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SENSITIVITY ANALYSIS IN MULTI-PARAMETRIC
STRICTLY CONVEX QUADRATIC OPTIMIZATION

B. Kheirfam

Abstract. In this paper, we study multi-parametric sensitivity analysis for support set and
optimal partition invariancy with simultaneous perturbations in the right-hand-side of constraints
and the Linear Term of the objective function of the quadratic programming. We show that the
invariancy regions are convex polyhedral sets and we describe the set of admissible parameters
by the basis vectors of the lineality space and the extreme directions of the defined cone over
appropriate problems, and compare them with the linear optimization case.

1. Introduction

Sensitivity analysis and parametric programming, in particular, multi-para-
metric programming are still in focus of research [3, 5, 6]. In practice, numerical
results are subject to errors and the exact solution of the problem under consid-
eration is not known. The results obtained by numerical methods although are
approximations of the solutions of the problem but they could be considered as the
exact solutions of a corresponding perturbed problem. This is a motivation for sen-
sitivity analysis. Usually perturbations occur in the right-hand-side (RH.S) of the
constraints and/or in the linear term of the objective function. If perturbation in
the data happens with identical parameter, the problem is called a single-parametric
optimization problem. Quadratic optimization problems have been solved para-
metrically [11, 17] and the method is based on simplex method. Karmarkar [12]
introduced a method which solves linear optimization problems in polynomial time
which is known as interior point method led to reconsider sensitivity analysis for
linear optimization [1, 6, 8, 16], quadratic optimization [6]. The concept of opti-
mal partition introduced originally [7] has been extended to quadratic optimization
[2]. The optimal partition sensitivity analysis for quadratic optimization problems
have been studied when perturbation occurs in the right-hand-side (RH S) or in the
linear term of the objective function where the authors investigated the behavior
of the optimal value function along with its characteristics [6]. A different view
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of sensitivity analysis named support set sensitivity analysis has been introduced
by Koltai and Terlaky [13]. Hladik [10] studied support set and optimal partition
invariancy sensitivity analysis for multi-parameter linear optimization. However,
there are some differences in support set and optimal partition invariancy sensitivity
analysis in linear optimization and in convex quadratic optimization problems.

In this paper, we study these differences and show how to determine the invari-
ancy regions for convex quadratic optimization in view of critical regions which are
polyhedral sets. Also we point out the cases in which the support set and optimal
partition invariancy sensitivity analysis of convex quadratic optimization problems
are the same as support set and optimal partition invariancy sensitivity analysis of
linear optimization problems.

Let us consider the primal problem

minc?x + %XTQX
st: Ax=Db (QP)
x>0,
and its Wolfe dual
1
max b’y — ixTQX
st: ATy+s—Qx=c (QD)
s >0,

where Q € R™*" is a symmetric positive semidefinite matrix, A € R™*™ b €
R™ and c¢ € R” are fixed data and x,s € R"® and y € R™ are unknown vectors.
We denote the feasible solution set of the primal and dual problems by

QP ={x: Ax=Db, x>0},
0D — {(y.5): ATy +5- Qx—c, 520},

respectively. Feasible solutions x € QP and (y,s) € QD are optimal if and only
if xTs =0 [4]. Also let QP* and QD" denote the corresponding optimal solution
sets. Then for any x € QP™* and (y,s) € QD" we have

;8 =0,1=1,2,... ,n.
The support set of a nonnegative vector x is defined by
o(x)={i: x; > 0}.
The index set {1,2,... ,n} can be partitioned into subsets

B=1{i: z; >0 for some x € QP*},
N =1{i: 5, >0 for some (y,s) € 9D},
T=A{L2,...,n}\ (BUN)

={i: z;=5=0 forall x e QP* and (x,y,s) € QD*}.
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This partition is known as the optimal partition of the index set {1,2,... ,n} for
problems (QP) and (QD), and is denoted by m = (B,N,7). The uniqueness of
the optimal partition follows from the convexity of the optimal solution sets QP*
and QD*. A mazimally complementary solution (x,y,s) is a pair of primal-dual
optimal solutions of QP and QD for which

x; > 0 if and only if ¢ € B,
s; > 0 if and only if 1 € V.

The existence of maximally complementary solution is a consequence of the convex-
ity of the optimal solution sets QP* and QD" [14]. Knowing a maximally comple-
mentary solution, one can easily determine the optimal partition as well. If 7 = ()
in an optimal partition, then any maximally complementary solution is strictly
complementary. It is worth to mention that we have o(x*) C B and o(s*) C N for
any pair of primal-dual optimal solutions (x*,y*,s*).

