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ON L!'-CONVERGENCE OF CERTAIN GENERALIZED
MODIFIED TRIGONOMETRIC SUMS

Karanvir Singh and Kulwinder Kaur

Abstract. In this paper we define new modified generalized sine sums Kp.(z) =

1 n -

Y Z (ATap_1 — Arak_,_l)S]z*l(:c) and study their Ll-convergence under a newly defined
sinz /|

class K®. Our results generalize the corresponding results of Kaur, Bhatia and Ram [6] and

Kaur [7].

1. Introduction

Let -
K(z) = > apcoskx (1.1)
k=1
and ) .
K,(z)= > > (Aaj—1 — Dajyq)sinkz. (1.2)

2sinx ;= ;=i

Using modified cosine sums

gn(z) == > Dar+ Y > (Aaj)coskx
k=0 k=1j=k

N[ =

of Garett and Stanojevié¢ [4], Kaur and Bhatia [5] proved the following theorem
under the class of generalized semi-convex coefficients.

THEOREM 1. If {a,} is a generalized semi-convex null sequence, then g,(x)
converges to K(z) in the L'-metric if and only if Na,logn = o(1), as n — oc.

The above mentioned result motivated the authors [6] to define a new modified
sums (1.2) and to study these sums under a different class K of coefficients in the
following way.
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THEOREM 2. Let k be a positive real number. If
ar = o(1), k— o0 (1.3)
and
k§1k|A2ak_1 ~ A2ap4] < oo, (1.4)
then K, (x) converges to K(x) in the L*-norm.
Any sequence satisfying (1.3) and (1.4) is said to belong to the class K [6].
In particular in [6] the following corollary to Theorem 2 is proved.

THEOREM 3. If {a,} belongs to the class K, then the necessary and sufficient
condition for L'-convergence of the cosine series (1.1) is lim, o a, logn = 0.

DEFINITION. Let a be a positive real number. If (1.3) holds and
S kYA a1 — AMla ] < 0o, (ap = 0),
k=1

then we say that {a,} belongs to the class K.

For o = 1, the class K® reduces to the class K.

Applying Abel’s transformation to K, (x), we can easily see that

1 n -
> (Aag_1 — Dagy1)S(x),

K,(z) =
(z) 2sinx ;=

where S9(z) = Dy(x) = sinx + sin 2z + sin3x + - - + sinnz. So in [7] the author
1 n ~
studied the L'-convergence of K, (z) = 75 3 (Aag—1 — Nag41)SY(x) to K(x)
sinz /=)

by proving the following result.

THEOREM 4. Let the sequence {ay} belong to class K*. Then K, (x) converges
to K(z) in the L'-norm.

If we take o = 1, then this theorem reduces to Theorem 2.

It is natural to seek ways to prove the L'-convergence of the generalized sums

of the form )
= 5o k¥1(Arak_1 — A’"ak+1)§;_l(x), (1.5)

Ky (z)
where r is any real number greater than or equal to 1. It is obvious that for r = 1,

K, (x) reduces to K, (x).

The purpose of this paper is to prove the L!-convergence of K,,.(x) to K(z)
under the class K.
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2. Notation and Formulae

We use the following notations [10].

Given a sequence Sp, Si, Sa,..., we define the sequence Sg§, S¢, S¢,... for
every a = 0,1,2,... by the conditions SO = S, S¢ = S+ 8¢ 1 4+85 ... 4501
(e =1,2,...;n=0,1,2,...). Similarly we define the sequence of numbers A,

A, AS,... for @ = 0,1,2,... by the conditions A = 1, A = A" + A +
Aghl +o+ A2 (a=1,2,...;n=0,1,2,...). Let Y a, be a given infinite
series. The conjugate Cesaro sums of order o of Y a,, for any real number « are
defined by

n

Sff(ap) = S‘ff = ZO Ag—pap = Ag:gl)sp’
p:

where S, = 5’2 = D, and Ay denotes the binomial coefficients. The conjugate
Cesaro means T of order 7 of 3" a,, will be defined by

