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ON BITOPOLOGICAL FULL NORMALITY

M. K. Bose and Ajoy Mukharjee

Abstract. The notion of bitopological full normality is introduced. Along with other results,
we prove a bitopological version of A. H. Stone’s theorem on paracompactness: A Hausdorff
topological space is paracompact if and only if it is fully normal.

1. Introduction

A bitopological space is a set equipped with two topologies. Kelly [5] initiated
the systematic study of such spaces. Since then considerable works have been done
on bitopological spaces. Generalizing the notion of pairwise compactness (Fletcher,
Hoyle III and Patty [4]), Bose, Roy Choudhury and Mukharjee [1] introduced a
notion of pairwise paracompactness and obtained an analogue of Michael’s theorem
(Michael [6]). In this paper, we introduce the notions of pairwise full normality and
a-pairwise full normality. For a pairwise Hausdorff topological space X, we prove
that X is a-pairwise fully normal if it is pairwise paracompact, and conversely, X
is pairwise paracompact if it is pairwise fully normal. To prove the converse part,
we use the above Michael’s theorem on pairwise paracompactness.

2. Definitions
Let (X, P1,P2) be a bitopological space.

DEFINITION 2.1. [4] A cover U of X is a pairwise open cover if U C Py U Pz
and for each i = 1,2, U NP, contains a nonempty set.

DEFINITION 2.2. [2] A pairwise open cover V of X is said to be a parallel
refinement of a pairwise open cover U of X if every (P;)-open set of V is contained
in some (P;)-open set of U.

We also recall the following known definitions:
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(a) X is said to be pairwise Hausdorff (Kelly [5]) if for each pair of distinct points
z and y of X, there exist U € P; and V € Ps such that x € U, y € V and
unv =40.

(b) P; is said to be regular with respect to Pj,i # j if for each € X and each
(P;)-closed set A with « ¢ A, there exist U € P; and V € P; such that
xr€eUACVand UNV = 0. X is said to be pairwise regular (Kelly [5]) if P;
is regular with respect to P; for both i =1 and i = 2.

(c) X is said to be pairwise normal (Kelly [5]) if for any pair of a (P;)-closed set A
and a (Pj)-closed set B with ANB =0, ¢ # j, there exist U € Pj and V € P;
such that ACU, BCV and UNV = (.

(d) A cover {E, | a € A} of X is said to be point finite (Dugundji [3]) if for each
x € X, there are at most finitely many indices a € A such that z € F,.

The following definitions are introduced in Bose, Roy Choudhury and Mukhar-
jee [1].

DEFINITION 2.3. A subcollection C of a refinement V of a pairwise open cover
U of X is U-locally finite if for each x € X, there exists a neighbourhood of =
intersecting a finite number of members of C, the neighbourhood being (P;)-open
if x belongs to a (P;)-open set of U.

DEFINITION 2.4. The bitopological space X is pairwise paracompact if every
pairwise open cover U of X has a U-locally finite parallel refinement.

If in the above definition, some sets U € U are both (P1)-open and (P)-open,
then for each such set U, we select one of P; and P, with respect to which U is
open. For this choice, we have a U-locally finite refinement of /. Changing the
choice, we get a class of U-locally finite refinements of . If there are two distinct
sets Uy,Us € U such that for i = 1,2, U; is (P;)-open and U; N Us # (), then
for U-local finiteness of a subcollection C of the refinement V of U at the points
x € Up NUsz, we must get two neighbourhoods N;,i = 1,2 of x such that N; is
(Pi)-open and each intersects a finite number of members of C.

DEFINITION 2.5. The bitopological space (X, P1, P2) is strongly pairwise reg-
ular if it is pairwise regular, and if both the topological spaces (X, P;) and (X, P2)
are regular.

If U is a pairwise open cover of X, then for each i = 1,2, i’ denotes the class
of (P;)-open sets belonging to U. For a point 2 € X, aset A C X and a collection
C of subsets of X, we write

St(z,C) = | J{C eClz e C},
St(A,C) = J{C ec|AnC #0}.

Let P be the topology on X generated by the subbase A =P; U Ps.

