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UNIQUENESS OF MEROMORPHIC FUNCTIONS WHEN TWO
DIFFERENTIAL POLYNOMIALS SHARE ONE VALUE IM

Pulak Sahoo

Abstract. In the paper, we prove two uniqueness theorems concerning nonlinear differential
polynomials, one of which generalizes a recent result in [1], and the other supplements a recent
result in [10].

1. Introduction, definitions and results

In this paper, by meromorphic functions we will always mean meromorphic
functions in the complex plane. We adopt the standard notations in the Nevanlinna
theory of meromorphic functions as explained in [7, 14, 15]. It will be convenient to
let E denote any set of positive real numbers of finite linear measure, not necessarily
the same at each occurrence. For a nonconstant meromorphic function h, we denote
by T'(r, h) the Nevanlinna characteristic of h and by S(r, h) any quantity satisfying
S(ryh) =o{T(r,h)} (r — co,r € E).

Let f and g be two nonconstant meromorphic functions, and let a be a finite
value. We say that f and g share the value a CM, provided that f —a and g—a have
the same zeros with the same multiplicities. Similarly, we say that f and g share a
IM, provided that f — a and g — a have the same zeros ignoring multiplicities. In
addition, we say that f and g share oo CM, if % and é share 0 CM, and we say

that f and g share co IM, if % and % share 0 IM (see [15]). We say that « is a

small function of f, if « is a meromorphic function satisfying T'(r, ) = S(r, f) (see
[15]). Throughout this paper, we need the following definition.

Ob, f) = 1 — limsup W

where b is a value in the extended complex plane.

In 1959, W.K. Hayman proved that if f is a transcendental meromorphic func-
tion and n(> 3) is a positive integer, then f™f’ = 1 has infinitely many solutions
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(see [6, Corollary of Theorem 9]). Corresponding to which, the following result was
obtained by Fang and Hua [4] and by Yang and Hua [13] respectively.

THEOREM A. Let f and g be two non-constant entire functions, n > 6 be a
positive integer. If f*f and g™g' share 1 CM, then either f(z) = c1e%, g(z) =
c2e™ %, where c1, ca and c are three constants satisfying (cic2)"t1c? = —1 or f = tg
for a constant t such that t"t1 = 1.

Considering k-th derivative instead of 1st derivative Fang [5] proved the fol-
lowing theorems.

THEOREM B. [5] Let f and g be two non-constant entire functions, and let n,
k be two positive integers with n > 2k + 4. If [f*]*) and [¢"]*) share 1 CM, then
either f(z) = c1e%, g(z) = coe™ %, where ¢1, ¢y and c are three constants satisfying
(=1)¥(crca)™(nc)?* =1 or f = tg for a constant t such that t* = 1.

THEOREM C. [5] Let f and g be two non-constant entire functions, and let n,
k be two positive integers with n > 2k +8. If [f"(f — 1)]® and [¢"(g — 1)]*) share
1 CM, then f =g.

Recently S.S. Bhoosnurmath and R.S. Dyavanal [3] considered the uniqueness
of meromorphic functions corresponding to the k th derivative of a linear polynomial
expression. It is worth mentioning that in the above area some investigations has
already been carried out by A. Banerjee [2]. Banerjee proved the following result.

THEOREM D. [2] Let f and g be two transcendental meromorphic functions,
and let n, k be two positive integers with n > 9k + 14. Suppose that [f"](k) and
[9"]*) share a non-zero constant b IM. Then either f(z) = c1e®*, g(z) = cae™,
where ¢y, ca and ¢ are three constants satisfying (—1)*(c1c2)™(nc)?* = b2 or f =tg
for some nth root of unity 1.

Recently in [10] Lahiri and Sahoo proved the following result.

THEOREM E. [10] Let f and g be two non-constant meromorphic functions and
a(#£ 0,00) be a small function of f and g. Let n and m(> 2) be two positive integers
with n > max{4,4m + 22 — 50 (o0, f) — 50(00, g)} — min{O(c0, f), O(c0,g)}. If
M (f™—a)f" and g"(¢g™ — a)g’ share o IM for a non-zero constant a, then either
f=gorf=—g.

