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ON THE UNIQUENESS OF BOUNDED WEAK SOLUTIONS
TO THE NAVIER-STOKES CAUCHY PROBLEM

Paolo Maremonti

Abstract. In this note we give a uniqueness theorem for solutions (u,7) to the Navier-
Stokes Cauchy problem, assuming that u belongs to L>°((0,T) x R™) and (1 + |z|)~™""!x €
LY(0,T; LY (R™)), n > 2. The interest to our theorem is motivated by the fact that a possible
pressure field 7, belonging to L'(0,T; BMO), satisfies in a suitable sense our assumption on the
pressure, and by the fact that the proof is very simple.

1. Introduction

In the recent paper [5], for the solutions (u,m) of the Navier-Stokes Cauchy
problem, the uniqueness is stated assuming that the kinetic field u belongs to
L*((0,T) x R™), n > 2, and that the pressure field = belongs to L!(0,7; BMO).
The quoted paper is a continuation of paper [3] where existence and uniqueness
results are stated under slightly different assumptions. The quoted papers concern
a special problem related to Navier-Stokes equations, which has been studied during
the last century by several authors with different aims. We mention just [1], [2],
[9], [10], [16]. The first contributions on existence and uniqueness of solutions with
a bounded kinetic field were given in [9], [10], [16]. The Cauchy problem was
studied in [9], [10], and the initial boundary value problem in exterior domains was
studied in [16], the existence and uniqueness being stated in the Holder class. In [1],
[2] the problem is slightly different and is related to a problem of uniqueness. The
question is to furnish uniqueness of solutions in a sufficient wide set, whose boundary
is recognized by physically reasonable conditions for the dynamical variables or by
mathematical counterexamples for the uniqueness of the solutions. In the paper
[2], the uniqueness is achieved for smooth solutions (u, ) assuming that u belongs
to C(0,T;C(R™)) and V7 belongs to LP(0,T; LP(R™)), p € (1,00). In the paper
[1], the uniqueness is achieved for smooth solutions (u, 7) assuming that u belongs
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to C(0,T;C(R™)) and, for any t > 0, 7(z,t) = O(|z|'7¢), e > 0. We stress that in
the papers [1], [2] the assumption that solutions are smooth is just an exemplifying
condition, and also that in [1] the problem is related with an initial boundary
value problem for the Navier-Stokes system. In [1], [2], [9] the assumptions for the
uniqueness are seen as sharpness by virtue of the following counterexample to the
uniqueness: u = sin¢(1,0,0) and 7 = — costx;. The counterexample is exhibited
in [11].

In this note we are just interested to give a uniqueness theorem for solutions
(u, ) to the Navier-Stokes Cauchy problem, assuming that u belongs to L>°((0,T) x
R") and (1 + |z|)~" 7 € L1(0,T; L*(R™)), n > 2. The interest to our theorem is
motivated by the fact that a possible pressure field 7 belonging to L!(0,7; BMO)
satisfies in a suitable sense our assumption on the pressure, and by the fact that
our proof is very simple.

The plan of the paper is the following. In section 2 we give the statement of
our result; in section 3 we prove some preliminary results and in section 4 we give
the proof of the uniqueness theorem.

2. Statement of the problem

We study the uniqueness of solutions for the following Cauchy problem:

u—Au+u-Vu=-Vr, V-u=0,in (0,7) x R", 01
u(0.2) = uo(x), in R”, 2
where u(t, x) is the kinetic field and 7 (¢, x) is the pressure field; u-Vu; = ug gfjk ,
1,...,n; ug(x) is the initial data. As it is usual, by (f, ) we mean [, f(x)-1(x) dz.
In order to state our uniqueness result in a weak form, we give the following

Z‘:

DEFINITION 2.1. A pair (u,7) is said to be a bounded weak solution to the
Navier-Stokes Cauchy problem in (0, 7)xR"™, T > 0, corresponding to ug € L (R™)
with divergence free in weak sense, if the following hold:

a) u(t,x) € L>®((0,T) x R™) and almost everywhere u has weakly divergence free;

(1+ |z|)~ " tn(t,z) € L*(0,T; L}(R™));

b) (u, ) satisfies the following equation:

T
/0 (1, 00) + (0, Ap) + (u ® 1w, Vo) + (m,V - 9)] dr = —(uo, (0)),

provided that ¢ € C1([0,T); C§°(R™)) with p(z,t) = 0 in a neighborhood of T}
¢) for each ¢ € C§°(R™), limy—o % fy [(u(r), %) — (uo,¥)] dr = 0.

