MATEMATNYKN BECHUK UDK 515.122
60 (2008), 173-180 OPUTMHAJHMA HAYYHM paJ

research paper

SOME TOPOLOGICAL PROPERTIES WEAKER
THAN LINDELOFNESS

Yan-Kui Song

Abstract. A space X is C-Lindel6f (weakly C-Lindel6f) if for every closed subset F' of X
and every open cover U of F' by open subsets of X, there exists a countable subfamily V of U such
that FF C U{V : V € V} (respectively, FF C UV). In this paper, we investigate the relationships
among C-Lindelof spaces, weakly C-Lindelof spaces and Lindeldf spaces, and also study various
properties of weakly C-Lindelof spaces and C-Lindelof spaces.

1. Introduction

By a space, we mean a topological space. In 1969, Viglino [2] introduced
the concept of C-compact spaces that is weaker than compactness. Recall that
a space X is C'-compact if for every closed subset F' of X and every open cover
U of F by open subsets of X, there exists a finite subfamily V of U such that
F C|J{V :V € V}. Tt is well-known that a space X is Lindeldf if for every open
cover of X has a countable subcover. As motivations of the classes of C-compact
spaces and Lindelof spaces, we give the following classes of spaces:

DEFINITION 1.1. A space X is C-Lindelof if for every closed subset F' of
X and every open cover U of F' by open subsets of X, there exists a countable
subfamily V of U such that FF C | J{V : V € V}.

DEFINITION 1.2. A space X is weakly C-Lindeldf if for every closed subset F
of X and every open cover U of F' by open subsets of X, there exists a countable
subfamily V of U such that F' C UV.

From the above definitions, it is clear that if X is Lindelof, then X is C-Lindelof
and if X is C-Lindelof, then X is weakly C-Lindelof. But, the converses do not
hold in the class of Hausdorfl spaces or the class of Tychonoff spaces (see below
Examples 2.3 and 2.4).
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The purpose of this paper is to investigate the relationship between C-Lindelof
spaces, weakly C-Lindelof spaces and Lindelof spaces, and also study various prop-
erties of weakly C-Lindelof spaces and C-Lindel6f spaces.

Throughout this paper, the cardinality of a set A is denoted by |A|. Let w
denote the first infinite cardinal, N; the first uncountable cardinal, ¢ the cardinality
of the continuum. Other terms and symbols that we do not define will be used as
in [1].

2. Some examples on C-Lindel6f spaces
and weakly C-Lindel6f spaces

In this section, we clarify the relationships of these spaces given in the first
section by giving some examples. First, the following theorem can be easily proved:

THEOREM 2.1. If X is a reqular C-Lindelof space, then every closed subset of
X is Lindeldf.

COROLLARY 2.2. If X is a reqular C-Lindeldf space, then X is Lindeldf.

In the following, we give an example showing that Corollary 2.2 does not hold
for the class of Hausdorff spaces.

EXAMPLE 2.3. There exists a Hausdorff C-Lindeldf space X which is not
Lindelof.

Proof. Let
A={an:a <N}, B={bg: <N} and Y = {(aqn,bp) : @ <Ry, [ <Ny}

Since |B| = Ny, we can write B as B = Ug«n, By such that |B,| = Ry for each
a < Ny and BoNBy = 0 for o' # a. For each a < Xy, let Ay = {(aa,bs) : f < Ny}
Let

X=YUAU{a} wherea ¢ Y U A.

We topologize X as follows: every point of Y is isolated; a basic neighborhood of
a point a, € A for each o < Ny takes the from

Uao (7) = {aa} U{(@a,bp) : B> 7} U{(as,bs) : by € Ba,d >} for v <Ry

and a basic neighborhood of a takes the from

Uy(a) = {a} U U {(ay,bs) : bs € Bg,vy > a} for a < R;.
B>a

Clearly, X is a Hausdorff space by the construction of the topology on X. Moreover,
X is not regular, since the point a cannot be separated from the closed subset A by
disjoint open subsets of X. Since A is a discrete closed subset of X with |A| = ¥y,
then X is not Lindel6f.
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Let us show that X is C-Lindelof. Let F' be a closed subset of X and U/ an
open cover of F' by open subsets of X. Without loss of generality, we can assume
that U consists of basic open sets of X.

Case (1): a € F.
Since a € F, there is a U, € U such that a € U,. By assumption, there exists
a ap < Ny such that

Up = Ug(a) = {a} UUgsap{(ay,bs) : bs € Bg,v > ap}.