Also the possibility f = —g does not arise if n and m are both even, both odd
orn is even and m is odd.

Regarding Theorem D and Theorem E, it is natural to ask the following two
questions.

QUESTION 1. What can be said about the relationship between two noncon-
stant meromorphic functions f and g, if {f™*(f —1)"}*) and {g"(g—1)"}*) share
the value 1 IM?
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QUESTION 2. What can be said about the relationship between two noncon-
stant meromorphic functions f and g, if {f*(f™ —a)}* and {g" (g™ —a)}*) share
the value 1 IM?

In this paper, we will prove the following two theorems, which generalize Theo-
rems A—E. Moreover, Theorem 1 and Theorem 2 deal with Question 1 and Question
2 respectively.

THEOREM 1. Let f and g be two transcendental meromorphic functions, and let
n(>1), k(> 1) and m(> 0) be three integers. Let [f*(f—1)™]*) and [¢"(g—1)™]*)
share the value 1 IM. Then one of the following holds:

(1) when m = 0, if f(z) # o0, g(z) # oo and n > 9k + 14, then either
f(z) = c1e%®, g(z) = coe™ %, where c1, co and c are three constants satisfying
(—=1)¥(crco)™(nc)?* =1 or f = tg for a constant t such that t™ = 1;

(1) when m = 1, n > 9k 4+ 20 and O(oo, f) > 2, then either [f"(f —
™®gm(g—-1)m* =1 or f=g;

(#ii) when m > 2 and n > 9k + 4m + 16, then either [f*(f — 1)™]®)[g"(g —
D™)®) =1 or f =g or f and g satisfy the algebraic equation R(f,g) =0, where

R(z,y) =2 (xz - 1) —y"(y—1)™.
The possibility [f*(f — 1)™]® [¢g"(g — 1)™]*) =1 does not arise for k = 1.
REMARK 1. Clearly Theorem 1 improves Theorem D.

THEOREM 2. Let f and g be two transcendental meromorphic functions, and
let n, m(> 2) and k be three positive integers such that n > 9k + 6m + 14. If
[ (f™ = a)]® and [g" (g™ — a)]®) share 1 IM, where a(# 0) is a finite complex
number, then either [f*(f™ — a)]|®[g" (g™ —a)]® =1 or f =g or f = —g.

The possibility [f*(f™ —a)]®)[g" (g™ — a)]*) = 1 does not arise for k =1 and
the possibility f = —g does not arise if n and m are both odd or if n is even and m
is odd or if n is odd and m is even.

We now explain some definitions and notations which are used in the paper.

DEFINITION 1. [8] Let p be a positive integer and b € C U {co}. Then by
N(r,b; f |< p) we denote the counting function of those b-points of f (counted with
multiplicities) whose multiplicities are not greater than p. By N(r,b; f |< p) we
denote the corresponding reduced counting function. In an analogous manner we
define N(r,b; f |> p) and N(r,b; f |> p).

DEFINITION 2. [9] Let k be a positive integer or infinity. We denote by
Ni(r, b; f) the counting function of b-points of f, where a b-point of multiplicity m
is counted m times if m < k and k times if m > k. That is

Ni(r,b; f) = N(r,b; f) + N(r,b; f [>2) + -+ N(r,b; f |> k).
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DEFINITION 3. For b € CU {oco} we put

0k (b, f) =1 — limsup W

DEFINITION 4. Let f and g be two non-constant meromorphic functions such
that f and g share the value 1 IM. We denote by Ny1(r, 1; f) the reduced counting
function of the common simple 1-points of f and g.

DEFINITION 5. Let f and g be two non-constant meromorphic functions such
that f and g share the value 1 IM. Let zy be a zero of f —1 with multiplicity p, and
a zero of g — 1 with multiplicity ¢. We denote by N (r,1; f) the reduced counting
function of those common zeros of f — 1 and g — 1 satisfying p > ¢. Similarly we
define N1(r,1;g).

2. Lemmas

In this section we present some lemmas which will be needed to prove the
theorems.