REMARK 2.1. In the item c) of the above definition we require that ¢ = 0 is
a Lebesgue point for the function (u(t), ), for any ¢ € C§°(2). As a consequence
of Lemma 3.3, proving formula (3.8), each pair (u,7) which satisfies conditions
a)-b), redefined in a suitable way, enjoys the property: for each ¢ € C5°(R"),
limy o (u(t), %) = (ug, ©); which of course implies c).
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REMARK 2.2. We point out that an element of L!(0,7;BMO) satisfies our
assumption a) of integrability related to the pressure 7(z,t) and, as a pressure field,
it can be possibly a pressure field for a bounded weak solution (for the definition
and properties related to the BMO space see [17]).

The aim of this paper is to prove

THEOREM 2.1. Let (u,m) be a bounded weak solution corresponding to ug.
Then, (u,7) is the unique bounded weak solution corresponding to ug.

REMARK 2.4. The uniqueness of solutions of problem 2.1 (or, more generally,
the uniqueness of solutions of an initial boundary value problem in an unbounded
domain), stated with no condition at infinity (Jz| — 00), establishes that the behav-
ior at infinity is just recognized from one of the initial data, that is by its behavior
in a neighborhood of infinity. In other words, given an initial data ug(z) in some
functional space X, denoted by (u, ), the uniqueness theorem proves that (u, ) is
unique in a set of solutions a priori having behavior at infinity not comparable with
the one of the existence of (u, 7). In the case of the Cauchy problem the boundary
of the wider set of uniqueness of solutions is established by the following coun-
terexample to the uniqueness (u,7) = (sint(1,0,...,0),costz1). But, our theorem
is not able to furnish uniqueness in the set of solutions delimited by two fami-
lies of weak solutions, locally bounded, (u,7) = (51(¢)(1,0,...,0),—7;(t)x1) and
(8,7) = (a() (21,0, 0, —2n), —3p(0)(w3 — 22) = LA(1)(a3 + 22)), where (1
and j2(t) are two arbitrary Lipschitzian functions on (0,7") with 7,(0) = 72(0) = 0.
It is worth noting that counterexamples to the uniqueness are solutions of poten-
tial type, as well as to the Euler equation. It is also worth stressing that the last
question achieves a special interest in relation with the recent results of existence
given in [6], [7], [14].

3. Some preliminary results

In this section we state some results concerning a bounded weak solution. Lem-
mas 3.2 and 3.3 are concerned with qualitative properties of u € L*(0,T; L2 (1))
analogous to the ones of weak solutions of the L?-theory due to Prodi [12] and
Serrin [15]. Lemma 3.4 is concerned with a weight energy inequality of the same

kind as the ones proved in [1], [2]. We start with the following

LEMMA 3.1. Letu(t,z) € L*((0,T)xR"™). Then, there exists a set T,, C (0,T)
such that for t € T,, and for ¢ € C§°(R™)

li 1
m —
h—0 h

t+h
/t (u(r), ) dr = (u(t), ), (3.1)

and meas((0,T) —Ty,) = 0.

Proof. Let {Q2(k)} be a sequence of bounded domains in R™ such that Q(k) C
Q(k+1) and limy, Q(k) = R™. Since u(t,z) € L*((0,T) xR™), then, for each k € N
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and p,q > 1, u(t,x) € L1(0,T; LP(Q(k)). Hence, by virtue of Corollary 2 (p. 88) of
[8], there exists a set T, (k) such that meas((0,T) — T, (k)) = 0 and for

t+h
t € T, (k), }ILILIB 5 / u(t)|Le )y dT = 0. (3.2)