By definition of the topology of X, we have

Fn({ag: 8> ap}UU(aw)) C Uy(ap).

Let Ag ={a:an € FN{ag: B <ap+1}}and Ay ={a:aq, ¢ FN{ag: 5 <
agp + 1}}. Then Ay and A; are countable.

For o € Ag, aq € F and thereisa U, € U such that a, € U,,,. By assumption,
there is a ., < Ry such that

Ui, = Ua, () ={aa} U{(aa,bs) : > a,} U{(as,bg) : bg € By and 6 > a}.

For o € Ay, since FN{(aq,bg) : # < ay+1} is at most countable, there exists
a countable subfamily V, of U such that

FN{{aa,bg) : <, +1} CU{V V€V, }.
Let Uy, = {U,_.} UV,. Then U, is a countable subfamily of & and
F N (U, () U{{@a,bg) : B <y +1}) CU{U : U € Uy}

If we put U’ = | U, U is a countably subfamily of &/ and

aEAyp

U (F(Ua, (0y) U{{aa,bp) : B <y +1}) STV eu'}.
a€Ap

On the other hand, for o € Ay, a, ¢ F, since F is closed, there exists an open
neighborhood U, (ay) of aq for some o, < N; such that

U, (cy) NF = 0.

o

Therefore, FN{{aq,bg) : B < N1} is at most countable, and there exists a countable
subfamily V, of U such that

FNA, CU{U:U€V,}.

If we put U” = V,, then U” is a countably subfamily of ¢/ and

U Fna) c| T :Uecu"}

a€A;

a€A,
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Let o/ =sup{a, :a € AgUA;}. Then o <Ny, since Ag U A; is countable. If
we put Uy = U UU", then

FN( |J ({aa}UAaU{{as,bg):bs € Ba,6>0a'})) CU{T : U € Uy}

a<ao+l

For each ag < a < o’ + 1, it is not difficult to find a countable subfamily U, of U
such that
Fn({aa}UAs) S| HT U e}

Let Uy = U,,. Then U, is countable subfamily of ¢/ and

ap<a<a’+1

Fn( |J ({a}udl) S| HT:U e}

ap<a<a’+1
If we put V = {U,_} UlUy UU, then V is a countable subfamily of ¢ and F C
\U{U : U € V}, which completes the proof.
Case (2): a ¢ F.

Since a ¢ F', there is a basic open neighborhood U, of a such that U, N F = ().
Without loss of generality, we can assume that

Uy = Ug(ag) = {a} U U {{a,bs) : bs € Bg,y > ay} for some oy < V.
B>

As in the previous case, we can find a o’ < Xy and a countable subfamily Uy of U
such that

FN( |J (aa}UAaU{{as,bs) 1 bg € Ba,d>a'} C| U : U € Up}.

a<ap+1

If FN{aq:a> ap} =0, similarly as in the proof above, we can find a countable
subfamily U, of U such that

Fﬁ( U ({aa}UAa)) gU{UUGZ/ﬁ}
ag<a<a’+1
If we put V = Uy Uy, then V is a countable subfamily of i and F C U{U : U € V}.

On the other hand; if F'N{aq : &> ag} # 0, we can pick ag, € FN{aq :a >
ap}, and there is U € U such that ag, € U, and we can assume

U= Uaao(’)/) = {aﬁo} U{<aﬁo’bﬁ> B> ’Y}U{<a6abﬂ> : bﬂ € Bﬁoa(s > ’7}f0r’7 < Ny
Then
Fn{a,:a>~}CU.

For ap < @ < max{ca/,v+ 1} +1 =4/, we can find a countable subfamily U, of U
such that
Fn({aa}UAs) S HT U e}
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If we put Uy = U, then

ap<a<y’

Fo( | (al}udy) c|J{T:Uew}

ap<a<y’

If we put V = {U} Uly Uls, then V is a countable subfamily of ¢/ and C C U{U :
U € V}, which completes the proof. m

EXaAMPLE 2.4. There exists a Tychonoff weakly C-Lindeléf space X that is
not C-Lindeldf.

Proof. Let X = wUTR be the well-known Mréwka space, where R is a maximal
almost disjoint family of infinite subsets of w with |R| = ¢ (see [3]).

We show that X is not C-Lindel6f. Since |R| = ¢, we can enumerate R as
{ra:a <c}. Let F = {ry:a <c}. Then F is a closed subset of X.
Let
Ug = {ro}Ur, for each a < c.