LEMMA 1. [11, 12] Let f be a non-constant meromorphic function and P(f) =
ag+ a1 f +asf? +---+a,f", where ag, ay, as, ..., a, are constants and a,, # 0.
Then

T(r, P(f)) = nT(r, f) + S(r, f).

LEMMA 2. [7] Let f be a non-constant meromorphic function, k be a positive
integer, and let ¢ be a non-zero finite complex number. Then

TG, f) < N0 f) + N0 )+ N (.5 f®) = N (1,05 1) 4 S, f)
< N(r,00 )+ Nea (0. 0: £) + N (s f8) = No (1,05 £ ) 4 S, £),

where Ny (r, 0; f(k+1)) denotes the counting function which only counts those points
such that f&D =0 but f (f*® —c) #0.

LEMMA 3. [1] For two positive integers p and k

e (k)
Ny (0559) < Nyrlr. 5 )+ 0 )= > N (r0 L 2 m) 450,
m=p+1

LEMMA 4. [14] Let f be a transcendental meromorphic function, and let ay,
as be two meromorphic functions such that T(r,a;) = S(r, f), i =1,2. Then

T(T?f) SN(T‘,OO;f)—FN(T’,al;f)+N(T,ag;f)+5(1"7f).
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LEMMA 5. Let f and g be two transcendental meromorphic functions, and let
k be a positive integer. If f*) and g*) share the value 1 IM and

A = (2k + 3)0(o0, f) + (2k + 4)0(00, g) + ©(0, f) + ©(0, g)
+ 26541(0, f) + 30,41(0,9) > 4k +13, (2.1)

then either f®)g*) =1 or f = g.
Proof. Let

SE(z)  2f0HD(z) gk (z) 290D (z)

M) = R Gy T iR -1 g () ) -

(2.2)

Let zo be a common simple 1-point of f*) and ¢(*). Then from (2.2) we see that
20 is a zero of h(z). Thus

Nit (1.1 ®) = Nig (r,1:9®) < N(r,0:0) < T(.h) +O(1)
< N(r,o00;h) + S(r, f) + S(r, 9). (2.3)

From (2.2) we know that the poles of h(z) possibly result from those zeros of f(+1)
and ¢g*t1) which are not the common 1-points of f*) and ¢(*), from the poles of f
and g, and from those common 1-points of f*) and ¢(*) such that each such point
has different multiplicity related to f*) and ¢(*). Thus

N(r,00;h) < N(r,00; f) + N(r,00;9) + N(r,0; f) + N(r,0;9) + N1, (7“, 1; f(k))
+ Ny (7’7 1;9(k)) + No (Tao;f(kﬂ)) + No (T 0; 9(k+1)) (2.4)

where Ny (r,0; f*+1)) denotes the counting function of those zeros of f**1) which
are not the zeros of f (f(k) — 1). By Lemma 2 we have

T(r, f) € N(r,50 f) + Nia (r,0:) + N (1,1 /5 ) = N (r,0: 4D ) + 56, ),
(2.5)

T(r,g) < N(r,00;9) + Niga(r,0;9) + N (T, 1; g(k)) — No (T, 0;9(’““)) + S(r, g).
(2.6)

Since f*) and g*) share 1 IM, we obtain
N (r1:/®) + 7 (r,1:90) < Ny (1,15 /0) + W (11599) + N (1,170
< Ni (n 15 79) + N (r190) + ( f<k>) +0(1)
< Niy (113 5®) + Wi (r,1399) + T, f) + N (r, 001 £) + 50, ).
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Using Lemma 3 we obtain

N, (r,l;f(k)> <N (7"7 1;f(k)) _N (r,l;f(k)) <N (r, 00; f{,ji)l))

f(k+1)
SN(T,OO' )+S(T,f)

0
< N(r,o0; f) + N (T,O;f(k)) +S(r, f)
< (k4 )N (r.00: f) + Niga (1:0: ) + S(r. ). (28)
Similarly
Ny (r, 1;9(’“)) < (k+1)N(r,00; 9) + Nit1(r, 05 9) + S(r, 9). (2.9)
So we get from (2.3)—(2.9) that

