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SIGNED DEGREE SETS IN SIGNED 3-PARTITE GRAPHS

S. Pirzada and F. A. Dar

Abstract. If each edge of a 3-partite graph is assigned a positive or a negative sign then
it is called a signed 3-partite graph. Also, signed degree of a vertex x in a signed 3-partite graph
is the number of positive edges incident with x less than the number of negative edges incident
with x. The set of distinct signed degrees of the vertices of a signed 3-partite graph is called its
signed degree set. In this paper, we prove that every set of n integers is the signed degree set of
some connected signed 3-partite graph.

1. Introduction

A signed graph is a graph in which each edge is assigned a positive or a negative
sign. The concept of signed graph is given by Harary [3]. Let G be a signed graph
with vertex set V' = {v1,va,...,v,}. The signed degree of v; € V is sdeg(v;) =
d; = df —d;, where d; (d;) is the number of positive (negative) edges incident
with v;. A signed degree sequence o = [dy,ds, ..., d,] of a signed graph G is formed
by listing the vertex signed degrees in non-increasing order. An integral sequence
is s-graphical if it is the signed degree sequence of a signed graph. Also, a non-zero
sequence o = [dy,ds, . .., d,] is standard sequence if o is non-increasing, » .-, d; is
even, d; > 0, each |d;| < n, and |di| > |d,|.

Chartrand et al. [1] obtained the necessary and sufficient conditions for an
integral sequence to be s-graphical, which is similar to Hakimi’s result for degree
sequences in graphs [2]. Another necessary and sufficient conditions for an integral
sequence to be the signed degree sequence of a signed graph is given by Yan et
al. [8].

The set of distinct signed degrees of the vertices of a signed graph is called its
signed degree set. Pirzada et al. [6] proved that every set of positive(negative) inte-
gers is the signed degree set of some connected graph and determined the smallest
possible order for such a signed graph.

A signed 3-partite graph is a 3-partite graph in which each edge is assigned
a positive or a negative sign. Let G(U,V,W) be a signed 3-partite graph with
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U = {u,ug,...,up}, V= {v1,09,...,9,} and W = {wsy,ws,...,w,}. Then,
signed degree of u; is sdeg (u;) = d; = di — dj, where d; (d;) is the num-
ber of positive(negative) edges incident with wu,, signed degree of v; is sdeg
(v;) = e = ej — e, , where e;r(e;) is the number of positive(negative) edges
incident with v;, and signed degree of wy, is sdeg (wi) = fr = f,j — fi , where
[ (f7) is the number of positive(negative) edges incident with wy,. Then, the se-
quences a = [dy,da,...,dp], 0 = [e1,€2,...,e4] and v = [f1, fo,..., fr] are called
the signed degree sequences of G(U,V,W). Also, the sequences of integers «,
B and ~ are said to be standard sequences if « is non-zero and non-increasing,
i di + 270 e+ 30—y fi is even, dy > 0, each |d;| < g+, each |ej| <1 +p,
each |fi| <p+gq, |di] > |ej| and |di| > | fx| for each j and k.

The following result is given by Pirzada et al. [5].

THEOREM 1.1. Let a = [di,da,...,dp],f = [e1,e2,...,e4] and v =
[f1, fo, ..., fr] be standard sequences. Then, «, 3 and ~y are the signed degree se-
quences of a signed 3-partite graph if and only if there exists integers g and h with
di=g—hand 0 < h < @ such that o', 3" and ' are the signed degree se-
quences of a signed 3-partite graph, where o is obtained from a by deleting d1 and
B and ~' are obtained from [ and v by reducing g greatest entries of 3 and v by 1
each and adding h least entries of 3 and v by 1 each.

The characterization of signed degree sequences in signed bipartite graphs can
be found in [7]. That every set of integers is the signed degree set of some connected
signed bipartite graph is proved in [4].

For any two sets X and Y, we denote by X @& Y to mean that each vertex of
X is joined to every vertex of Y by a positive edge.

2. Main Results

A signed 3-partite graph G(U,V, W) is said to be connected if each vertex of
one partite set is connected to every vertex of other partite sets. The set S of
distinct signed degrees of the vertices of a signed 3-partite graph G(U,V,W) is
called its signed degree set.

First, we obtain the following result which shows that every set of positive
integers is a signed degree set of some connected signed 3-partite graph.

THEOREM 2.1. Let dy,ds,...,d, be positive integers. Then, there ezists a
connected signed 3-partite graph with signed degree set S = {s;|i = 1,2,...,n},
where s; = 35, dj.

Proof. If n = 1, di = 1 then a signed 3-partite graph G(U,V,W) with
U = {ug,us}, V = {v,vg,v3}, W = {w;} and in which wujvy,usve, ugvs, viwy
are positive edges and uqv; is negative edge has signed degree set S = {d; }.

Also, if n = 1, dy > 0, then a signed 3-partite graph G(U,V, W) with |U| =
L|V]=di = 1,|W|=d;,U@® W and V & W has signed degree set S = {d; }.
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Now, assume that n > 2. Construct a signed 3-partite graph G(U,V, W) as
follows.