Then U, is a closed and open subset of X. Let us consider the open cover
U={U,:a<c}

of F. For any countable subfamily V of U, let ag = sup{c : U, € V}. Then o < ¢,
since V is countable. If we pick o’ > ag, then 7, ¢ U{U : U € V}, since Uy ¢ V
and U, is the only element of U containing 7, and U, N U, is finite for each
a < ag, which shows that X is not C-Lindeldf.

Next, we show that X is weakly C-Lindelof. Let F' be any closed subset of X
and U any open cover of F' by open subsets of X. Without loss of generality, we
assume that U consists of basic open sets of X. Let A = FN{r, : a < c}. For
each r, € A there is a V, € U such that r, € V,. By assumption, there is a finite
subset F,, of w such that

Va - {Ta} U (Ta \Fa)'
Let C = U{r, \ Fy : 7o € A}. Then C is a countable subset of w. For each n € C
we pick V,, € U such that n € V,,. Let V; = {V;, : n € C}. Then V; is a countable

subfamily of ¢/. By the construction of the Mréwka space, it is not difficult to show
that

ACUY;.

Let B = FNw. Then B is a countable subset of w, since w is countable. Hence,
there exists a countable subfamily Vs, of U such that

B C UV,.

If we put V = V; U Vs, then V is a countable subfamily of &/ such that F' C UV,
which shows that X is weakly C-Lindelof. m
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3. Various properties of weakly C-Lindel6f spaces and C-Lindel6f spaces

From Example 2.4, it is not difficult to see that the closed subset R of X is
not weakly C-Lindelof, which shows that a closed subset of a weakly C-Lindelof
space need not be weakly C-Lindelof. In the following, we give a stronger example
that shows that a regular closed subspace of a Tychonoff weakly C-Lindel6f space
need not be weakly C-Lindel6f.

EXAMPLE 3.1. There ezists a Tychonoff weakly C-Lindeldf space X having a
reqular closed subspace which is not weakly C-Lindeldf.

Proof. Let S = wUR be the same Isbell-Mréwka space as in the proof of
Example 2.4. Then S; is weakly C-Lindeldf.

Let D be a discrete space of cardinality ¢, and let

Sz = (BD x (w+ 1))\ (BD\ D) x {w})
be the subspace of the product of D and w + 1.

We show that S5 is not weakly C-Lindeléf. Since |D| = ¢, we can enumerate
D as {d,: a<c}. Let F ={(dq,w): a<c}. Then F is a closed subset of X.
Let
Ug ={da} x [0,w] for each a < c.

Then U, is a closed and open subset of Sy. Let us consider the open cover
U={U,:a<c}

of F. For any countable subfamily V of U let ag = sup{a : U, € V}. Then ag < ¢,
since V is countable. If we pick o’ > g, then (d,,w) ¢ UV, since U, is the only
element of U containing (d,/,w) and Uy NU, = @ for each o < g, which shows
that Ss is not weakly C-Lindeldf.

We assume that S; N Sy = 0. Since |R| = ¢, we can enumerate R as {rq : a <
c}. Let ¢ : D x {w} — R be a bijection by

©((dg,w)) =14 for each a < c.

Let X be the quotient space obtained from the discrete sum S; @ S by identifying
(do,w) with r, for each a@ < ¢. Let w: S; @ S3 — X be the quotient map. Let
Y = n(S2). Then Y is a regular closed subspace of X, however, it is not weakly
C-Lindeldf, since it is homeomorphic to Ss.

Now, we show that X is weakly C-Lindelof. For that purpose, let F' be a closed
subset of X and U an open cover of F' by open subsets of X. Let

F'=FnNn(S1) and F,, = FNw(BD x {n}) for each n € w.

Since S is weakly C-Lindelof, w(S7) is weakly C-Lindelof, hence there exists a
countable subfamily U’ of U such that F’ C (JU'. For each n € w, since F),
is compact, there exists a finite subfamily U,, such that F,, C JU,. If we put
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V=UU{U,:n € w}, then V is a countable subfamily of & and F C |JV, which
shows that X is weakly C-Lindel6f. m

The following theorem can be easily proved.

THEOREM 3.2. If A is a closed and open subset of a weakly C-Lindeldf spaces
X, then A is weakly C-Lindeldf.