T(r,g) < (2k +3)N(r,00; f) + (2k + 4)N(r,00; g) + N(r,0; f) + N(,0; 9)
+ 2Nk+1(7’, 0, f) + 3Nk+1(7",0;g) + S(Ta f) + S(Tv g)
Similarly
T(r, f) < (2k + 3)N(r, 00;9) + (2k +4)N(r,00; f) + N(r,0; g) + N(r,0; f)
+ 2Ni41(r, 05 9) + 3Niy1 (1,05 f) + S(r, f) + S(r, 9).

Without loss of generality, we suppose that there exists a set of infinite measure
such that T'(r, f) < T(r,g) for r € I. Hence we have

- 26k+1(07 .f) - 36k+1(0’ g)} + G}T(Tvg) + S(Tv 9)7 (210)

forr € I and 0 < e < A — (4k + 13). Thus we obtain T(r,g) < S(r,g) for r € I,
which is a contradiction. Hence h(z) = 0. That is

FE2 () 2fM V() g () 290D ()
FED(E) - fR(z) =17 g®H(z)  g®(z) — 17

By integrating two sides of the above equality we get

1 _bg™(z) +a—b

O -1~ ¢®E) -1 (2.11)

where a(# 0) and b are constants. We consider the following three cases.
Case I. Let b # 0 and a = b. If b= —1, from (2.11) we obtain f*)g(k) = 1.
If b # —1, from (2.11) we get

1 bg'*) ()

FBE) - A0 )~ 1
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This together with Lemma 3 gives

N (1 096 ) < KN ) + N 105 ). (2.12)

From (2.12) and Lemma 2 we obtain

T(r,g) < N(r,00;9) + Nit1(r,0;9) + N < x (k)> — Ny (7‘, 0; g(k“)) +5(r,9)

1+
< N(r,00;9) + Niya(r,059) + 005 f) + Ni41(r, 05 f) + S(r, f) + S(r, 9)
< (2k +3)N(r,00; f) + (2k + 4) o0;g) + N(r,0; f) + N(r,0; 9)

+ 2Np1(r,0; f) + 3Nk 41 (7,05, 9) + S(r, f) + S(r, g)-

Thus we obtain

EN(r,
N(r,

[A - (4k + 13)]T(7’, g) < S(Tv g)a
a contradiction.
Case II. Let b # 0 and a # b.
If b = —1, we have from (2.11) that

()= >
FoE) = —g®(2)+a+1
Therefore
. a .
N f—— | =N ).

So by Lemma 2 and using the same argument as in case I, we get a contradiction.
If b # —1, we have from (2.11)

1 —a
M- (+3) = rpme ey

Therefore b
N (n0g) + 50 ) = Froca )
Next by Lemma 2 and in the same manner as in case I we get a contradiction.
Case III. Let b = 0. Then we obtain from (2.11) that

1 1
f) = Zgk) 4 = (2.13)
a a

ie.,
f=29+Qe) (2:14)

where Q(z) is a polynomial with its degree < k. Let Q(z) # 0. Then by Lemma 4
we have

T(r, f) < (r,Q; f) + 5(r, f)

+N
N(r,0;9) + S(r, f). (2.15)
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From (2.14) we obtain
T(r,f)=T(r,g) + S(r, ).
This together with (2.15) gives

(2k +2)©(0o0, f) + (2k + 4)©(00, g) + 20541(0, f) + 36k+1(0, g) > 4k + 11,

which is impossible. Hence Q(z) = 0. So from (2.13) and (2.14) we obtain a = 1
and so f = g. This proves the lemma. m

LEMMA 6. [2] Let f, g be two non-constant entire functions and k > 1 and
n > 3k + 8 be two integers. If [f*]*)[g"]*) = b2, where b(# 0), be a constant,

then f(z) = c1e%*, g(z) = cae” %%, where c1, ca and ¢ are three constants satisfying
(—=1)*(c1e2)™(ne)?k = b2,

LEMMA 7. Let f and g be two non-constant meromorphic functions, and let
n(>1), m(>1), k(> 1) be three integers. Then

(=™ W g - )™M #1,
fork=1and n>m+ 3.

