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SOME PROPERTIES OF NOOR INTEGRAL
OPERATOR OF (n + p — 1)-th ORDER

M. K. Aouf

Abstract. Let A(p) be the class of functions f(z) = zp—i-Z;O:m_l apzF (pe N={1,2,...})

which are analytic in the unit disc U = {z : |2| < 1}. The object of the present paper is
to give some properties of Noor integral operator In4p—1f(z) of (n + p — 1)-th order, where
2P

(=1)
Lntp-1f(2) = [m} xf(z) (n > —p, f(z) € A(p)) and * denotes convolution (Hadamard
product).

1. Introduction

Let A(p) be the class of functions of the form

f(z)=2"+ > apzt (peN={1,2,...}) (1.1)
k=p+1
which are analytic in the unit disc U = {z : |2] < 1}. For functions f;(z) (j =1,2)
defined by
fi(z) =22+ > ag;z", (1.2)
k=p+1
we define the Hadamard product (convolution) f; * f2(2) of functions fi(z) and
f2(z) by
fixf2(2) =22+ 3 apiapez”. (1.3)
k=p+1
The integral operator I,,4,—1 : A(p) — A(p) is defined as follows, see [2].

For any integer n greater than —p, let fp1,-1(2) = ﬁ and let fé;;ll(z)
be defined such that

2P

Frr-1(2)* iy () = 5= (1.4)
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Then 1)
T af0) = F s 1) = || 20 ()

From (1.4) and (1.5) and a well known identity for the Ruscheweyh derivative
[1,10], it follows that

Z(Inerf(Z))/ = (n+p)lnip-1f(2) = nlnipf(2). (1.6)

For p = 1, the identity (1.6) is given by Noor and Noor [8]. If f(z) is given by (1.1),
then from (1.4) and (1.5), we deduce that

Inp-1f(2) =[P 2F1(L, 1+ pn+p;2)] + f(2) (n>—p), (L.7)

where oF} is the hypergeometric function. We also note that I, f(z) = Zf;(z)
and I, f(z) = f(z). Moreover, the operator I,4,_1f(%) defined by (1.5) is called
the Noor integral operator of (n + p — 1)-th order of f(z) [2]. For p = 1, the
operator I, f was introduced by Noor [5] and Noor and Noor [8]. Several classes
of analytic functions, defined by using the operator I,,4,_1 f, have been studied by
many authors [6,7,9].

We define a function G, ,(«, 8;2) by

Gn,p(aa/@; Z) = aIn+pf(Z) + /BInwLpflf(Z)? (1'8)

for f(z) € A(p),n > —p, p € N and « and [ are complex numbers. For a« =1 —
(B € C) we define a function Gy, ,(8; z) by

Gn,p(ﬂ; Z) (1 - B)In+pf(z) + ﬂIn+;D—1f(Z)a (1'9)
for f(z) € A(p), n > —p, p € N and € C. Also for n = 0, we obtain
2f'(2)

Gopla, B;2) = af(2) + 3

P f(z) € A(p), pe N and g€ C. (1.10)

2. Some properties of G, (v, 3; 2)

In order to prove our main results, we recall here the following lemma.

LEMMA 1. [34] Let o(u,v) be a complez-valued function, ¢ : D — C, D C
C x C (C is the complex plane) and let uw = uy + iug, v = v1 + ivy. Suppose that
o(u,v) satisfies the following conditions:

(i) o(u,v) is continuous in D;

(ii) (1,0) € D and R{¢(1,0)} > 0;

(i) R{p(iuz,v1)} <0 for all (iug,v1) € D such that v; < —3(1 + u3).

Let q(z) = 1+ quz + q2® + -+ be regular in the unit disc U such that

(¢(2),2¢'(2)) € D for all z € U. If R{e(q(2),2¢'(z))} > 0 (2 € U), then
R{q(2)} > 0(z € U).
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Applying the above lemma, we derive the following

THEOREM 1. Let a function G, o, 8; z) be defined by (1.8) fora e C, g€ C
(R(B) >0), a+B€R, n>—p,p€N and f(2) € Alp). If

%{W}>’y (z€U) (2.1)
for some v (v < a+ f3), then
Inipf(2) 2(n +p)y + R(B)
3‘%{ o }>2(n+p)(a+ﬂ)+3ﬁ(ﬁ) (z € U). (2.2)

Proof. Define the function ¢(z) by

Ll'jiz(z) =46+ (1-90)q(z), (2.3)
with
2(n+p)y + R(B)

5=

2(n+p)atB)+RP) . 24

Then q(z) = 1+ q12 + g22% + ... is regular in U, and

Gn,p(avﬁ; Z) — aln+pf(z) + ﬁlnjtpflf(z)

zP zP zP

=(a+P)6+ (a+B)(1 - d)q(z) + 6

(1 _5)2 /(4
(n+p) (2. (2.5)

Therefore, we have

R { Gupla,B;2) 7}

P

= {(at 00—+ + 1= 0)ale) + 5 T ()} (26)

