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ON QUASI ALMOST LACUNARY STRONG CONVERGENCE
DIFFERENCE SEQUENCE SPACES DEFINED BY
A SEQUENCE OF MODULI

Vakeel A. Khan and Q. M. Danish Lohani

Abstract. The idea of difference sequence sets, X(A) = {z = (x) : Az € X }, where
X = lo, ¢ or cg was introduced by Kizmaz [3], and then this subject has been studied and
generalized by various mathematicians. In this article we define quasi almost A"-Lacunary
strongly P-convergent sequences defined by sequence of moduli and give inclusion relations on
these sequence spaces.

1. Preliminaries

The difference sequence space X (A) was introduced by Kizmaz [3] as follows
X(A)={z=(vx) ew: (Dzx) e X} for X =l, ¢ or co,

where Az = (2, — 2x41) for all k € N.

The difference sequence spaces were generalized by Et and Colak [1] as follows

X(A™) ={x=(zg) Ew: A"z =(A"x,) € X} for X =1, ¢ or cp,
where A™zy, = (A™ oy, — A™ g ).

A sequence of positive integers 0 = (k) is called “lacunary” if kg = 0, 0 <
ky < kyy1 and h, = k, — k.1 — o0 as 7 — oo. The intervals determined by 6
will be denoted by I, = (k,—1,k,) and ¢, = k’:—il The space of lacunary strongly
convergent sequence Lg was defined by Freedman et al. [2] as:

1
Ly={xz=(ag):lim— > |xx — L| =0 for some L }.
r hy kel,

The double lacunary sequence was defined by E. Savas and R. F. Patterson
[11] as follows: The double sequence 6, s = {(k;,ls)} is called double lacunary if
there exists two increasing sequences of integers such that

ko=0,h =k, —k,_1 > 00 as r— o0
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and ~
lo=0,hs=1s—1ls_1 —00 as s— .
Let ky s = kpls, hy s = h,hs and 0,5 is determined by
Irys={(k1): kr—1 <k <k, and l,_; <l <lI},

ky - ls
s—1

and Qr,s = qrgs-

DEFINITION 1.1. A function f: [0,00) — [0, 00) is called modular if
f(t) =0if and only if t = 0,
ft+u) < f(t)+ f(u) for all t,u >0,

f is increasing, and

= L oo

f is continuous from the right at 0.

Let X be a sequence space. Then the sequence space X (f) is defined as

X(f) ={z = (z) : (f(|z])) € X'}

for a modulus f ([6],[8],[10]). Kolk [4], [5] gave an extension of X (f) by considering
a sequence of moduli F' = (f) i.e.

X(F) ={w=(x) : (fa(Jz])) € X }.

A double sequence x = (z1,) has Pringsheim limit L (denoted by P-limz = L)
provided that given € > 0 there exists N € N such that |z;; — L| < € whenever
k,l > N [9]. We shall denote it briefly as “P-convergent”.

Recently Moricz and Rhoades [7] defined almost P-convergent sequences as
follows: A double sequence x = (zy,;) of real numbers is called almost P-convergent

to a limit L if
1 mtp—1ntqg-1
P- lim sup — > > |z —L|=0.

P37 mn>0P4d k=m I=n

In this paper we introduce the following definition.

A double sequence x = (z,) of elements of the real vector space w (the
space of bounded sequences) in a real normed space X is said to be quasi almost
P-convergent to a limit L if

1 mip—1ntqg-1

HP— lim sup — Y > (ap;—L)

=0.
P4—0m n>0 P4 k=m I=n HX

Let us denote the above set of sequences as £2.

For a sequence F' = (fi) of moduli, we define the following sequence spaces:

(Lo

AT F Py = {x = (2),) : P-lim > wllA™ @kpm ipn =Ll = 0,

78 Mrys (k,l)ET o

r,s?

uniformly in m and n for some L }.
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(Lo, ., A", F, Plo = {x = (vg,;) : P-lim > fe([A™@qmpgn )P =0,
"8 Nrs (k)€ ,

uniformly in m and n for some [ }.

We shall denote [Lg, ,, A™, F, P] and [Lyg, ,, A™, F, Ply as [Lg, ,, A™, F] and
[Lg, ., A™, Fo, respectively when py; = 1 for all k and . If x is in [Ly, ,, A™, F],
we shall say that = is quasi almost lacunary strongly P-convergent with respect to
the sequence of moduli F' = (fy). Also note that if F'(z) = x, pr; = 1 for all k and
I then [Lg, ., A™,F, P] = [Lg, ,A™] and [Lg, ., A™, F, Ply = [Lgrs, A™] which are
defined as follows: 7

r,s)

r,s? r,s?

. 1
Am] = {,’1} = (xk,l) : P-lim Z ||Amxk+m,l+n - L” = 07

[Le :
8 Nrs (k1)eTL

s

uniformly in m and n for some L }.

and

1
Z ”Amxk-i-m,l-i-n” =0,

[Lg,nystm] = {J? = (xk’l) : P-lim .
"E Nrs (ke

uniformly in m and n }.

Again note that if pr; = 1 for all k and [ then [Lg, ,,A™, F,P| = [Lg, ,,A™, F|

and [LGT’S,A’”,F, Py = [LQT’S,AW,F}O.
We define
[Le,., A", F] = {x = (z,) : P-lim > [feUlA™ 2k rmaen — L)) =0,

™8 Nr.s (k1)ETL

uniformly in m and n for some L},

and

(Lo, .. A" Flo = {x = (k) : P-lim o fe(lA™ Tk rm4nl])] =0,

"8 s (kl)Ely o

r,s?

uniformly in m and n }.