Set T)(k) = (0,T) — Ty(k); then T;(k) C T,(k+ 1) and measlJ, T}, (k) =
limy meas Ty, (k) = 0. We set T}, = Upen T0(k) and T, = (0,7) = T7,. If t € T,
then t € T, (k) uniformly in k € N; if ¢ € C§°(R™)), then suppy C Q(k) for any k
greater than some ky. We have

1 [t 1 [teh

[ e ) = [; [ e - uo.var)

Thus, from (3.2) the limit property (3.1). m

LEMMA 3.2. Let (u,m) be a bounded weak solution. Then, there exists a
Lebesque measurable set T,, € (0,T) such that meas((0,T) — T,) = 0 and for each
teT,

/O [(u,0r) + (u, Ap) + (u @ u, Vo) + (1, V - )] dr = (u(t), ¢ (t)) = (uo, $(0)),

(3.3)
for any ¢ € C1([0,T); C5°(R™)) with ¢(t,x) = 0 in a neighborhood of T.

Proof. The proof is analogous to the one given by Prodi and Serrin. Let T,
be the subset determined in Lemma 3.1. Let ¢t € T, and let 6.(s) be a smooth
cut-off function such that 6.(s) = 1 for s € [0,¢t], O-(s) = 0 for s > ¢ + ¢ with

-0, <c¢/e and fo 0.(s) ds = —1. We consider the relation b) of Definition 2.1 with
¢z, 7) = Oc(T) ¢ (=, T) 1/) € CH([0,T); C§°(R™)):
t+e
/ [((u, ¥r)0= + (u, )0 + (u, AY)0e + (u @ u, V)0 + (7, V - )0, ] dr
0
= —(u0,9(0)). (34)

By virtue of condition a) concerning the definition of a bounded weak solution
(u, ), applying the dominate convergence theorem, each integral term with 6. is
convergent for ¢ — 0 and the limit is

/0 (1, 1r) + (1, AY) + (0@ u, Vib) + (7, V - )] dr. (3.5)

Now we evaluate the convergence of the integral term with 6. We have

t+e
/ (u, )0 dr
t

t+e
:/t [(u(7), () = (8)) + (u(7) = (u(t),(t)] 62 d7 — (u(t), ¥(t)). (3.6)
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Employing the properties of 6. and Lemma 3.1, from (3.6) we deduce

t+e

lim (u, )0 dr = —(u(t), ¥(1)). (3.7)

e—0 J;
Passing to the limit when € — 0 in (3.4), via (3.5) and (3.7) we deduce (3.1). m

LEMMA 3.3. Let (u,m) be a bounded weak solution. Then, it is possible to
redefine by U(t, z) the field u(t,x) on (0,T) in such a way that U(t,x) = u(t,z) for
any t € T, and U(t,z) € L} (R™) for any t € (0,T) — Ty, U(t,z) has divergence

free in a weak sense. Moreover, equation (8.8) holds with U(t,x) for anyt € (0,T):

/0 (Un0r) + (U Ap) + (U @ U V) + (m,V - )] dr
= (U(t)7 gp(t)) - (u07 @(0))7 (38)

for any t € (0,T) and for any ¢ € CY([0,T);Cg°(R™)) with p(x,t) = 0 in a
neighborhood of T'. Finally, for any ¥ € C§°(R™), (U(t), ) is a continuous function
on (0,T).

Proof. Let t € (0,T) and let {t/} C T,, and {t; } C T, be two sequences con-
verging to ¢. Then, equation (3.3) implies that, for o(t,z) = 0(¢)¥(z) € C§(R™),
where 0(t) Cl-smooth function with 6(7) = 1 for 7 € [0, + 4],

+
&

(u(t;y) —u(t)),v) = / [(u, AY) + (u@u, V) + (7, V - )| dr — 0 for i — oo.

7

' (3.9)
Since u(t,z) € L>=(0,T; L} (R™)), then, denoting by {t;} C T, a sequence con-
verging to ¢ € (0,7, taking (3.9) into account, {u(t;,z)} weakly converges to a
function U(t,z) belonging to L% (R™). Moreover, U(t,z) has divergence free in
weak sense. Hence, U(t, x) redefines u(¢,z) on (0,7) and the weak convergence of
u(ty,z) — U(t,z) in L2 (R™), for any t € (0,7, ensures the validity of (3.3) for

any t € (0,7T). Finally, the continuity of the function (U(t),%) is a consequence of
(3.8), which implies, for ¢ = 6,

(U() — Us), ) = / (U, Ap) + (U@ U, V%) + (x,V - ¢)] dr.