If we define the function (u,v) by

Plus) = (@ B3 =y +at A=t BT (2)

with 4 = u1 + tus and v = v1 + vg, then
(i) ¢(u,v) is continuous in D = C x C = C?;
(i) (1,0) € D and R{x(1,0)} = (« + B) — v > 0;
(iii) for all (iug,v1) € D such that v; < —2(1 +u3),

Rifpliua, 1)} < (a+ 8)5 7~ (000 - =o(o)ad
_ =9 g <o,

2(n+p)
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Therefore, the function ¢(u,v) satisfies the conditions in Lemma 1. This implies
that R{q(z)} > 0 (z € U), that is,

Lnipf(2) . 2(n+p)y+R(B)
%{ 2P } 70= 2(n +p)(a+ B) + R(B)

This completes the proof of Theorem 1. m

(z€U). (2.8)

Putting « =1 — § in Theorem 1, we obtain

COROLLARY 1. Let a function Gy, ,(8; 2) be defined by (1.9) for 8 € C (R(3) >
0), n>—p,p€ N and f(z) € A(p). If

éR{G"”(ﬁ’Z)} >~ (zeU),

zP
for some v (v < 1), then

Liypf(2) 2(n +p)y + R(B)
%{ 7 }>2m+m+%w>

(z€U).

Putting n = 0 in Corollary 1, we have
COROLLARY 2. If f(2) € A(p), B C (R(B) >0),p € N, and

ER{GOP(M} >~ (zeU),

2P

for some v (v < 1), then

f(2) 2py + R(B)
%{ 27 }> wrwE U

Taking o = 8 in Theorem 1, we have
COROLLARY 3. If f(z) € A(p), B C R(B)>0),n>—p,pE N, and
3?{Gn,p(ﬁ, B; 2)
P

. }>7 (z€U),

for some v (v < 2R(3)), then

Lnipf(2) 2(n +p)y + RN(B)
i A e i ol
Further, if
Gnp(B,5;2) 3
w{ GRS e,
then

zP
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Putting n = 0 in Corollary 3, we obtain

COROLLARY 4. If f(z) € A(p), B C (R(B) >0), p€ N, and
%{Go’p(fp’ﬁ;z)} >y (2€U),

for some v (v < 2R(3)), then

f(z) 2py + R(B)
WL e eV

Further, if —
%{W} > 2R() (e V),

%{f(z)}> sptl (z€U).

then

dp+1

Next, we prove
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THEOREM 2. Let a function G, p(«, B;2) be defined by (1.8) fora € C, € C

R(B) >0),a+0€R, n>—p,peN and f(z) € A(p). If
gte{Gn,p(oz,ﬁ; z)

o }<7 (z€U),

for some vy (v > a+ (), then

Inipf(2) 2(n + p)y + RN(B)
%{ zp }<2<n+p><a+m+%<ﬁ> S

Proof. Define the function ¢(z) by

(2.9)

(2.10)

(2.11)

(2.12)

In+pf(z) _

—p 0+ (1 —9d)q(z),
with

s 2ntpRE)
2(n+ p)(a + B) + R(B)
Then we observe that q(z) = 1+ q12 + g22° + - - - is regular in the unit disc U, and
that
R {'Y _ Gn,p(a7 B; Z) }
zP

(1-9)
(n+p)

=R{y — (@ +B) — (a+B)(1—0)q(z) — 8

2q'(z)} > 0.

(2.13)
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Taking q(z) = u = uj +iug and z¢'(z) = v = vy +ive, we define the function ¢(u,v)
by
(1-9)

(n+p) "

pu,v) =7 = (a+p)6 = (a+F)(1 - d)u—p (2.14)

Then it follows from (2.14) that:
(i) ¢(u,v) is continuous in D = C x C = C?
(ii) (1,0) € D and R{x(1,0)} = v — (a + B) > 0;
(iii) for all (iug,v1) € D such that vy < —3(1 + u3),

, e -9
Ripling, v1)} =7 = (0 )0 = o Soa(9)

(1-9)
2(n+p)

<v—(a+pB)5+ R(B)(1 + u3)

(
=0

Consequently, applying Lemma 1, we have that {q(z)} > 0 (z € U), which implies

that
Intpf(2) __ 2(ntp)y +R(B)
m{zl’}< = Sm+nlatg+rp U (2.15)

This completes the proof of Theorem 2. m

Putting @« =1 — § in Theorem 2, we obtain

COROLLARY 5. Let a function G, ,(3; z) be defined by (1.9) for € C (R(B) >
0),n>—p,pe N and f(z) € A(p). If

éR{G"”(B’Z)} <y (2€U),

zP
for some v (v < 1), then

Inipf(2) | _ 2(n+p)y + R(B)
r{ P < e e

Putting n = 0 in Corollary 5, we have
COROLLARY 6. If f(2) € A(p), B C (R(B) >0),p € N, and
R { Gop(B;2)

zP

}<7 (z€U),

for some vy (v < 1), then

f(2) 2py + R(B)
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Taking o = (8 in Theorem 2, we have

COROLLARY 7. If f(z) € A(p), B € C R(B) >0),n>—p,pe N and

SR{G"”(p’ﬂ’Z)} <7v (zel),

z

for some v (v < 2R(3)), then

Lipf(2) 2(n +p)y + R(B)
e N s oL
Further, if
Gnp(B,3;2) 3
w{CeBE Sn) e,
then

zP 4(n+p)+1

Putting n = 0 in Corollary 7, we obtain

COROLLARY 8. If f(z) € A(p), B € C (R(B) >0),p€E N, and

m{Govz(zﬁz)} <~ (z€U),

for some v (v < 2R(0)), then

f(2) 2py + R(B)
WS < e eV
Further, if B
p{ QGBI n) e,
then . 2 3p+1 .,
{ o7 }<4p+1(ze ).