Let A and € be k-dimensional vectors of parameters. We consider the paramet-
ric primal problem in the general form

min ¢’ (e)x + %XTQX
st Ax =b(N) (QPP)

x>0,

and its Wolfe dual

1
max b’ (\)y — ixTQx

st: ATy +s—Qx=c(e) (QDP)
s > 0.

Let x* and (x*,y*,s*) be the optimal solutions of (QP) and (QD) respectively.
The corresponding optimal partition is denoted by m = (B, N, 7). Let us define
two kinds of invariancy sensitivity analysis as follows.

SUPPORT SET INVARIANCY: Sensitivity analysis aims to identify the range of
the parameters variations, in which the perturbed problem has an optimal solution
with the same support set as of the unperturbed problem i.e. o(x) = o(x*). Note
that the given optimal solution is not necessarily a basic feasible solution.

OPTIMAL PARTITION INVARIANCY: We want to find (), €) such that the per-
turbed problem has a the same optimal partition as the unperturbed problems i.e.
we are interested in finding the region where

{(A\e) : (N €) =}

The corresponding sets of sensitivity analysis are denoted by Y p(x*) and T,
respectively which are referred to as critical regions.
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Now we try to extend support set and optimal partition invariancy sensitivity
analysis to multi-parametric case when the perturbations occur independently and
simultaneously. Thus some definitions and theorems on polyhedron are quoted
from [15].

DEFINITION 1. A set C C R" is a polyhedron if and only if there exist an m xn
matrix H and a vector h of m real numbers such that C = {x € R” : Hx < h}
where 0 < m < o0.

DEFINITION 2. The lineality space of C is defined as
Lo ={xeR": Hx =0}.
Clearly, 0 € Lo and we have Lo = {0} if and only if r(H) = n. Let
LE={xcR": y'x=0 forally € L¢},

be the orthogonal complement of Lo in R™. Thus, we have dimLe = n—r(H) and
dimL = r(H) and Lo = {0} if and only if L5 = R™. Let G be the matrix of the
rows vectors that form a basis for L. Then G has n — r(H) rows and n columns
r(G)=n—r(H) and L5 = {x e R" : Gx =0}.

DEFINITION 3. Let S C R" be any set. Then the set

t ot _
{xeR": x=> wx*, Dow=1, 4; >0, x*€8S,0<t <0},
i=1 i

i=1

is the convex hull, or conv(S) of S and the set

t . .
{xeR": x=> wx*, u; >0, x*€8S,0<t< 0},
i=1

is the conical hull of S, or cone(S).

THEOREM 4. Let C be a polyhedron, L¢ its lineality space and C° = CN LJC-,
Denote by S = {x',...,x%} the extreme points and by T = {y',...,y"} the
extreme directions of C°. Then C° = conv(S) + cone(T) and C = L¢ + conv(S) +
cone(T).

2. Invariancy regions

To identify the sets Tp(x*) and T, a computational method is introduced in
this section.

2.1. Support set invariancy.
Let (x*,y*,s*) be a primal-dual optimal solution of (QP) and (QD) with
P =o0(x*)and Z = {1,2,... ,n} \ P. Consider the partition (P, Z) of the index

set {1,2,... ,n} for matrices A, Q and the vectors x, ¢ and s as follows
Qrp Qpz >
= 3 A = A. A 3
Q <Q1T>Z Qzz (Ap Az)

(1)

= () = () =)
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We want to identify the set Y p(x*).

THEOREM 5. Let (hP h;), i € I be a basis of the lineality space
L={(v,u): ALv — Qppup — Qpzuz =0, Au=0, uy =0},
and let (gf,gj), Vj € J be all extreme directions of the convex polyhedron cone
S={(v,u): Afv— Qppup — Qpzuz >0, Au=0, uzy >0} N L.
Then
YTp(x*) ={(\e€) :b(A)"hl +c(e)"h; =0, Vi € I, b(\) gl +c(e)"g; >0, Vj € J}.

Proof. First we identify the set of (X, €) such that support set of the given
solution remains invariant i.e.

Tp(x*)={()\e):3(x,y,s) € QPP* x QDP* with o(x) = P}

={(\ e :Ax=b(\), ATy +s— Qx = c(e),

x,5>0, x's =0, o(x) = P}
={(\ ) : Apxp =Db(A),xp >0, ALy — Qppxp = cp(e),

A%y — (Qpz)"xp < cz(e)}.