In the following we are interested to employ the property (3.8). Since there is
no confusion, we denote the field U by u again.

LEMMA 3.4 Let (u,7) and (4, 7) be two bounded weak solutions. Then,
t
lgw(t)|3 —|—/ lgVw(T)|2dr < 400, for any t € (0,T), (3.10)
0

where g = (1 + |z)™% and w =4 — u.
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Proof. We set p =7 — w. From equation (3.8) we deduce

/O (w0, 0r) + (w, Ap) + (w® (w + 1), Vo) + (u®w, V) + (5, V - 9)] dr
= (w(t). 1), (3.11)

Let hg(|z|/R) with h(r) € [0,1] a nonnegative smooth cut-off function such that
h(r)=1forr e [O 1] and h(r) = 0 for r > 2, |W/(r)| < c¢. By J[¢](z) we mean the
convolution [p, J(x —y)¢(y) dy. We set:

wr(s; 2) = hr(2)g(2)w(s, 2),
wer(s,y) = Je[wr(s)l(y),

ner(s, @) = / Jo(5 — 7)ha(2)g(x) e [wen(n) () dr,

where Js[-](€) is the Friederichs mollifier. The following relations hold:

E;) Since J,[-](7) is an even function, then, for any n > 0,

[weoas= [ [ 2 ats - nuwen(s) wentr)) dsir = o

Es) since (wer(t), ), ¥ € C§°(R™), is a continuous function on (0,7"), then,

tm (w(t), @nern(t)) = 3 wen(t)

n—0

The following inequalities hold:

I;) Since w has free divergence in a weak sense, then,

t
IV - ner| = ‘/ Jn(s = 7)V[hr(z)g(z)] / Je(x = y)wer(7,y) dy dr
O n
<c(l+|z[)™ !
uniformly with respect to 7,e and R > 0; thus, by virtue of condition a) of

Definition 2.1, we have

t

t
(P, V - oper) ds| < c/ / Ip(s, z)|(1+ |z|)"" tdrds < +o0, t € (0,T);
0 0 Jre

L) since wegr € L*(0,T; W2(R™)), then,
¢

t
tim [ (0, Apyen(s)) ds = - / (Vwer(s)2ds
0 0

n—

+/0 /n w(s,x) - Alhgr(x)g(2)]J-(2)[weg] dz ds
+/0 /n w(s,z) - V[h,(2)g(x)] - VJ.(2)[weg] dz ds;
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applying the Holder inequality we get
t

t
lim [ (w, Apyor(s)) ds < — / Voo n(s)[2 ds
0

n—0 0
¢ t ¢
c/ |wA(hRg)\2|wR|2ds+c(5)/ |wV(hRg)|§+5/ |Vw, g3 ds;
0 0 0

I3) since (w ® (w+u) +u ® w)Vi(hrg) € L*(0,T; L*(R™)) and
wer € L2(0, T; WH2(R™)), then
t

1111% (w® (w+u)+u®w,Veyr)ds
n— 0

:/O (w®(w+u)—|—u®w,§:ovg(h3g)®Ja(x)[V1ZwER])ds;

applying the Holder inequality, we obtain
t t
i [ (e (ww) - usw, Voper)ds < [ |lul(ul+20u) ¥ (bag) ohuonle ds
—0.Jo 0

t t
5) / ((fol? + 2felful) gl + 6 / Veo.nl2 ds.
0 0

We substitute ¢,.g in (3.8); taking relations E;)-Es) and inequalities I;)-I3)
into account, choosing a suitable §, we get

t t
wer(®) + / Vwer(s)2ds < / Ip(s)(1 + [) =", ds
e [ w6 Atng)ahven(s)ads + e [ 1w(s)Vhng)l3 ds

+C/O IIwI(IwI+2IUI)|V(hz—‘ag)|\2\weza:(5)\2d8+6/0 [lw(s)[(lw(s)|+2[u(s)hrgl, ds.