Proof. If possible, let

(=)™ ®gn (g —1)™M® =1,
for kK = 1. That is,

=0 af = 0)f'g" g — 1) Hag —b)g' =1,
where a =n +m and b = n.

Let zp be a 1-point of f with multiplicity p(> 1), and a pole of g with multi-
plicity ¢(> 1) such that mp—1 = (n+m)q+1, i.e., mp = (n+m)g+2 > n+m+2,
ie.,

p> n+m+ 2.
m
Let z1 be a zero of af —b with multiplicity p; (> 1), and a pole of g with multiplicity
q1(> 1) such that 2p; — 1 = (n+m)q + 1, i.e.,

n+m+2
5 .

Let 29 be a zero of f with multiplicity p2(> 1), and a pole of g with multiplicity
g2(>1). Then

p1 =

npy — 1= (n+m)g + 1. (2.16)

From (2.16) we get mga + 2 = n(pa — g2) > n, i.e., g2 > ”7_2 Thus from (2.16) we

get

(n+m)(n—2)
m

npz = (n+m)ga +2 > + 2,
n+m-—2

m

Le., py 2
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Since a pole of f is either a zero of g(g — 1)(ag — b) or a zero of ¢’, we have

JandﬁéN&ﬁw%Hthw+N(n2w>+Ndn&d%%ﬂnﬂ+smw

m—+ 2 m
< +
n+m+2 n+m-—2

) T(r,g) + No(r,0;g") + S(r, f) + S(r, 9),

where No(r,0;¢’) denotes the reduced counting function of those zeros of g’ which
are not the zeros of g(g — 1)(ag — b).

Then by the second fundamental theorem of Nevanlinna we get

201, £) < N0 )+ N 1304 8 (125 ) 4 W 001 £) = Nl 07 + S(.5)

<’I’L'|T7"L’Ij;‘2i‘2 77/+T’I’Z—2){T(T’f)+T(rvg)}_N0(r7Oaf/)

+NO(T70,9)+S(T.7f)+5(r,g)' (217)

A

Similarly
m—+2 m — ,
< .
() < (22 T Y (T )+ TO0)) + N 057
_NO(T?O;g/)+S(r7f)+S(Tag)' (218)
Adding (2.17) and (2.18) we obtain

1 m+ 2 m
n+m+2 n+m-—2

) {T(r. ) + T(r.g)} < S(r. f) + S(r.g).

which is a contradiction for n > m + 3. This proves the lemma. m

LEMMA 8. Let f and g be two mnonconstant meromorphic functions, and let
n(> 1) and m(> 1) be two positive integers. If n+m > 7, then

U™ = a)l'lg" (g™ —a)) # 1.

Proof. We assume that [f"(f™ — a)]'[¢g"(¢g"™ — a)]’ = 1. Then
e =d) flgt T ey = d) g = 1, (2.19)

where ¢ = n+m and d = an. Let zg be a zero of f with multiplicity p(> 1).
Then zj is a pole of g with multiplicity ¢(> 1), say. Then from (2.19) we obtain
np—1=(n+m)g+1, and so

mq+2=n(p—q). (2.20)
From (2.20) we get ¢ > “=2 and so we have

p>l (n+m)(n—2)+2 _ntm-2
“n m m
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Let z1 be a zero of ¢f™ — d with multiplicity p;(> 1). Then z; is a pole of g with
multiplicity ¢1 (> 1), say. So from (2.19) we obtain 2p; — 1= (n+m)q1 + 1, i.e.,

P127n+72n+2~

Since a pole of f is either a zero of g(cg™ — d) or a zero of ¢’, we have

N0 ) < N(r.059) + 8 (v 55" ) + Walr0:9) + S(.) + 5(r,9)