- So

T = -2,

The following formulae will also be needed:
S’S(S’;) = SS—H"—H’

~ ~ ~ n
Sptt—Sptl =Sy, Do AL pAp = AT
=

The differences of order « of the sequence {a,} for any positive integer « are defined
by the equations A%a, = A(A*"ta,), n =0,1,2,... Ala, = a, — an,1. Since
A;f"l =0 for m > a + 1, we have

[e]

o0
N = A lapim = Y AL Yanim. (2.1)
m=0

m=0

If the series (2.1) is convergent for some « which is not a positive integer, then we
denote the differences

A% = Y A an n=0,1,2,3,....
m=0

The broken differences Afa, are defined by
«a - -1
Anap = 20 Ama Ap+m-

By repeated partial summation of order r, we have

n

> aphy = 3 N;”_l(ap)ﬂibp
p=0 p=0
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3. Lemmas
We need the following lemmas for the proof of our result.

LEMMA 3.1 [3] Ifr >0, p>0,
(i) €, = o(n)~P, and
(i1) Y2500 ATHP| A7y | < o0,
then
(i) > ooy ANTPIAM e, | < 00, for—1 < A <71 and

(iv) AMTPAX e, is of bounded variation for 0 < X\ < r and tends to zero as
n — oo.

LEMMA 3.2 [1] Let r be a non-negative real number. If the sequence {e,}
satisfies the conditions

(i) e, = O(1), and

o0
(ii) S n"|AT e, | < oo,
n=1
o
then NPe, = S AT-BA™ e, o, for B> 0.
m=0

LEMMA 3.3 2] If0 <6 <1 and 0 < n < m, then

S ALS,
=0

< max |SZ‘§|.
0<p<m

LEMMA 3.4 [10] Let Sy, (x) and T® be the n'" partial sum and Cesdro mean of
order a > 0, respectively, of the series sinx + sin2zx + sin3x + --- +sinnx + - - .
Then

(i) [ |Sn(x)| dz ~ logn,
(i) [y |T%| dz remains bounded for all n.

4. Main result
The main result of this paper is the following theorem.
THEOREM 4.1. Let o be a positive real number. If a sequence {ax} belongs to
the class K<, then fora <r<a+1
(i) Kpnr(x) converges to K(x) pointwise for 0 < § <z <, and
(ii) Knr(x) — K(x) in the L*-norm.
If we take @ = 1 and r = 1, then Theorem 2 is obtained as a particular case

and also Theorem 4 can be deduced as a special case of Theorem 4.1 if we take
r=1in (1.5) .
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Proof. We have

1 ) -
K — Aan_+ — AT r—1
(z) 2sinx ;;::1( -t ak—H)Sk (@)
and ) .
K = Alag_y — AT Sr(z).
() = g 3 (Aan — Mar) 57 (@)

CasSE 1. Let »=a+ 1. Then

1
2sinz g

K (x) (AH gy g — A"‘*lak+1)§,§‘(x).

So K,,,(z) converges to K (x) pointwise for 0 < § < z < 7.

Now
/W|K(x) ~ Ko (2)| do
0

J
<C XY (A apey = A% ap)| [§ 157 (@) de

k=n+1

—C S AL apy — A )| [ (TR (2)| da
k=n+1

1 o0
2sinw 270

(AHray y — Ay, 1) S ()| da

<Cp Y A|(AMag_y — AYMagyq)| = o(1), by hypothesis of Theorem 4.1.
k=n-+1

Therefore, K,,,(x) converges to K (z) as n — oo in the L' —norm.
CasSE 2. Leta<r<a+1. Taker=a+1—0 and 0 < § < 1. Then

1 n .
Kmn — ANan_+ — A" r—1
(z) 2sinx kZ::l( -t akH)Sk (@)

Applying Abel’s transformation of order —¢ and using Lemma 3.2, we have

1 n -
2sinx kzl(AaHak_l - A“Hak“)sg(x)

