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ON ORIENTED GRAPH SCORES

S. Pirzada, Merajuddin and U. Samee

Abstract. In this paper, we obtain some results concerning the scores in oriented graphs.
Further, we give a new and direct proof of the Theorem on oriented graph scores due to Avery [1].

1. Introduction

A tournament is an irreflexive, complete, asymmetric digraph, and the score
sy of a vertex v in a tournament is the number of arcs directed away from that
vertex. The score sequence (or score structure) S(7") of a tournament 7T is formed
by listing the scores in non-decreasing order. Landau [3] in 1953 characterised the
score sequences of a tournament.

THEOREM 1 [3]. A sequence S = [s;]7 of non-negative integers in mon-
decreasing order is a score sequence of a tournament if and only if for each

1€ = {12},
> (1) )

icl

with equality when |I| = n, where |I| is the cardinality of the set |I|.

Since 51 < -+ < s,, the inequality (1), called Landau inequalities, is equivalent
to Zf 8; > (g), for k=1,2,--- ;n—1, and equality for k = n.

An oriented graph is a digraph with no symmetric pairs of directed arcs and
without self loops. If D is an oriented graph with vertex set V = {v1,va, -+, v},
and if d*(v) and d~(v) are respectively, the outdegree and indegree of a vertex v,
then a, =n —1+4d*(v) —d~ (v) is called the score of v. Clearly, 0 < a, < 2n — 2.
The score sequence A(D) of D is formed by listing the scores in non-decreasing
order. For any two vertices v and v in an oriented graph D, we have one of the
following possibilities.
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(1) An arc directed from u to v, denoted by u(1—0)v, (ii) An arc directed from
v to u, denoted by u(0 — 1)v, (iii) There is no arc from u to v and there is no arc
from v to u, and is denoted by u(0 — 0)v.

If d*(v) is the number of those vertices w in D which have v(0 — 0)u, then
d*(v) +d (v) + d*(v) = n — 1. Therefore, a, = 2d™ (v) + d*(v). This implies that
each vertex u with v(1 — 0)u contributes two to the score of v. Since the number
of arcs and non-arcs in an oriented graph of order n is (g)7 and each v(0 — 0)u
contributes two(one each at u and v) to scores, therefore the sum total of all the
scores is 2(5). With this scoring system, player v receives a total of a, points.

A triple in an oriented graph is an induced oriented subgraph with three ver-
tices. For any three vertices u, v and w, the triples of the form u(1 — 0)v(1 —
0)w(1l — 0)u, or u(1l —0)v(1 — 0)w(0 — 0)u are said to be intransitive, while as the
triples of the form u(1 — 0)v(1 — 0)w(0 — 1)u, or u(l — 0)v(0 — 1)w(0 — 0)u, or
u(1—=0)v(0—0)w(0—1)u, or u(1—0)v(0—0)w(0—0)u, or u(0—0)v(0—0)w(0—0)u
are said to be transitive.

THEOREM 2 [1]. A sequence A = [a;]} of non-negative integers in non-
decreasing order is a score sequence of an oriented graph if and only if for each

Ig [TL] :{1723 777’}7
Saz2(y). 2)

iel
with equality when |I| = n.

Since a1 < ag < -+ < ay, the inequality (2) is equivalent to

i k
Zai>2<2)7 for k=1,2--- n—1 (3)

with equality for k =n.

2. Main results

We give a constructive proof of the sufficiency of Theorem 2, based on the
proof of Griggs and Reid [2] for Theorem 1 on tournaments. This proof is more
direct in comparison to the previous existing ones. First we have the following
results.

THEOREM 3. Let A = [a;]} be a sequence of non-negative integers with a; <

ay < -o- < A = Qg1 = = OQhgm—1 < Ohgm < Opgme1 < o0 < ap and let
a; —1, fori=k

A" = [a]]} wherea, =< a; +1, fori=k+m—1
aq, otherwise.

Then A is a score sequence of some oriented graph if and only if A’ is a score
sequence of an oriented graph.
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Proof. Clearly, k& > 1 and m > 2, so that either kK + m — 1 = n, or

ar = g1 = 0 = Qktm-1 < Gktm. For 1 < i < n A" = [a}]} where
a; — 1, fori=kFk

a; =4 a;+1, fori=k+m-1 Obviously, @} <afy <--- < al.
a;, otherwise.