Therefore, it is sufficient to determine the set of A and e for which the system
Apxp =Db(N)
ALy — Qppxp = cple)
A%y — (Qpz)"xp < cz(e)
xp > 0,

(2)

can be solved. But the system (2) is solvable if and only if the corresponding
problem
max 07y + 0T'xp

s.t: Apo = b()\)

ALy — Qppxp = cp(e) (3)
ALy — (Qpz)'xp < cz(e)
Xp S -,

has an optimal solution for sufficiently small > 0. From duality theory in linear
programming it is equivalent to the optimality of the following dual problem

min b(A\)Tv +c(e)Tu—nTwp
s.t: A;V — QPPuP — szuz — Wp = 0
Au=0 (4)
uyz Z 0
Wp Z 0.
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On the other hand the problem (4) is equivalent to

min (b(A) — Apn)Tv + (c(e)" + 1" [Qpp, Qpz])u
s.t: AgvappquQpZuZ >0 (5)
Au=0
uz > 0.
Now let L denote the lineality space of the problem (5) i.e.
L={(v,u): Algv —Qppup — Qpzuz =0, Au=0, uy = 0}.
Let (h? h;), i € I denote the vectors of basis of L, and (gf,gj), j € J denote the

extreme directions of S = {(v,u) : ALv — Qppup — Qpzuz >0, Au=0, uy >
0} N L*t. Any solution of problem (5) can be written as

(viu) = 3 (bl hi) + 3 (el g5)
icl jed

= (S pihf + X el X i+ X ), wy =0, €, (0)
i€l =2 i€l j€J
by Theorem 1. From weak duality Theorem, we have
(b)) = Apn)T (Y uh!l +3 " uigh)
iel jed
+ (c(e)" +n"[Qpr. Qrz])( Z pibhy + Zﬂ;gj)) >0,
i€l jed
which holds if and only if
b(A) = Apn)"hf + (c(6)” + 1" [Qpp, Qrz])hi =0, Vi€l
(b(A) — AP77)TE§§D + (c(e)" + 1" [Qrp, Qprz])g; >0, VjeJ
Since ALhf —[Qpp, Qpzlh; = Oforalli € T and 0 # —ATgl +[Qpp, Qpzlg; <0
for all j € J, then from (7) we get
b(A\)Th? +c(e)™h; =0, Viel,
b\ gl +c(e)'g; >0, Vjel
Therefore, (8) describes the set Tp(x*). m

REMARK 6. If @ = 0, then the problems (QPP) and (QDP) reduce to linear
optimization problems. In this case, we have

YTp(x*)={\: Apxp =b(\),xp >0} x {e: ALy = cp(e), ALy < cz(e)},

and the relation (7) reduces to

(®)

(b(\) = Apn)Th{ =0, Vi€ I,

(b(X) — Apn)'g) >0, VjeJ, o
c(e)Th; =0, Viel,
c(e)f'g; >0, Vj e J.
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Therefore
Tp(x*) ={A:b(N\)"h =0, Vie I, b(\)Tg} >0, VjecJ}
x {e:c(e)Th; =0, Vie I, c(e)'g; >0, Vj € J},

where h?

79

1€ I, and gf, j € J, are the basis vectors
Ly ={v:Alv=0},

and the extreme directions

S :{U:AZUEO}ﬂLf,
and also h;, ¢ € I, and g;, j € J, are the basis vectors

Ly={u:Au=0, u, =0},
and the extreme directions
So={u:Au=0, u, >0}NL;y,

respectively.
REMARK 7. Let Q = 0 and ¢ = 0. In this case, the set of optimal solutions of
dual problem is invariant [16]. Therefore, we will have
TP(X*) = {)\ : APXP = b()\),Xp > 0}
Thus,
Tp(x*) ={X:b(N\)"h =0, Vie I, b(\)Tg] >0, Vj € J},

where hf, 1 € I, and gf, j € J are defined as in Remark 6. One can see that

T p(x*) is the same as Theorem 5 in [10].

