinear term in this example is
. . . . 1
irrelevant. The relative error of solution, when linear system A;z = b = (_? 880>
becomes the system Asx = b is approximately 0.5%, too.

We would like to point out that this system may also be solved by using the
Banach fixed-point theorem (see Section 2).

The first one of the following examples has a theoretical character, while the
second one is its numerical realization.

EXAMPLE 4. Let V' be a normed space, let d € V and r > 0 be a fixed vector
and a real number, let S = {x € V|||z|| <r} and let the function F: V' — V be
defined by

(Vo e V) F (z) = ||z]|* d.

We shall estimate the relative error of the solution when equation A;z+ F () = b
becomes equation Asx + F (x) = b. Since for every x,z1, 25 € S inequalities

IF (@1) = F (@) = ||llo2 I d — [l d

= (lzall + llz2l) - o]l = [lz2[IT - ]
<2r-|ld] - [ler = @2

and
IF (@) = [l ldll < [1d] 2],
hold, we can put M = r||d|| and L = 2r ||d||. So, if the condition 1—2r ||d|| HA1_1H >
AT UlAL -+ 7 [I4])
1= 20l [ 47"
stability of the considered equation.

0 is satisfied then the number can be taken as a measure of

EXAMPLE 5. The solution of the system

22 + y? + 750z + 50y = —1
2?4 y? 420 -3y =—1

: . . _ € 20,2 2 o _
wh1chbe10ngstotheset5—{(y) eER* |z 4y §1}15X1—< 0.359684

while the solution of the system

—0.0254856>

2+ y? + 750z + 50y = —1
2?4 y? 420 -2y =—1

which belongs to the set S = {(x) eER? |22+ 9?2 < 1} is the vector X, =
—0.0481967 Y
0.693291

Stability of the considered system can be estimated by using Example 4 (V =
R2, S = {<z) eER? |22+ 92 < 1}, d= <1), while the norm is the Euclidean
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norm of the space R?). Relative error of the matrix A; = 70 50 } when this

2 -3
750 50 } o 1AL = Aall
2 -2 [ A1l
while the relative error of the solution when the first system becomes the second one
X = Xo,

Xl
700 times bigger than the relative error of matrix A. According to the proved

AT, (1Al + lidll,)
=2 ]dl, [| AT,

matrix becomes the matrix A, =

~ 0.13-1072 (0.13%),

~ 0.93 (93%). So, the relative error of the solution is approximately

theorems the system is badly conditioned since = 2527.

Contrary to Example 3, the influence of nonlinear term is important now. In
this example, the relative error of solution when linear system A;x = b = (_})
becomes the system Asz = b is approximately 47% .
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