Since w,u € L>(0,T; L= (R™)) and (1 + |z|)~""'p € L*(0,T; L' (R™)), uniformly
in € > 0, the above inequality furnishes

wer(£)3 + / Vwer(s)2ds < o(T) + / wn(s)[2 ds, (3.12)

with ¢(7T") independent of R. Since, for each ¢t € (0,T"), {w.r} strongly converges to
wg in L2(R™), then, it weakly converges to wg in L?(0,T; W12(R")). From (3.12),
taking the limit for ¢ — 0, we deduce

t t
wa®B+ [ [Vun)ds < eT)+ [ wats)fds
0 0
By integrating, uniformly with respect to R, we obtain
t
wrl)B+ [ [Vwn(s)f ds < ().
0

Applying the monotone convergence theorem we deduce (3.10). The lemma is
completely proved. m
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4. Proof of Theorem 2.1

In this section, we assume the Euclidean dimension n > 3. The fundamental
solution of the Stokes equations is denoted by E. The components of E are the
following:

Eij(x — Yt = T) = —A¢(|:L‘ - y|7t - T>5ij + Dilzj(b(‘x - y|vt - T)v

111 e
¢(r7t):2\/7?”7m2/0 p' e’ dp.

Denoting by E;(xz —y,t—7) the j-th column of the tensor E, for t — 7 > 0, the pair
(Ej(xr —y,t —7),p), with p = 0, in the (z,t) variables is a solution of the Stokes
equations and in the (y, ) variables it is a solution of the adjoint equations:

&, +AP+Vp=0, V-&=0, on (0,t) x R".

where

We recall some properties of E:

Eij(z,s) € C*(R" x (0,00));

n

Ad(z,5) = —(drs)~Fe B, [Volz8)| < e (|2 +5) P 7F (4.1)

n
2

=

|E(z,8)| <c (|z|2 + 8)7% , [VE(z,8)] < c(|z\2 + 3)7%7

For any x-smooth field m(z,7) with compact support such that, for each € R",
lim, ;- V-m(z,7) =V -m(z,t) and lim,_,— m(z,7) = m(x,t), we have

m

_lz—yl
lim E(zx—y,t—7) -m(y,7)dy = lim {(477(15 - 7'))75 / e =T m;(y, 7)

T—t~ JRn T—t~
0
t L 9 0 Tyt =V emly,7) dy}
0

R axZ
We define
Yuer = 0, (T)hr(y) / Je(y — 2)Ei(x — z,t — 1) dz,

n

where hp is the space cut-off function introduced in section 3; 8,,(7) is a time cut-off
function such that 6, (7) = 1 for 7 <t — p and 0,(r) = 0 for 7 > ¢t — 1; finally, J.
is the Friedrich mollifier. We consider (3.8) on (0,t — p) with ¢,.r(z, 7). Hence,
taking properties of tensor E into account, for w =4 — u, p =7 — 7 we get

/0 ﬂt[(w ® (w+u), Vouer) + (W@ w, Vouer) + (0, V - Quer)]

+ /0 - [2(w, Vhg - VI |Ei(z,1))] + (wAhg, J.[Ei(2,1)])] dr

= (wER(t - :u)v Ei(xv M))? (4'3)
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where w.g(z,T) fRn (y — 2)hr(y)w(y, 7) dy. Taking the properties of E and
cut-off function hg into account, then, the following estimates hold:

I;) for R > 2|z|, for 7 € (0,t), uniformly with respect to u, we have
[Vuer(y, 7) < CthRl[(lx—yl2+t—7)%]_l+c/ Jo(w)(|lr—y-+wl*+t—7) "2 2 dw;

hence, uniformly with respect to p and ¢,

|[(w® (w+u), Vouer) + (u @ w, Vuer)| < elw(r)]oo (1w(7)]oo + 2fu(7)]o0) X

{R_l/ |y|_ndy+/ Je(w)/ (Jz —y+w?+t—71)"F "% dydw
R<|y|<2R Rn n

< C‘w(7)|oo(|w(7')|oo + 2‘u(7')|oo) [(CRfl + (t _ 7_)75];
Iy) for R > 2|z|, for 7 € (0,t), uniformly with respect to u and e, we have

n

IV-puer(y, )| < CIVhRI/ Je(w)| E(z—y+w,t=7)|dw < ¢|Vhg|(|Jz—y|*+t-7)"%,
R'ﬂ.
hence, uniformly with respect to u,e and R > 0, almost everywhere in 7 € (0, t),