REMARK 8. Let Q = 0 and A = 0. In this case, the set of optimal solutions of
primal problem is invariant [16]. Therefore, we will have

Tp(x*) ={e: Apy = cp(e), A%y < cz(e)}.
Thus,
Tp(x*)={e:cle)Th; =0, Vic I, c(e)'g; >0, Vj € J},
where h;, i € I, and g;, j € J are defined as in Remark 6, and note that Y p(x*)
is as Theorem 1 in [10].
ExaMPLE 1. Consider the problem

minm% + 22129 +x§
st: x14+z0—23=2
To+ x4 =2
—T1+ 20+ x5 =2

T1,T2,T3,T4,T5 2> 0.
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Let b(A) = (24 A\, 2 — A\,2 —2)). Tt is easy to verify that optimal partition for
A =0 is as follows
m=(B,N,T)=({1,2,4,5},{3},0),
and x* = (2,0,0,2,4) is an optimal solution with o(x*) = {1,4,5}. Using Theorem
5, we specify T p(x*). The lineality space and convex polyhedron cone are
L={(v,u):v; —v3 —2u; —2us = 0,u; +ug —uz =0, ug +uy =0,
—up +uz +us =0, vg = v3 = uy = uz = 0},
S={(v,u):v; —v3—2u; —2us >0, ug +us —uz =0, ug +ug =0,
—uy +us +us =0, ug,us,ve, vz > 0}
Since L = {0}, thus there is no basis for the lineality space and the extreme
directions of the set S are as follows
gi =(1L0.0)", g1 =(-1,1,0,-1,-2)", ¢f =(1,0,1)",
g; = (07 1, O)Tv g2 = (07 0,0,0, O)T’ g3 = (Oa 0,0,0, O)T
Hence, we have
Tp(x*)={A: 24+ A1>0, 2—A>0} =(-2,2).

The region is matched with the region obtained for single-parametric case [9].

3. Optimal partition invariancy

Let m = (B,N,7) be an optimal partition of the primal-dual problems (QP)
and (QD). We consider partition (B, N, T) of the index set {1,2, ... ,n} for matrices
A, Q and vectors x,c and s as follows.

Qs Qsyn  QpT
Q= Q%N QJ}/N QnT A=(Ag Ay A7)
Qzr Qnr Q77 (10)
C5 X5 SB
c=|lcny |, X=|XNy ], S=|sn
CT XT ST
The following theorem describes the set T .
THEOREM 9. Let (h¥ h;), i € I be a basis of the lineality space
W5
L= {(ua W) : Agu - [Qng QBTa QBN] wT =0, Aw = 0, wy = 0}5
WN

and let (g?,gj), Vj € J be all extreme directions of the convex polyhedron cone

Wi
S={(u,w): A%;u— [QgB,QBT,QBN] wr | >0, Aw =0, wy >0} NL*.
WA
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Then

Tr={(\e) : b hP +c(e)'h; =0, Vie I, b(\)T g’ +c(e)’g; >0, Vj € J}.

Proof. First we identify the set of (A, €) such that given optimal partition
remains invariant, i.e.,

Tr={(Ne€):m(\e) =7}
={(\e): Ax=b()\), ATy +s— Qx = c(e),
x5 > 0,5y >0, xpaur = spur = 0}
={(\€): Apxp =b(\),xz >0, Afy — Qpsxp = cz(e),
ALY — Qpyxs < enl(e), ATy — Qprxs = cr(e)}.

Therefore, it is sufficient to determine the set of A and € for which the system

Apxp =b())
ALy — Qpixp = ci(e)
ALY — Qpnxs < en(e) (11)
ATy — Qbrxs = cz(e)
x5 > 0,

can be solved. The system (11) is solvable if and only if the corresponding problem

max 07y + 0T'xp
s.it: Apxg=Db()\)
ALy — Qspxp = cg(e)
ALY — Qiyxs < cen(e) — 1
ATy — Qirxs = cz(e)
xp >,

has an optimal solution for sufficiently small vectors n > 0 and ¢ > 0. From duality

theory in linear programming it is equivalent to the optimality of the following dual
problem

minb(A\) u + cs(e) ' wg + cr(€)Twr + (ear(e) =) wy — Ty
s.t: A%;u — Q:ngB —Qprwr — Qpywy —v=0
Aw =0 (13)
wy >0
v > 0.
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On the other hand the problem (13) is equivalent to

w3
. T
min (b(A) — Ap() u+c(e)"w —n"wy + ("[Qfs, Qor, Qon] | Wr
WnN
AT T (14)
st Agu—Qpwp — Qprwr — Qeywy >0
Aw =0
wp > 0.
Now let L denote the lineality space of the problem (14) i.e.
w3
L={(u,w): Agu — [QgB,QBT, QBN] wr | =0, Aw =0, wy =0}.
WN