We now introduce the following definitions.
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DEFINITION 2.6. Let U be a pairwise open cover of X. A parallel refinement
V of U is said to be a parallel star (resp. barycentric) refinement of & whenever it
satisfies the following conditions: (1) if there are two distinct sets Uy, Uy € U such
that U; is (P;)-open and U; N Uy # (), then for z € U; N Us, there are two sets
Vi,Va € V such that V; C U;,V; is (P;)-open and x € Vi N Va; (2) for any V € V
(resp. x € X), there exists a U € U such that St(V,V) C U (resp. St(z,V) C U).

A (P)-open refinement V of U is said to be a (P)-open barycentric refinement
of U if for any z € X, there exists a U € U such that St(z,V) C U.

DEFINITION 2.7. A set G € P is said to be (P;)-open if it is a union of a
(Pi)-open set and a nonempty (P;)-open set. The complement of a (P})-open set
is called a (P})-closed set.

DEFINITION 2.8. X is said to be a-pairwise normal if for any pair of a (P;)-
closed set A and a (P;)-closed set B with AN B = (),i # j, there exist a set U € P
and aset V € P; suchthat ACU,BCVandUNV =0.

It is easy to see that X is a-pairwise normal if and only if for any (PJ* )-closed
set K and any (P;)-open set U with K C U, there exists a (P;)-open set V' such
that K CV C (P)cV CU.

DEFINITION 2.9. A pairwise open cover U = {U, | o € A} is said to be
shrinkable if there exists a pairwise open cover V = {V, | a € A} such that for each
a€ A, (P)cdV, C U,. V is then called a shrinking of U.

DEFINITION 2.10. X is said to be pairwise (resp. a-pairwise) fully normal if
for every pairwise open cover U of X, there is a pairwise open (resp. (P)-open)
cover V of X such that V is a parallel (resp. (P)-open) star (resp. barycentric)
refinement of U.

We denote the set of natural numbers by N and the set of real numbers by R.

3. Theorems

THEOREM 3.1. X is pairwise fully normal if and only if for every pairwise
open cover U of X, there is a pairwise open cover V of X such thatV is a parallel
barycentric refinement of U.

The above theorem can be proved with standard arguments.

THEOREM 3.2. If X is pairwise fully normal, then it is a-pairwise normal and
pairwise normal.

Proof. Let A and B be two disjoint subsets of X which are (P;)-closed and
(P;)-closed respectively with i # j. Then there exist a (P;)-open set G and a
nonempty (P;)-open set Gy such that X — B = G1 U Gy. So {X — A,G1,Ga}
is a pairwise open cover of X. Therefore there exists a parallel star refinement
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Vof {X — A Gy,G2}. Then G = St(A,V) and H = St(B,V) are (P)-open and
(P;)-open respectively, A C G and B C H. We claim GNH = 0. If GN H # 0,
then there exist V', V" € V with ANV’ # 0,BNV"” # @ and V' NV" # (), and
so St(V',V) intersects both A and B which is impossible. Thus X is a-pairwise
normal. Similarly, we can show that it is pairwise normal. m

EXAMPLE 3.3. For any a € R, the bitopological space (R, P1,P2) where
Py ={0, R, (—0,a],(a,c0)} and Py = {0, R, (—00,a), [a,00)} is a-pairwise normal
but not pairwise normal.

EXAMPLE 3.4. Let pe R, P = {§,R}U{E U (z,00) |p¢ EC R,x € R
and z > p+ 1} and Py = the usual topology of R. Then the bitopological space
(R, Py, Py) is pairwise normal, since for any (P )-closed set A(# 0, R), we have

A=EN(-c0,z], pe ECR,z>p+1
and for any (Pz)-closed set B with AN B = (), we have p ¢ B, one can take for
Yy >,
U= (XiB)m(fooay) €P27
V:BU(Q,OO)EPI
sothat ACUBCVand UNV = (.

But (R, P1,P2) is not a-pairwise normal, since for the (P;)-closed set
F=((p—1,p+ 1)U (the set of rationals)) N (—oo,x], x > p+1,
and the (P3)-closed set
K =Mn((-oo,p—1JU[p+1,00))
where M is the (P;)-closed set
((p — 1,p + 1) U (the set of irrationals)) N (—oo, ], x > p+1,
there exists no pair of a (P)-open set U and a (P;)-open set V with F C U, K CV

and UNV = 0.

From the above two examples, it follows that the notions of pairwise normality
and a-pairwise normality are independent.

THEOREM 3.5. If X is pairwise Hausdorff and pairwise paracompact, then X
is a-pairwise normal.