(0(7), V- per(7))] < / o, 7)|(1 + [y]) " dy;

R<|y|<2R
I3) for R > 2|z|, for 7 € (0,t), uniformly with respect to u and e, we have

12(w, Vhg - VI [Ei(2,t))] + (wAhg, J:[Ei(z,t)])|

< 2clu(r)| [Rl / oy |y|"dy] < 2eR2|w(r) ue.
R<|y|<2R R<[|y|<2R

By virtue of Lemma 3.3, for each z € R", w.gr(z,7) is a continuous function
of 7. Employing (4.2), we deduce

hm (wsR(t — ), Ei(x,n)) = lim Ei(x—z,p) wer(z,t —p)dz
pn—0 n—0+ Rn

—wiawt)+ [ Lo —20) [ -2 Vhat) wly.0 dyds (1)

Moreover, from (4.1)22 and properties of hg, since 2|z| < R, for R > 0 sufficiently
large we get

0
[ ptte=20) [ = Vheto) it dya:
rRn O n
<e / 2! / Ty — 2)|Vha(y)| [w(y, )] dyd
R—1<|z|<2R+1 n

1 z h t
<f UrEltal [Pl
R—1<|z|<2R+1 2| Rn (1+y[)=
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Applying the Holder inequality to the right hand side, we obtain

< cR|Vhg|w(t)|glz,

g0 = 2.0) [y = V(o) - w(y. 0 dyd:
R OX; n

where g = (1 + |y|)~%. Hence, by virtue of energy weight estimate (3.10), the last
estimate implies, uniformly with respect to ¢,

‘ / 81925(% = 20) / Je(y = 2)Vhr(y) - w(y,t) dy dz

< clw(t)gle2(r-1<y<2r+1),  (4D)

Taking estimates E;—E3 into account, and also (4.4)-(4.5), passing to the limit
when g — 0%, uniformly with respect to e, we get

t
lwer (@, t)| < clw(t)glrz(r—1<|y|<2r+1) +/ () (X + |y1) ™" o (reyl<2r) dT
0

+20R_2/0 |w(7')|ood7'—i—c/0 (|w(T|Lm(Rn)+2|u(7‘)|oo)\w(7')|oo(t—T)_%dr.

Since for each t € (0,T) wer(x,t) converges to hr(z)w(x,t) in L?(R"), then there
exists a subsequence converging almost everywhere in = to hr(z)w(x,t). Hence,
from the above inequality, since R > 2|z|, along a suitable sequence of ¢ — 0, we
deduce that almost everywhere in |z| < R/2

t
lw(z, )| < clw(t)glrz(r-1<|y/<2r+1) +/ p(y, 7)1+ Y1) Li (r<pyi<2r) AT
0

t t
+2cR_2/0 |w(7‘)\ood7'+c/0 (1) oo ey + 2T oo (Pt — 7) 4 d.

By virtue of condition a) for the pressure field of a bounded weak solution and the
weight energy estimate (3.10), applying the dominate convergence theorem, in the
limit for R — 400, almost everywhere in z € R"™, we get that

lw(z,t)| < C/O (Jw(T) Lo mny + 2|u(T)] Loo (mr)) W (T)] 00 (t — )3 dr,

which implies

fw(®)leo < ¢ / (o ()| gy + 21(7) | o ey (7)o (¢ = 7) % i,

which implies the uniqueness. The theorem is completely proved. m

REMARK 4.1. We conclude remarking that the proof of the uniqueness theorem
is developed assuming the Euclidean dimension n > 3. In order to recover the 2-
dimensional case, it is enough to modify the fundamental solution of the Cauchy
problem. However, we do not study the 2-dimensional case. We just indicate that
the fundamental solution of the Cauchy problem and its qualitative properties can
be found in [4].
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