Let (h®, h;), i € I denote the vectors of basis of L, and (ng, g;), j € J denote the
extreme directions of

w3
S={(u,w): Afu— [Q}z, Qs7,Qsn] | Wz | =20, Aw =0, wyr >0} NL".
W

By Theorem 4, any solution of problem (14) can be written as

(w,w) = 3 pi(b¥, i) + 3 (8%, 8))
el jeJ

= (th?+ > gl > phi+ 2 u}g)7 Wy >0, Vje
icl jeJ iel jeJ

From weak duality Theorem, we have

(b(A) — ABC)T(%Mz‘h? + %M;gf) + (c(e)” + ¢"'1Q%s. QsT, QBN7]) X
i J

x (3 pihi + Y mygs)) =0T (X wihi + Y 1585)) = 0.
icl jes iel jeJ

The above relation holds if and only if
(b(A) = Ap¢)"hE + (c(6) + (TQfp. Qs7, Quarl)hi = (hi)n =0, Vi € 1,
(b()\) - ABC>Tg§3 + (C(G)T + CT[QgBa QBT7 QBN])gJ - nT(gZ)N >0, vj € J7

(15)

Since ALhP — [Qfg, Qsr, QoaThs = 0, 0 # —A%gl + [QEs, Qsr, Qsalg; <0,
nT(h;)x =0 and 77 (g;)n > 0 from (15) we get

{ b(M)ThB + c(e)Th; =0, Vie I,

16
b(\)TgF +c(e)Tg; >0, Vj e J. (16)

Therefore, (16) describes the set T,. m
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REMARK 10. If the given pair of primal-dual optimal solution (x*,y*,s*) is
strictly complementary, then o(x*) =P = B, Z = N and 7 = @. Therefore we
have

Ti(x*) = {(A\€) : Agxg =b(A), x5 >0, Afy — Qusxs = cz(e),
ALY — (Qsn) x5 < cn(e)},

Y. ={(\e): Agxp =b(\),x5 >0, ALy — Qpsxs = cs(e),
ALy — (Qsn) x5 < cn(e)}.

These show that T, C Tp(x*); that is, the optimal partition invariancy region is
a subset of the support set invariancy region when the given optimal solution is a
strictly complementary solution.

REMARK 11. If Q =0, then 7 = @ and we will have
Y. ={\:Apxp =b(\),xp >0} x {e: ALy =cp(e), ALy < cn(e)},
S0
Y.={A:bA)"hf =0, Viel, b\ g} >0, VjeJ}x
x{e:c(e)"h; =0, Vie I, c(e)'g; >0, VjeJ},

where h8

79

1 €1, and gf, j € J, are the basis vectors
Ly = {u: ALu =0},
and the extreme directions
Sz ={u:ALu>0}nLs,

and also h;, ¢ € I, and g;, j € J, are the basis vectors

Ly={w:Aw =0, wy =0},
and the extreme directions
Sy={w:Aw=0, wy >0}NL;,

respectively.
REMARK 12. If @ = 0 and A = 0, then we have

Y,={e:cle)’h; =0, Viel, c(e)'g; >0, Vj € J},

where h; and g; are defined as in Remark 11. Note that Y, is the same as Theorem
3 in [10].
REMARK 13. If @ = 0 and € = 0, then

YT.={A:bN)'hf =0, Viel, b\ g’>0, vjeJ},

where h® and ng are defined as in Remark 11. It is obvious that T, is the same
as Theorem 7 in [10].
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EXAMPLE 2. Consider the Example 1. Let b(A) = (2+ A1 — 2X2,2 — 3\ +
A2,2 — 21 — 3X2)T and c(e) = (e1 + 2€2,3€; — 5e2,0,0,0)7. We specify Y, by
using Theorem 9. Basis for the lineality space

L={(u,w) : u3 —usz — 2wy —2ws = 0, u; +us +uz — 2wy — 2wy = 0,wy +wy =0,

w2+w4=O,—w1—|—w2—|—w5:0,u2:u;),=w3:O}

is h® = (0,0,0)”, and h; = (1,—1,0,1,2)7. The extreme directions of the polyhe-
dron

S ={(u,w) : ug —usz —2w; —2ws > 0,u1 +us+ug—2w; — 2wy > 0, wy +wy =0,

wotwy = 0, —wi +watws = 0, ug, uz, w3z > 0}N{(u, w) : wi —wer+ws+2ws = 0},

are as follows

gl = (1,0,0)", g5 = (0,1,0)7, gf = (1,0,1)",
g1 =82=83 = (070707070)T~
Therefore, we get

T, = {()\76) =261+ 7e2 =0, 241 =223 >0, 2—3A1+ X2 >0, 4— A1 =5y > 0}.

