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COMPACT COMPOSITION OPERATORS ON LORENTZ SPACES
Rajeev Kumar and Romesh Kumar

Abstract. We give a necessary and sufficient condition for the compactness of composition
operators on the Lorentz spaces.

Let X = (X, X, u) be a o-finite measure space. By L(u), we denote the linear
space of all equivalence classes of Y-measurable functions on X. Let T: X —
X be a non-singular measurable transformation. Then T induces a composition
transformation Cp from L(p) into itself defined by

Crf(x) = f(T(x)), zeX, [feL(p

Here, the non-singularity of T guarantees that the operator C'r is well defined as a
mapping of equivalence classes of functions into itself. If Cr maps a Lorentz space
L(pq, 1) into itself, then we call Cr a composition operator on L(pg, u) induced
by T.

Composition operators are simple operators, but have wide range of applica-
tions in ergodic theory, dynamical systems etc., see [7]. Composition operators
have been studied mostly on HZ2-spaces, LP-spaces and Orlicz spaces (cf. [2-7]).
So, it is natural to extend the study of composition operators to other measurable
function spaces. In this paper, we have initiated the study of composition operators
on Lorentz spaces, which generalize L? spaces. See [1] for details on Lorentz spaces.

For f € L(u), we define the distribution function of |f] on 0 < A < co by
1) =l € X+ [£(@)] > AL,
and the non-increasing rearrangement of f on (0, 00) by
@) =inf{A >0: pr(N) <t} =sup{A>0:pur(A) >t}
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The Lorentz spaces L(pg, 1) are defined by

L(p(L/L) = {f € L(M) : ||fHL(pq) < OO},

where

il Lo~ (/2 f()2dt /49, if 1 <p<oo,1<q< oo,
Lea) = SUPo< <o /P F*(1), ifl<p<oo, ¢g=o0.

The Lorentz spaces (L(pq, i, ||.||L(pq)) are Banach spaces for 1 < ¢ < p < oo, or
p=q=o0.
The following theorem is easy to prove.

THEOREM 1. Let T: X — X be a non-singular measurable transformation.
Then T induces a composition operator Ct on L(pg, ), 1 < g < p < oo if and only
if there exists some M > 0 such that

poT 1 (A) < Mu(A), for each A€ X.

Moreover,
poT = (A) ) e

jorl= s (0

AET,0<pu(A)<o0

Compact composition operators on LP-spaces were studied in [4], [5], [6] and [8].
For the compactness of these operators on Orlicz spaces, see [2]. Now we give a
necessary and sufficient condition for the compactness of composition operators on
LP(pu), 1 < g < p < oo.

THEOREM 2. Let (X,X,u) be a o-finite measure space and T: X — X be
a non-singular measurable transformation. Let {A,} be all the atoms of X and
assume that w(A,) = a, > 0, for each n. Then Cr is a compact composition
operator on Lorentz spaces L(pg,pn), 1 < g < p < oo if and only if the measure
space (X, X, ) is purely atomic and

b — pT~'(An)
" N(An)

Proof. Suppose Cr is compact. Then, using the similar techniques as in [6], it
is easy to show that pu is purely atomic.

Next, we claim that b, — 0. Suppose the contrary. Then there exists some
€ > 0 and a subsequence {b,, }x>1 of the sequence {b,},>1 such that b,, > e, for
all k € N.

Let X = J,—; Ay, where A,’s are atoms. For each n € N, define

XAn
fom XA
||XT*1(ATL) ||L(pq)
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So, for 1 < g < p < oo, we have

HXA"k ”L(Pq) _ M(Ank) e =1 bl/P p
= — =1/b/F <1/,
IXT-1 (A0, )l 2(pa) uw(T=1(Any))

”fnk ”L(pq) =

for each k € N.

Let gnm = Crfi, —Cr fr,,, where { fr, }n>1 is the subsequence of the sequence
{fi}x>1. For n # m, three cases arise: either u(T1(Ax,)) < u(T~'(Ag,,)) or
w(T=1(Ag,)) = w(T~(Ayg,,)); the third case is similar to the first one, with m and
n interchanging places.

In the first case, we have ||x7-1(4,,)

|Lpa) < IXT-1(A,,) | L(pg) and

)

—_— <A< —L
”XT—l(Akm)”L(pq) - HXT—l(Akn)HL(pq)’

0, if )\ >

1
- ”XTfl(Akn) HL(pq) ’

XT—1(Ap, ) (x) XT-1(A,,) (=)

ug'rMn(A):lu{xeX: -
HXT—l(Akn)”L(pq) HXT—l(Akm)HL(pq)
pT=Y(Ay,) +pT 1 (Ag,), if0<A<

.
HXTfl(Akm) HL(pq) ’

—{ uT(Ag,), if

So, we have

g:m(t) = lnf{)‘ > 0: :u‘!]nm(/\) S t}

1 . 1
Tzt cap, Meon if 0 <t < ulT 1(Ag,),

= mv if T (Ag,) <t <uT YAg,)+uT (Ax,),

0 if £ > pT 7 (Ag,,) + pT~ (A, )-

Thus,
— _ / B /

gt =1 (BT AR T (AT~ (T AR)) T
GnmllL(pg) = (MT_l(Akm))(I/p )

which contradicts the compactness of Cr.

In the second case, 1/c = |[x7-1(a,, )| Lwg) = IXT-1(A,,) | L(pg)» We have

gnm |l Lpa) = c(p/a)" (2T~ (A, )P =27 >0
which contradicts the compactness of Cp. Hence b, — O.

Conversely, let (X,X, 1) be atomic with atoms A, and b, — 0. Note that

fand > f(An)xa, are equal p-a.e. For each N € N, define C’;N) by C(TN)f =
anN f(An)XT-1(4,)- Then for each A > 0, we have

H(CT—C;N))f()\) < Z .U(Til(An))
n>N,|f(An)[>A

<(supbn) > ulAn) = (sup by )us(N).
S YW e N
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Therefore N
|Cr — C(T )||L(pq)HL(pq) < (b;l% bn)l/p -0

as N — oo. Since Cr is the limit of finite rank operators CFEFN), it is compact. m
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