Proof. Let us consider a (P;)-closed set A and a (P})-closed set B with ANB =
) and i # j. Let & € B. Then £ ¢ A. Since X is pairwise Hausdorff and
pairwise paracompact, it is pairwise regular (Theorem 5, Bose et al. [1]). Therefore
there exist a set Us € P; and a set Ve € P; such that A C Ug,{ € Ve and
Us N Ve = 0. The set X — B is (Pj)-open, and so there exist a (P;)-open set
G1 and a nonempty (P;)-open set G such that X — B = G; U G2. Therefore
the family V = {V¢ | { € B} U{G1,G2} is a pairwise open cover of X. Since X is
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pairwise paracompact, there exists a V-locally finite parallel refinement D of V. Let
V=UDeD|DNB#0}. Then Ve P;and BCV. Nowlet z € AC X — B.
Since X — B = G1 UG5 and G, G4 € V, it follows that there exists a neighbourhood
W, of  such that W, € P; (resp. W, € P;) if z € G1 (resp. x € G3) and W,
intersects finite number of sets D1, D2 ... D™ with BN Df # () and D* € D
for k =1,2,...,m. If D C V¢, ,& € B, then U, NV = 0 and z € U, where
Uy =WoN (i Ug) €P.IEU = UzeaUs, then U € P,ACU and UNV = 0.
Therefore X is a-pairwise normal. m

THEOREM 3.6. If X is a-pairwise normal, then every point finite pairwise
open cover is shrinkable.

Proof. Let U ={U, | @ € A} be a point finite pairwise open cover of X.
We well-order the index set A, and write A = {1,2,... ,«,...}. By transfinite
induction, we now construct a pairwise open cover V = {V,, | @« € A} which is a
shrinking of . We write F; = X —J{U,, | @ > 1}. Since U is a pairwise open cover,
it follows that if Uy is (P;)-open, then Fj is (P;)—closed and Fy C U;. Therefore
there exists a (P;)-open set V; such that Fy C Vi C (P)clV; C U;. Assume that
V3 is defined for every 8 < a, and consider the set

Fo=X = (Vs | 8<apu Uy 17> ah).

If Uy is (P;)-open, then F, is (P;)-closed. Also F,, C U,. Therefore there exists a
set V,, € P; such that

F, CcV,C(P)lV, CU,. (1)
If x € X, then there exist a finite number of sets U,,,Ua,, ... ,U,, such that
x €U, foralli=1,2,... ,n. If a = max(ay,as,... ), then for v > o, x ¢ U,.

Therefore z € F,, C V, if x ¢ Vg for all 3 < a. So V ={V, | a € A} is a pairwise
open cover of X. Hence it follows from (1) that V is a shrinking of /. m

Now we prove an analogue (Theorem 3.8) of A. H. Stone’s theorem on para-
compactness (Stone [7]).

For this, we require the following result.

THEOREM 3.7. [1] If X is strongly pairwise regular, then X is pairwise para-
compact if and only if every pairwise open cover U of X has a parallel refinement
V = U2 Vn, where each V,, is U-locally finite.

THEOREM 3.8. Suppose X is pairwise Hausdorff. If X is pairwise paracom-
pact, then it is a-pairwise fully normal. Conversely, if X is pairwise fully normal,
then it is pairwise paracompact.

Proof. At first we suppose that X is pairwise Hausdorff and pairwise paracom-
pact.

Let U be a pairwise open cover of X. Then there exists a U-locally finite
parallel refinement V = {V,, | « € A} of U. Since V is U-locally finite, it is point
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finite. Again by Theorem 3.5, X is a-pairwise normal, and so by Theorem 3.6,
there exists a shrinking W = {W,, | o« € A} of V. W is a pairwise open cover of X
such that for each «,

(P)clWy C V. (2)

For x € X, we write

Dy = {Va |z € (P)cdWa}. (3)

From (2) and point finiteness of V, it follows that there are finite number of V, in
the intersection (3). Hence D, € P. Now let

Ky = | J{P)edWa |z ¢ (P)clWa}.

