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RIESZ SPACES OF MEASURES ON SEMIRINGS
Z. Ercan

Abstract. It is shown that the spaces of finite valued signed measures (signed charges) on
o-semirings (semirings) are Dedekind complete Riesz spaces, which generalizes known results on
o-algebra and algebra cases.

In the literature, to the best of my knowledge, in measure theory there are
two (slightly) different definitions of a “semiring” as a collection of subsets of a
nonempty set with certain conditions. The notion of a “semiring” has first been
defined in [2] as a nonempty collection 7 of a nonempty set X which satisfies, for
each A,B € T, that ANB € T and A — B = |J,,C,, for some pairwise disjoint
sequence (Cy,) in 7 (see also [5]). In [1], a nonempty set 7 of subsets of a nonempty
set X is called a semiring on X if it is closed under finite intersections and for each
A, B € T there are pairwise disjoint sets C1, Cs, ..., C,, such that A—B = J;-_, C;.
In this paper we use the notion of a semiring as in the later sense. A semiring 7°
on X is called a semi-algebra if X € T (see [4]). Of course algebras and o-rings are
semirings and there are plenty of examples of semirings which are not an algebra
or a o-ring.

A subset A of X is called a o-set in a semiring S on X if A =[] -, A, for
some disjoint sequence (A,) in S. It is easy to see that if A, Ay, Ay,..., A, are in
a semiring then A — (JI_; A; is a o-set, but if A € S and (4,) is a sequence in S
then A — |J,—; A, may not be a o- set.

EXAMPLE 1. i) Let X =[0,1) and 7 = {[a,b) : 0 < a < b < 1} is a semiring
on X, but {0} = X —J,,[1/n,1) is not a o-set in 7.

ii) Let X be a countable infinite set, 7 = {{z} : x € X} U {#}. For each
A AL Ay - €T, A—J, Ay is a o-set, but 7 is neither an algebra nor a o-ring.

This observation let us to introduce the following notion.

DEFINITION 1. A semiring S on X is called a o-semiring on a set X if for
each A € § and for each sequence (A,) in S the set A —J,, A, is a o- set.
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It should be noted that for sequences (A,,), (B,) in a o-semiring S there exists
a disjoint sequence (C,,) in S such that

Ua.-JB.=JCn
If 41 is a measure on S and {J,, A, C J,, Bn then
> 1(An) <32 u(Bn).
n n
For unknown definitions we refer to standard books [1] and [5].

1. The spaces of signed measures and charges as Riesz spaces

A map i : S — R, where § is a semiring on a set X, is called a signed measure
if it is the difference of two positive measures. Let 3 be a o-algebra on a set X and
let

M) ={p:p:32— R is a signed measure }.
It is well known that under the operations
(11 + p2)(A) = pa(A4) + p2(4),  (ap)(A) = au(A)
1 < pz e pi(A) <pzx(A) forallAe X

M (X) is a Dedekind complete Riesz space and for any p,v € M(X) the supremum
of ;1 and v is determined by the formula

(uVv)(A) =sup{u(B)+v(A—B): BeX and BC A}

(see [1] for a proof). The main result of this paper is to give a generalization of
this as follows.

THEOREM 1. Let § be a o-semiring on a set X and let
MS)={p:p:S8 — R isa signed measure}.
Under the operations
(11 + p2)(A) = pa(A) + p2(A4), (ap)(A) = ap(A)
< po e pi(A) <ps(A)  forall AeS

M(S) is a Dedekind complete Riesz space and for any 0 < p,v € M(S) the supre-
mum of u,v is given by

w(A) = sup{ ijl w(Ay) + il v(By) : (An), (Bn)  are disjoint in S,

U4, cA and A—GAn:GBn}.
n n=1 n=1
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Proof. Firstly let 0 < pu,v € M(S) be given and w(A) be defined as above.
It is easy to see that w(A) > 0 for each A € S and w(@) = 0. Let {A,} be
a disjoint sequence in S satisfying |J;~, A, = A € S. Let (B,) be a disjoint
sequence in S with |J;~; B,, C A and choose a disjoint sequence (C,) in S such
that A — U, , B, = U,—, Cy. For each m, let (T},") be a disjoint sequence in S
satisfying

(@

(CnmAm)CAm—ijmA UT’”
n=1

n=1

which implies

Also we have
2 u(Bn) + L v(Cn) = X U (Bn N Am)) + 20Uy (Cn 0 Am))
=22 B N Am) + 323 v(Cn O Am)
=2 (X n(Ba 0 Am) + Zniv(Cn NAn))
Z(Zu(B N Am) + X2 v(Tn™))
g; ( m),

so that

w(l JAn) £ T w(An).

n m

For the converse direction let ¢ > 0. For each n choose a disjoint sequences
(Bn"), (T),™) in S satisfying

UBm” CcA, and A, — UBm” = UTm"
such that
’LU(An) - E/2n < Zﬂ(an) + ZV(Tmn)~
So
Yw(An) —e <33 u(B") + 202 v(Tn™).

n

Note that for each i, j,m,n
Bn,"NT7 =0 and [ J|JBn" c|JA4n
n o m n
and there exists a disjoint sequence (C},) in S such that
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and

22 m(Tn") < % 1(Co).

n o m

Now it is clear that

S w(An) — e < w(l, A).

n

Since € > 0 is arbitrary, we have

w(| JAn) = z w(Ay).

it

So far we have shown that w is an upper bound of y, v in M (S). Now suppose that
B is another upper bound of u,v. Let A € S and (A,), (By,) be arbitrary disjoint
sequence in S with

UAn CA and A—UAn = UBn
and
%:N(An) + %:V(Bn) < Xn:ﬂ(An) =+ Zﬁ(Bn) = ﬂ(Un An U Un Bn) = 6(14)

which implies that w < 8 in M(S). We have proved that u V v exists for each
0<pu,ve M) Let u,v € M(S) with o < v, i for some measure —«. Now it is
routine to check that

(L—a)Vv—a)+a«
is least upper bound on p and v, i.e. uV v exists. Hence M (S) is a Riesz space. If
te 1< p we define pioo(A) = supapia(A) then it is easy to show that p. € M(S)
and fi T oo, which proves that M(S) is Dedekind complete. m

It is known that if A is an algebra on a set X, then the vector space
CA) ={p:p: A— R is asigned charge}
is a vector lattice under pointwise order and supremum of p,v € C(A) is given by
pwVu(A)=w(A) =sup{u(B)+v(A—B): Be A and B C A}

(see [2] for a proof). This result can be generalized as follows and its proof is similar
to the proof of the above theorem.

THEOREM 2. Let A be a semiring (not necessarily a o-semiring) on X. Then
ME)={p:p: A— R is a signed charge}

is a Dedekind complete vector lattice under usual operations and supremum of any
W,V is given by
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