Let U=X3UXoU---UX,, 1UX,,V=1UYU---UY, 1, W=2,UZyU
ZyJ---UZ, 1 UZ, 1 UZ,UZ, with X;NX; =¢,Y,NY; =¢, Z,NZ; = ¢,
ZinZ; =¢,ZiNZ = ¢ (i #j), |Xi| =|Zi| = di forall i, 1 <i < n, Y| =
|Z{+1| =di+do+---+d; foralli, 1 <i<n-—1, X;®Z; wheneveri > j, Y;® Z; 1,
foralli, 1<i<n—-1,Y;® Z{_H for all 9, 1 <4 <mn — 1. Then, the signed degrees
of the vertices of G(U,V, W) are as follows.

For 1 < i < n, sdeg(x;) = 2221 |Z;| = 23:1 dj = dy +dy +---+dj, for all
x; € Xy; for 1 <i <n—1, sdeg(y;) = | Ziz1] + ‘Z{H‘ =diy1+di+do+--+d; =
di+do+ -+ +d;+diyq for all y; € Yy; for 1 < i < n, sdeg(z;) = (Z?:ﬂ | X)) +
|)/i—1| = Z;;ldj—Fdl 4+do+---+di_1 =dy+ds+---+d, for all z; € Z;; and for
2 <i<mn,sdeg(z) =|Yic1| =di +do+ -+ di_q, for all z{ € Z].

Therefore, signed degree set of G(U, V, W) is S. Clearly, all the signed 3-partite
graphs constructed above are conected. Hence, the result. m

The next result follows from Theorem 2.1 by interchanging positive edges with
negative edges.

COROLARRY 2.1. FEvery set of negative integers is a signed degree set of some
connected signed 3-partite graph.

Now we have the following result.

THEOREM 2.2 Every set of integers is a signed degree set of some connected
stgned 3-partite graph.

Proof. If S is a set of integers, then we have the following cases.

(i) S is a set of positive(negative) integers. Then, by Theorem 2.1(Corollary
2.1), the result follows.

(ii) S = {0}. Then, a signed 3-partite graph G(U,V,W) with U = {u1},
V = {v1,v2}, W = {w; } and in which ujv;,vew; are positive edges and uj vy, v1wy
are negative edges has signed degree set S.

(iii) S is a set of non-negative ( non-positive ) integers. Let S = S; U {0},
where S is a set of negative (positive) integers. Then, by Theorem 2.1(Corollary
2.1), there is a connected signed 3-partite graph G (U, Vi, W7) with signed degree
set S1. Construct a new signed 3-partite graph G(U,V, W) as follows.

Let U = Uy U{u}, V =ViU{v}, W = Wy U{w}, with Uy n{u} = ¢, ViN{v} =
¢, W1 N{w} = ¢ and let uv, v1w be positive edges and uvy, vw be negative edges,
where vy € V5. Then, G(U,V, W) has signed degree set S. Also, note that addition
of such edges do not effect the signed degrees of the vertices of G1 (U, Vi, W7), and
the vertices u, v, w have signed degrees zero each.

(iv) S is a set of non-zero integers. Let S = S; U Sy, where S and Sy are sets
of positive and negative integers respectively. Then, by Theorem 2.1 and Corollary
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2.1, there are connected signed 3-partite graphs G1(Uy, V1, W1) and Ga2(Us, Vo, W)
with S7 and S5 respectively.

Construct a new signed 3-partite graph G(U, V, W) as follows.

Let U =T, 00V =ViUVRW =W UW, with Uy NUz; = ¢, ViNVy =
o, W1 N Wy = ¢ and let ujva, uswy, v1we be positive edges and ujwa, usv1, wivs
be negative edges where u; € U;,v; € V;,w; € W. Then, signed degree set of
G(U,V,W) is S. Clearly addition of such edges do not effect the signed degrees of
the vertices of G1(Uy, Vi, W1) and Go(Us, Vo, Wa).

(v) S is a set of all integers. Let S = S; U Sy U {0}, where S; and Sy are
sets of positive and negative integers respectively. Then, by Theorem 2.1 and
Corollary 2.1, there exist connected signed 3-partite graphs Gi(Uy, Vi, W7) and
Go(Ua, Vo, Ws) with signed degree sets S; and S respectively. Construct a new
signed 3-partite graph G(U, V, W) as follows.

U= U1UU2U{U},V: VlU‘/Q,W = W1UW2 with UlﬂUQ = d),Ul-ﬂ{u} = d),
VinVe =¢, Wy NWy = ¢ and let uvy, usw, be positive edges, where uy € Us, vy €
Vi,w; € Wi. Then, signed degree set of G(U,V,W) is S. We note that addition
of such edges do not effect the signed degrees of the vertices of G1(Uy, Vi, W1) and
G2 (Us, Vo, W3), and the signed degree of u is zero. Clearly, by construction, all the
above signed 3-partite graphs are connected. This proves the result. m
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