For a C-Lindelof space, by Corollary 2.2, every closed subset of a regular C-
Lindelof space is Lindelof (hence, C-Lindel6f). From Example 2.3, it is not difficult
to see that the closed subset {aq : o < Ry} of a Hausdorff space X is not C-Lindel6f
which shows that a closed subset of a Hausdorff C-Lindelof space need not be C-
Lindel6f. In the following, we give a stronger example that shows that a regular
closed subspace of a Hausdorff C-Lindelof space need not be C-Lindel6f.

EXAMPLE 3.3. There exists a Hausdorff C-Lindelof space X having a reqular
closed subspace which is not weakly C-Lindeldf.

Proof. Let S1 = X be the same space X as in the proof of Example 2.3. Then
S1 is a Haudorff C-Lindel6f space.

Let D be a discrete space of cardinality Ny, and let

Sz = (8D x (w+ 1)\ ((BD\ D) x {w})

be the subspace of the product of 5D and w + 1. Similar to the proof that S; is
not weakly C-Lindel6f in Example 3.1, we can prove that Ss is not C-Lindelof.

We assume that S1NSy = (0. Since |D| = Ry, we can enumerate D as {d, < N }.
Let ¢ : D x {w} — A be a bijection by

©({da, w)) = a, for each o < Ny.

Let X be the quotient space obtained from the discrete sum S; @ S by identifying
(do,w) with a, for each o < Ny. Let 7: S; & S2 — X be the quotient map. Let
Y =m(52). Then Y is a regular closed subspace of X, however it is not C-Lindeldf,
since it is homeomorphic to Se. Similar to the proof that X is weakly C-Lindel6f
in Example 2.3, it is not difficult to show that X is C-Lindel6f, which completes
the proof. m

Now the following theorem can be easily proved.

THEOREM 3.4. If A is a closed and open subset of a C-Lindeldf spaces X,
then A is C-Lindeldf.

Next, we consider the images of C-Lindelof spaces and weakly C-Lindelof
spaces under continuous mapping. Since a continuous image of a Lindeldf space is
Lindel6f, we give two parallel results for C-Lindelof spaces and weakly C-Lindelof
spaces.

THEOREM 3.5. Let f: X — Y be a continuous mapping from a C-Lindeldf
space X onto a space Y. Then'Y is C-Lindelof.
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Proof. Let F be a closed subset of Y and {U, : & € A} an open cover of F' by
open subsets of Y. Then {f~1(U,) : « € A} is an open cover of f~!(F) by open
subsets of X. Since X is C-Lindel6f, there exists a countable subset {a; : i € w} of
A such that f~1(F) C U, /' (Ua,) and thus

F=f(~ @) < U riWa) € J I 0)) € J Ua:
1€w €W S

Hence, Y is C-Lindel6f, which completes the proof. m

Similar to the proof of Theorem 3.5, we can prove the following theorem.

THEOREM 3.6. Let f: X — Y be a continuous mapping from a weakly C-
Lindelof space X onto a space Y. Then Y is weakly C-Lindeldf.

Now, we turn to consider preimages. To show that the preimage of a weakly
C-Lindelof space under a closed 2-to-1 continuous map need not be weakly C-
Lindelof, we use the Alexandorff duplicate A(X) of a space X. The underlying set
of A(X) is X x {0, 1}; each point of X x {1} is isolated and a basic neighborhood
of a point (z,0) € X x {0} is a set of the form (U x {0}) U (U x {1}) \ {{z,1)}),
where U is a neighborhood of z in X.

EXAMPLE 3.7. There exists a 2-to-1 closed continuous map f from a space X
to a weakly C-Lindeldf space Y such that X is not weakly C-Lindeldf.

Proof. Let Y be the same space X as in the proof Example 2.4 and consider
the space X = A(Y). Let f: X — Y be the projection. Then f is a 2-to-1 closed
continuous map. The space Y is weakly C-Lindel6f by Example 2.4, but X is not
weakly C-Lindelof, since R x {1} is a discrete open and closed subset of X with
IR x {1} =¢c. m

By considering the Alexandroff duplicate of the space Y in Example 2.3, in
the same manner we can prove that the preimage of a C-Lindel6f space under a
closed 2-to-1 continuous map need not be C-Lindeldf.

REMARK. The author does not know if the product of two C-Lindel6f spaces is
C-Lindelof and the product of two weakly C-Lindelof spaces is weakly C-Lindelof
even if the product of a C-Lindel6f space and a compact space, and the product of
a weakly C-Lindelof space and a compact space.
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