1 noo.o n—k
=[S 8 S e ey - 27 )

2sinz k=1 m=1

1o a
2sinz {Z S (@) (A0 gy — A gy )
k=1

oo
S Aa1<A5+1am+k_1—N“am%)}}
m=n—k+1
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1
2smm

Z SE (@) (A gy — A g ) — Ry ()],
where
Ry (z) = i Se9(z){A° L (A g, — AL, L)
AL (0P AP 4]
= Zn: @A (B ape — A ay,)
+ Zn: SIO (@) ADTL (A lay g — A lay ) 4o )

This implies that

Ko () = —- Lil 30 (2)(DH gy — A lag ) + Rn(:v)}

Hence

/O VK () — Ko ()] da

2sinx k=n+1 g;vx(x)(&a+lak71 - Aa+1ak+1) - Rn(x)}

dz

<C 3 (AT apoy = A agy)| [o 1SR (@) da + [ | R (2)] da
k=n-+1

=C ¥ Ap[(Aag-y — Aag)|(2) f7 1T (@) dx + [§ |Ra(x)| da
k=n-+1

< 3 APUATHay — A gy + [ |Ra(@)|da
k=n-+1

=o(1)+ / | Ry, (z)| dx, by hypotheses of Theorem 4.1. (4.1)
0

[
o

(Z Sa 5( )Ai 1k+1)(A5+1an - A6-’_1an+2)

+ (1;::1 S‘;:—t;( )Ai %g+2) (AHla, q — A la, 3) + - | dx
S/o |(A5+1an_A5+1an+2)| ZS‘«?*&( )A;SL 1k+1 da
k=1
+/ |(A6+1an+1 — A6+1an+3)| > 5'? ( )Ai %ﬂ+2 de+ ---
0 k=1
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§/ (ATra, — AFa, o) max |5'g(x)|dx
0

0<p<n+1

+ /0 (A a, ) — AT a,,3)] o X |§g(x)| dx + - ,by Lemma 3.3

= (A a, — A5+1an+2)|A‘;+1/0 max \Tg(ajﬂ dx

0<p<n+1

i
NI+ NS A6 T9
+1( Ant1 an+t3)| A9 o ; 0;;?5‘”' ()] +

= CA2+1|(A6+1QTL - A5+1an+2)| + CA;’;L+2‘(A5+10’”+1 - A6+1an+3)| +e
= 0(1), by Lemmas 3.1 and 3.4.

Thus .
/ |Ry(z)]dx =0o(1), n — oo.
0

Hence by (4.1)

T

lim | K (z) — Ky ()] de = o(1).

n—oo 0

CASE 3. Let « = r. In this case

1
T 2sina

Z (Aaak_l — A“akH)Sg_l(a:).
k=1

K ()

Applying Abel’s transformation, we have

1
" 2sinz

[sz:l(&a-i_lak*l - Aa+1ak+1)‘§?(x) + (A%n — A%apy2) S5 ()|

K- (z)

Since S?(x) are bounded for 0 < § <z <,

1 0 -
Kop(w) = K(z) = 5—— k_l(A““ak—l — Ay, ) Sp ()

pointwise for 0 < § <z < 7. So

/W|K(x) — Ky (2)| dex
0

™ 1 00 ~ )
= a+1 _ a+1 o . « - a o
/0 2sinx k:n+1(A ap—1 — A ap1)SP() — (A% — A%n42) Sy (7) | do
<C X (A gy — A Tagyq)] [SE (2)| d
k=n+1J0

+ [ 6%, - 8% ) |53 (@) de
0

= 3 AR IA e - Ay )|\ T (x)] de
=n+
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T AT|(A%y — ACny)| / T2 (2)| da
0

<C Y AL Hlag_y — A lagy) [+ Ci|(A%ay — A%anga)|
k=n-+1

=0(1) + o(1) = o(1), by the hypotheses of Theorem 4.1 and Lemma 3.1.

Thus the proof is complete. m
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