Let A’ be the score sequence of some oriented graph D’ of order n in which
vertex v} has score a}, 1 < i < n. Then ajH_m_l = aj,+2. If either v}H_m_l(l —0)vy,,
or vy, 1(0—0)v; then making respectively, the transformation vy, _;(0—0)vy,
or v (1 —0)vy_,,_,, gives an oriented graph of order n with score sequence A.

If vy, (1 - O)U;H_m_l, since aj, < a;H_m_l there exists at least one vertex v;- in
V' —{v},, V44 py_1} such that triple formed by v}, vy, ; and v’ is transitive and
of the form vy, (1 —0)vy ., (1 —0)v}(1=0)vy, or vy (1-0)vy,,, (1 —0)v;(0—0)vy,
or v (1 = 0)vyy,, (0= 0)vi(1 — 0)vy. These can be transformed respectively to
v, (1 = 0)v} 1,1 (0 = 0)v3(0 = 0)vy, or vy (1 —0)vy,,, (1 —0)v;(0—1)vy or v (1 —
0)V 4 pm—1(0—1)v%(0 — 0)v}, and we obtain an oriented graph of order n with score

sequence A.

If for every vertex V' — {v},v;,,, ,} the triple formed by v}, v, ., and v]
is transitive, we again get a contradiction.

Now, let A be the score sequence of some oriented graph D of order n in which
vertex v; has score a;, 1 <i < n. We have agym—1 = a. If either vg(1—0)vgtm—1,
or v (0—0)vk4m—1, then making respectively, the transformation vy (0 —0)vgtm+1,
or v, (0 — 1)Vktm+1, gives an oriented graph of order n with score sequence A’. If
Uk+m+1(1—0)vg, we claim that there exists at least one vertex v; € V—{vxqm+1, Vi }
such that the triple formed by the vertices vg4m+1, v and v; is intransitive, and of
the form vgyom+41(1 —0)vk (1 —0)v;(1 — 0)Vktom+1, OF Vigmi1(1 —0)vg (1 —0)v,;(0—
0)Vk4m+1 5 OF Vggpme1(1 — 0)vk(0 — 0)v;(1 — 0)vktm+1. These can be transformed
respectively t0 Vgtm+1(1 — 0)vE(0 — 0)v;(0 — 0)Vktmt1, OF Vggm1(l — 0)vk(0 —
0)v;(0 — 1)Vktm+1 > OF Vpgmp1(1 — 0)vr(0 — 1)v;(0 — 0)Vm+1 and we obtain an
oriented graph of order n with score sequence A’.

In case for every vertex v; € V —{uvy, Ug4m—1} the triple formed by viym—1, vk
and v; is transitive, we again get a contradiction.

Thus, A’ is a score sequence if and only if A is a score sequence. m

THEOREM 4. Let A = [a;]} be a sequence of non-negative integers in non-
decreasing order with at least two odd terms ay and a,, (say) with ap < a,, and let
a; —1, fori=k
A" = [al]} witha, =4 a;+1, fori=k+m—1
aq, otherwise.

Then A is a score sequence if and only if A’ is a score sequence.

Proof. Let ai be the lowest odd term, and a be the greatest odd term and let
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a; —1, fori==k
A" =la},ab,--- ,al], where a; = ¢ a;+1, fori=k+m—1
aq, otherwise.
Clearly, o} <ab <---<al,.

Let A’ be the score sequence of some oriented graph D’ of order n in which
vertex v} has score a}, 1 < i < n. Then, a], > a) + 2 with equality appearing
when the two odd terms are same. Therefore, it follows by the argument used in
Theorem 3, that A is the score sequence of some oriented graph D of order n in
which vertex v; has score a;, 1 < ¢ < n. We have a,, > ax. The equality appears
when the two odd terms are same, and in this case A’ is a score sequence of some
oriented graph of order n, again by Theorem 3. If a,,, > ag, then a,, > ax+2, since
am = ar + 1 implies that one of ax or a,, is even, which contradicts the choice of
ay and a,,. Thus, by using again the argument as in Theorem 3, it follows that A’
is a score sequence of some oriented graph of order n. m

LEMMA 5. (a) Let A and A’ be given as in Theorem 3. Then A satisfies (3)
if and only if A" satisfies (3).