Now we extend quasi almost convergent double sequences to a sequence of
moduli as follows: Let F' = (fs) be a sequence of moduli and P = (pg,;) be
any factorable sequence of strictly positive real numbers, we define the following
sequence space:

) 1 P9
[, A", F, P] = {x = (x4,) : P-lim > e(lA™Tpqm,i4n — L)]Pet =0,
Pq P4 g i=1,1

uniformly in m and n for some L }.

If we take F(z) =z, pr; = 1 for all k and [, then [?, A™ F, P] = [t2, A™].
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2. Main results

THEOREM 1. Let 6, o = {k;,ls} be a double lacunary sequence with liminf, g, >
1, and liminf, ¢, > 1. Then for any sequence of moduli F = (f,), [t?, A™, F, P] C
(Lo, ., A™, F,P].

s

Proof. We need to show that [t2, A™, F, P]y C [Le, ,,A™, F, Ply. The general
inclusion follows by linearity. Suppose liminf, ¢. > 1, and hm inf; ¢ > 1; then
there exists & > 0 such that ¢, > 1+ §. This implies 2= < —1 and hs < L

ke = 5+ 511

Then for x € [t2, A™, F, Py, we can write for each m and n

1 L
Ars = 7— 20 fa(lA@ksminlDIPH = h Z 2 eUIA™ Tk pgen [|) 75

T8 (k€I s s k=11=1

1 kr_1ls—1

= > Z (A @k, tn|)]P5
rs k=1 I=
1 ko ls—1

- h Z Z [fk(”Am!Ek+m}l+nH)]Pk,z

7,8 k=kpr_1+1 l=1

1 ls kr_1
=7 > 2 el A @k pgnl)]PE

rs l=ls_1+1 k=1

s k=

kj'l”ks 1 l .
= h (kl Z Z:[fk(HA xk+m’l+n|)]pm)

kpr—1ls—1

kr_1ls_ 1
= e 2 L ellA T n DI
hr,s krflls 1

=l =1

1 k. l ls—1ls—1

=5 Z+1 I l » Z_: Z[fk(”A T, n [|)JP5
1 ls kyp_ r—1 kr—1

=— X Z > Ve[ A™ @k i4n [D]P*
hs I=ls_1+1 h kr 1 k=l k=1

Since = € [t2, A™, F, P] the last two terms tends to zero uniformly in m,n in the
Pringsheim sense, thus for each m and n

koks (1 o L N
Ars =5 = Z Z[fk(”A T, 1n )]

s k=11l=1
kr_1ls_1 1 kr_1ls—1
= ( > Z fi(IA™ kg 1n])]PE) + o(1).
hr,s kr—lls 1 k=1 I=
Since h,s = k.ls — kr_1ls_1 we are granted for each m and n the following;:
krls 140 kr—lls—l 1
< ° frellsel oo
P Y
The terms
1 k. s

[fk(HAmkarm,Hn [|)] Pt



On difference sequence spaces defined by a sequence of moduli 99

and
1 kr_1ls—1

S S Ul Ak P

krfllsfl k=1 =1

are both Pringsheim null sequences for all m and n. Thus A, is Pringsheim. m

THEOREM 2. Let 8, o = {k,l} be a double lacunary sequence with limsup,. ¢, <
oo, and limsup,qs < oo. Then for any sequence of moduli F = (fi),
[Lg, ., A™, F,P] C [t2,A™ F, P].

Proof. Since limsup, ¢, < oo, and limsup, s < oo there exists G > 0 such
that ¢, < G and ¢, < G for all r and s. Let x € [Lg, ,,A™, F, P] and € > 0. Also
there exist rg > 0 and sg > 0 such that for every i > ry and j > sg and m and n,

1
Dij== ¥ [l @umnl ) <.
v (kD)€L ;

Let F/ = max{Dg’j 1 <i<rgand 1< j <sp}and p and ¢ be such that
kr_1 <p<k.andl;_1 < q<ls. Thus we obtain the following:

1 DP9
— > [feUlA™ Tk ign)]P*
Pq ki1=1,1

1 kyls

T e[ A™ Thepm pen|)]P*
krfllsfl k,=1,1

3 )

SRR ( > [fk<||mxk+m,z+n||>1pw>

kr—lls—l t,au=1,1

kvlelt,u
1 70,50 ) 1 )
=7 > Mhu.Di,+1—— > hiuDy
kr—lls—l t,u=1,1 ’ kr—lls—l (ro<t<r)U(so<u<s) ’
yad 70,50 1
S 2 huti—— > heuDy
kr—lls—l t,u=1,1 kr—lls—l (ro<t<r)U(so<u<s)
F'k. ls ros 1
< ]{:T%OOO + ( sup DQ’U’)W Z ht,u
r—1ts—1 t>roUu>so r—1ts—1 (ro<t<r)U(so<u<s)
/
< F kTOZSOTOSO 1 ¢ Z htyu
kr—lls—l kr—lls—l (ro<t<r)U(sop<u<s)
< F/kTOZSOTOSO T €H2.
krfllsfl

Since k, and I5 both approach infinity as both p and ¢ approach infinity, it follows
that

3

q
[fe(IA™ g 4m.14n]))]P*" — 0, uniformly in m and n.
1,1

L

bq Kl

Therefore z € [t2, A™, F, P]. m
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limsup,.; ¢,s < 00. Then for any sequence of moduli F = (fi), [Le
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As a consequence we obtain

THEOREM 3. Let 0, , = {k,l} be a double lacunary sequence with liminf,; ¢.s <
A™ F, P] =

s

22, A, F, P).
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