Using the same technique as in the proof of Theorem 1 and Theorem 2 (or
2f'(2)

putting m instead of f(z) in Theorem 1 and Theorem 2, respectively), we have
the following results.

THEOREM 3. Let a function Gy, p(«, B;2) be defined by (1.8) fora € C, g€ C
(R(B) >0),a+B€R, n>—p,peN and f(z) € A(p). If

%{G;,p(avﬁ; z)

pzP~1

} >~ (zeU), (2.16)
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for some v (v < a+ f3), then

i f(2))' 2 + p)y + R(B)
%{ por }>mn+mm+ﬁuwWﬂ el) @1

Putting @« =1 — 3 in Theorem 3, we have

COROLLARY 9. Let a function Gy, ,(8; 2) be defined by (1.9) for 8 € C (R(B) >
0), n>—p,p e N and f(z) € A(p). If

%{@WWM)

pzP~t

}>7 (z€U),

for some v (v < 1), then

(Intpf(2))) _ 2(n+p)y +RB)
%{ pzP~1 }>2W+m+%W) (€.

Putting n = 0 in Corollary 9, we have
COROLLARY 10. If f(z) € A(p), B € C (R(B) >0), p€ N, and
m{@mWw)

pzP~1

}>7 (z€U),

for some vy (v < 1), then

f'(z) 2py + R(B)
m{W”JO>%+RW) (z€0).

Taking o = 3 in Theorem 3, we have
COROLLARY 11. If f(2) € A(p), € C (R(B) >0), n>—p, pe N and
5 { G p(B.5; 2)

por T } >y (z€0),
for some 7y (v < 2R(0)), then

(epl () | 2004 )7+ R(D)
) e e GO

Further, if

pzP~t

%{“W“@”}>§mm -

then

p{Umsl ), S0t tL

pzP~t
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Putting n = 0 in Corollary 11, we have

COROLLARY 12. If f(2) € A(p), € C (R(B) >0), pe N and

%{%A@&@

pzP~1

}>7 (z€U),

for some «y (v < 2R(0)), then

f'(z) 2py + R(B)
) Gy G0
Further, if
G,.(B. B; 2) 3
SCE{O’pzpl} > 5?)?([3) (z€U),
then

§R{f'(z) } e

pzp—1 4p+1 (z€ ).

THEOREM 4. Let a function Gy, ,(«, B;2) be defined by (1.8) fora € C, g € C
(R(B) = 0), a+BE€R n>—p,peN and f(z) € A(p). If

{Chalei)

e } <v (z€0), (2.18)

for some v (v > a+ f3), then

L (2)) 2n + p)y + ()
“{ por] }<2m+mm+m+%w>

(z € U). (2.19)

Putting @« = 1 — § in Theorem 4, we have

COROLLARY 13. Let a function G, ,(8;%) be defined by (1.9) for B € C
(R(B) 20), n>—p, p€ N and f(z) € A(p). If

R { Ghp(B:2)

por 1 }<’y (ze€U)

for some vy (v < 1), then

(Inypf(2)) 2(n+p)y + R(B)
“{ porT }<2m+m+%w>

(z€U).

Putting n = 0 in Corollary 13, we have
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COROLLARY 14. If f(z) € A(p), B C (R(B) >0), p€ N and
%{G{),p(ﬁ;d

pzP~1

} <v (2€U),
for some 7y (v < 1), then

f'(2) 2py 4+ R(B)
" {pzpl } St R(B)

(z€U).

Taking o = 3 in Theorem 4, we have

COROLLARY 15. If f(2) € A(p), € C (R(B) >0), n> —p, pE N and
R { G, (B, B 2)

pzP~1

}<v (z €U),

for some v (v < 2R(3)), then

(Inipf(2)) 200 +py +REB)
w{ sl ) < o D)
Further, if
%{%ii?”}<3mm (=€ D),
then

Putting n = 0 in Corollary 15, we have
COROLLARY 16. If f(2) € A(p), 8 € C (R(B) >0), pe N, and

%{%A@&d

pzP~1

}<7 (z €U),

for some v (v < 2R(3)), then
%{ f'(2) } - (2m+§ﬁ(ﬂ) (ze ).

pzp~1 4p + 1)R(B)
Further, if
Gy, (B, B;
%{Oéif”}<§mm (),
then

%{f'(z)}<3p“ (z € U).

pzP—1 4p+1
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