(b) Let A and A’ be given as in Theorem 4. Then A satisfies (3) if and only
if A’ satisfies (3).

Proof. (a) If A satisfies (3), then Z _a= Zf | @i, Or Zf_ll a; + (ap — 1)+

v k .
i=k+1 @i, OF Zz 10+ (ak—1)+21+£11 +(aktm— 1—|-1)-4-X:Z ket @i according
toj<k—1l,ork<j<k+m-—2, orj>k+m—1 respectively.

Ifj<k—landj>k+m—1,then Y7 a,>j(j—1). fk<j<k+m-—2,
claim Y7_,a;, > j(j— 1), for k<j<k+m-—2.

Assume to the contrary, that for some j, k < j <k+m—2, ZZ 1a; <j(G—1).
For (3), we have Zz 1 a; > j(j—1). Combining the two, we obtain Zz 1a=30—

1). Therefore, again by (3), we have a;41+7(j —1) = aji1 + Y0 a; = S0 a; >
JU+1) =j(i-1+2) = j(i— 1)—1—23 That is, aj+1 > 2j. Also, a; = a;j4+1 implies that

aj > 2j. Thus, ZZ L0 = ZZ Laita; > (j-1)(—-2)+2j=4(G—-1)—(—1)+25.
Therefore Ei:l a; > j(j—1)4+2> j(j — 1), contradicting the assumption. Hence,

> ai>j(G—1),fork<j<k+m-2 (4)
i=1
Thus, when k < j < k+m—2, using (4), we obtain Zgzl a; = 25:1 a;—1>j5(j—1).
Therefore in all cases A’ satisfies (3). Now, if A’ satisfies (3), it can be easily
seen that A also satifies (3). Proof of (b) follows similarly. m

Proof of Theorem 2. NECESSITY. It can be seen in [4].

SUFFICIENCY. Let the sequence A = [a;]}? of non-negative integers n non-
decreasing order satisfy (3). Clearly, the sequence A =[0,2,4,--- ,2n — 2] satisfies
(3), since it is the score sequence of the transitive tournament of order n. Now, if
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any sequence A # A, satisfies (3), then a; > 0 and a,, < 2n — 2. We claim that A
contains either (a) a repeated term, or (b) at least two odd terms, or both (a) and
(b). To verify the claim, suppose that there is no repeated term. If at least one
term is odd, then a parity argument shows that there are at least two odd terms.
So assume that all terms are even. Therefore, a; > 0, as > a7, and ay even imply
that ao > 2. And as > 2 a3z > a9, and a3 even imply that az > 4. Inductively,
a; > 2(i—1),forall1 <i <n. Thus,n(n—1)=>" a; >2>7_,(i—1) =n(n-1).
This implies that equality holds throughout. Thus, a; = 2(i — 1), for all 1 <i < n,
and A = A, a contradiction. Consequently, if there is no repeated term, then at
least two terms are odd.

We produce a new sequence A’ from A which also satisfies (3), A’ is closer to
A, than A, and A’ is a score sequence if and only if A is a score sequence. When
A contains a repeated term, reduce the first occurrence of that of that repeated
term in A by one and increase the last occurrence of that repeated term by one to
form A’. If A contains at least two odd terms, reduce the first odd term by one
and increase the last odd term by one to form A’. The process is repeated until the
sequence A, is obtained. Let the total order on the non-negative integer sequences
be defined by X = [z1,22, - ,2n] XY = [y1,92, - ,yn] if either X =Y, or
x; <y forsome i, 1 <i <n,and x;41 = Yit1, - ,Tn = Ypn. Clearly, =< is reflexive,
antisymmetric and satisfies comparability. We write X <Y, if X <Y but X # Y.
For any sequence A # A, satisfies (3), A < A, where A,, =1[0,2,4,---,2n — 2],
the score sequence of a transitive tournament of order n. Thus, we have shown
that for any sequence A’ satisfies (3), we can form another sequence A’ satisfying
(3)(By Lemma 5) such that A < A’, and A is a score sequence if and only if A’
is a score sequence (By Theorem 3 and 4). Therefore, by the repeated application
of this transformation, starting from the original sequence satisfying (3), we reach
A,. Hence, A is a score sequence. B
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