REMARK 14. If ¢ = A1, 2 = Ao, then the invariancy region is

2 14 14
A=A, —— <M < —.
2 7 1, 3 = 1 19

REMARK 15. If b(A) = (2+ X,2 — X\,2 —2\)T and € = 0, then Y, = (—2,2).
The region is matched with the region obtained for single-parametric case [9].

4. Conclusion

We studied multi-parametric sensitivity analysis for quadratic optimization in
view of support set and optimal partition invariancy. The resulting critical regions
are determined by linear equality and linear inequalities or strict inequalities which
represent polyhedral set. We stated them for linear optimization with simulta-
neously perturbations in the right-hand-side of the constraints and the objective
coefficients, and compared them with independent perturbations [10]. Our results
are extension of the results linear optimization in [10].

REFERENCES

[1] 1. Adler, R. Monteiro, A geomertic view of parametric linear programming, Algorithmica 8
(1992), 161-176.

2] A.B. Berkelaar, B. Jansen, C. Roos, T. Terlaky, Basis and tri-partition identification for
Y.

quadratic programming and linear complementary problems: From an interior point solution

to an optimal basic solution and vice versa, Mathematical Programming 86 (1999), 261-282.

[3] F. Borrelli, A. Bemporad, M. Morari, Geometric algorithm for multiparametric linear pro-
gramming, J. Optimization Theory Appl. 118 (2003), 515-540.



(4]
(5]

(6]

(7]

(8]

9]
[10]
[11]
[12]

(13]

(14]

(15]
(16]

(17]

Sensitivity analysis in multi-parametric optimization 107

W.S. Dorn, Duality in quadratic programming, Quarterly Appl. Math. 18 (1960), 155-162.

C. Filippi, An algorithm for approximate multiparametric linear programming, J. Optimiza-
tion Theory Appl. 120 (2004), 73-95.

T. Gal, H.J. Greenberg, Advances in sesitivity analysis and parametric programming, Kluwer
Academic Press, London, UK, 1997.

A.J. Goldman, A.W. Tucker, Theory of linear programming, in: H-W.Kuhn, A.W. Tuck-
er(Eds.), Linear inequalities and related systems, Annals of Mathematical Studies, 38 (1956),
Pinceton University Press, Princeton, NJ 63-97.

H.J. Greenberg, Simultaneous primal-dual right-hand-side sensitivity analysis from a primal-
dual strictly complementary solution of a linear programming, STAM Journal of Optimization
10 (2000), 427-442.

A.G. Hadigheh, T. Terlaky, Sensitivity analysis in convex quadratic optimization: Invariant
support set interval, Optimization 54 (2005), 59-79.

M. Hladik, Multiparametric linear programming: support set and optimal partition invariancy,
European J. Oper. Res. 202 (2010), 25-31.

H.J. Houthakker, The capacity method of quadratic programming, Econometrica 28 (1960),
62-87.

N.K. Karmarkar, A new polynomial-time algorithm for linear programming, Combinatorica 4
(1984), 375-395.

T. Koltai, T. Terlaky, The difference between managerial and mathematical interpretation
of sensitivity analysis results in linear programming, Intern. J. Prod. Economics 65 (2000),
257-274.

L. McLinden, The analogue of Moreau’s proximation theorem with applications to the non-
linear complementarity problem, Pacific J. Math. 88 (1980), 101-161.

M. Padberg, Linear Optimization and Extensions, Springer-Verlag, Berlin-Heidelberg, (1995).

C. Roos, T. Terlaky, J.PH. Vial, Theory and Algorithms for Linear Optimization: An Interior
Point Approch, John Wiley Sons, Chichester, UK, 1997.

P. Wolfe, The simplex method for quadratic programming, Econometrica 27 (1959), 382-398.

(received 09.12.2008; in revised form 22.12.2009)

Department of Mathematics, Azarbaijan University of Tarbiat Moallem, Tabriz, I.R. Iran

E-mail: b.kheirfam@azaruniv.edu