Since V is U-locally finite, {(P)clW,} is (P)-locally finite. Therefore by 9.2
(Dugundji [3], p. 82), K, is a (P)-closed set. Therefore G, = X — K, is a
(P)-open set. Hence the collection B = {D, NG, | * € X} is a (P)-open cov-
er of X. Fory € X, let y € (P)cddW,. If y € D, NGy, then x € (P)clW,,
since otherwise (P)ciW, C K, and hence y ¢ G,. Again if x € (P)clW,, then
D, cV,= D,NG, CV,. Therefore B is a (P)-open barycentric refinement of V
and hence of Y. Therefore X is a-pairwise fully normal.

Conversely, suppose X is pairwise Hausdorff and pairwise fully normal. Let
U ={U, | a € A} be a pairwise open cover of X. By Theorem 3.1, we can construct
a sequence {U, } of pairwise open covers of X such that U/ is a parallel barycentric
refinement of U, and for each n € N, U, 41 is a parallel barycentric refinement of
U,. For a € A, let

Vi ={xeU,| Stlx,U,) CUy,},
o0

Vo = Ve,
n=1

If x € V,, then x € V* for some n, and so St(z,U,) C U,. Now let y € St(z,Up+1),
then z € St(y,Upn1). Since Uy, 41 is a barycentric refinement of U, it follows that,
St(y,Upn+1) C St(x,U,) C U,. Soy € V2 C V,,. Thus St(x,Up41) C V,. Since
U, is a barycentric refinement of U, for any x € X, there exists a U, such that
St(z,U;) C U, and so z € V,} € V,,. Therefore V = {V,, | « € A} is a refinement
of U. We now well-order V as Vi, V5, ..., V,,.... For a fixed n € N, we define

B! = X — St(X — Vi,Uy,),

B" =X — St ((X ~vaulJ Bg),un) if o> 1.

B<a
It is easy to see that
St(BL,Uy) C V, for all a,
St(Bf,Uy,) N Bj =0 for all 3 # . (4)

Let z € X. Since {V, | @ € A} is a cover of X, there is a first index « such that
x € V,. Then St(x,U,,) C V, for some m. We now show z € B™. If possible,
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suppose x ¢ B™. Then

z € St ((X ~vaull Bg),um)

B<a
= St(z,U) N ((X ~vaull,. B )) £0
= St(x,U,,) N BS' # 0 for some 8 < « (since St(x,U,) C Vo)
= x € St(BS",Up) C V.

This contradicts the fact that « is the first index for which = € V,. Therefore
x € BI'. Hence {B} |n € N,a € A} is a cover of X. We now define

G = St(B, U}, ,),n € N,a € Aif U, is (P;)open.

Then G2 is (P;)-open. Since St(Bl,U,) C V,, we have St(BZ,U,12) C V, and
hence G, C V,. Now let x € X. Then x € B? for some pair of n and « and
so x € U,, since BY C St(BI,U,) C Vo, C U,. If U, is (P;)-open, then by
definition of parallel barycentric refinement, z € U for some U € U} ,. So x €
St(Bm, U, ,) = G". Therefore G ={G% | n € N,a € A} is a cover of X and hence
a parallel refinement of . We now show that there exists no U € U,, 5 intersecting
both G and Gg for a # (8, whenever both U, and Ug are (P;)-open. Suppose
if possible, U € U, 42 intersects both Gj, and G for a # § with U, Up € P;.
Then there exist Hy, Hy € Z/{fLJFQ such that H; intersects both B} and U, and H,
intersects both Bj and U. Hence St(U, U ,) intersects both B? and Bj. Since
Up+o is a star refinement of U, it follows that some W € U, intersects both B}
and Bj. Therefore St(By,U,) intersects Bj; which contradicts (4).

Since U, 42 is a parallel refinement of U, it thus follows that for each n € N,
Gn = {G2% | a € A} is U-locally finite. Also we have G = J,—_, G~

Since X is pairwise Hausdorff, any singleton subset of X is (P;)-closed for i = 1
and 2. Therefore by Theorem 3.2, X is pairwise regular. Next we show that both
(X,P1) and (X, Ps) are regular topological spaces. Let F' be a (P;)-closed subset
of X with z ¢ F,i = 1,2. Considering {z} as a (P;)-closed set, we get a parallel
star refinement V of {X — {z}, X — F}. Then G = St({z},V) and H = St(F,V) are
(P;)-open sets with x € G, F C H and GNH = (. So (X, P;) is regular. Hence X is
strongly pairwise regular. Therefore by Theorem 3.7, X is pairwise paracompact. m
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