< (gt o ) T) + ol 0:9) + S(.) + 5(r0)
where No(r,0;¢’) denotes the reduced counting function of those zeros of g’ which
are not the zeros of g(cg™ — d).
Let
cof —d=c(f —a)(f —az)-- (f — am),
where a4, as, ... a,, are m distinct complex numbers. Then by the second funda-
mental theorem of Nevanlinna we get

m

mT(r, f) < N(r,0: ) + N(r.o0 ) + 3 N(r,az: f) = No(r.0; ) + S(r, f)

j=1
< N0 + Wi ) + 8 (155 ) = No(r 07 + 50.5)
2 _
< ( gt e IO )+ ()~ Nalr0:7)
No(r,0;9") + S(r, f) + S(r, ). (2.21)
Similarly
w0 < (g b VT )+ T} + o)

— No(r,0;9') + S(r, f) + S(r, ). (2.22)
Adding (2.21) and (2.22) we obtain

(1 24 > {T(r, f) +T(r,9)} < S(r, f) + S(r.g),

n+m-—2 n+m-+2

which is a contradiction as n + m > 7. This proves the lemma. m

3. Proofs of Theorems

Proof of Theorem 1. Consider F(z) = f™(f — 1)™ and G(2) = ¢g"(¢g — 1)™
Then [F(2)]®) and [G(2)]*) share 1 IM. Let
A = (2k+3)0O(co, F) + (2k + 4)0(o0, G) + (0, F)
+0(0,G) + 20k41(0, F) + 30,41 (0, G).
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By Lemma 1 we have

: N(r,00; F) : N(r, 005 f*(f = 1)™)
F)y=1-1 L) 1
Oloo Fy =1 =Tmsup = ) S T s )T, )
) T(r, f) n+m—1
>1-1 > . 3.1
2 T T mn )
Similarly
-1
O(c0,G) > L (3.2)
m+n
: N(r,0; F) : N(r, 0 f"(f = 1)™)
00,F)=1-1 — T =1-1
O 8) = 1= hmsw =6 5 P o+ )T )
) 14+m"T(r,f) _.n+m—-1—m"
>1-1 > 3.3
- inﬁlolop (m+n)T(r, f) — m-+n ’ (3:3)
0 ifm=0 _ .
where m* = . Similarly
1 ifm>1.
_1_m*
o(0,q) > 1tm-1-m (3.4)
n—+m
. Nk+1(7‘,O;F) . Nk-‘-l(rao;fn(f* l)m)
6 0,F)=1-1 —=1-1
k+1(0, F) msup =00 U T )
) (k+m+1D)T(r,f) _n—k-—1
>1-1 > . 3.5
R TR O TR .
Similarly
Ses1(0,G) > n-k-1 (3.6)
k+1(U, < Tman . .
From (3.1)—(3.6) we obtain
—1 —1-m* —k—1
A:(4]{+7)n+m Jr2n+m m 5n
m-+n m-+n m+n
1
= 4 -1 2 —1-m* —k—-1)|.
m+n[(k’+7)(n—|—m )+ 2(n+m m*) 4+ 5(n—k —1)]
It is easily verified that if n > 9k + 4m + 2m* + 14, then A > 4k + 13. Since
9k + 14 itm=0
9k +4m+2m* + 14 =< 9k +20 ifm=1

9% +4m +16 if m > 2,

by Lemma 5 we obtain either F*)G®*) =1 or F = G.
Let m = 0. Since f(z) # oo and g(z) # oo, by F®G® = 1 and Lemma
6 we obtain f(z) = c1e%, g(z) = cae™ %%, where ¢1, ¢z and ¢ are three constants
satisfying (—1)F(cic2)™(ne)?* = 1. Also by Lemma 7 the case F(®)G®*) = 1 does
not arise for k =1 and m > 1. Let F =G, i.e.,
=" =g"(g-1" (3.7)

Now we consider following three cases.
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Case (i). Let m = 0. Then from (3.7) we get f = tg for a constant ¢ such that
th =1.
Case (ii). Let m = 1. Then from (3.7) we have
fff=1=g"g-1. (3.8)

Suppose f #Z g. Let h = g be a constant. Then from (3.8) it follows that h # 1,

hr#£1, A"t £1and g = 1177177111 = constant, a contradiction. So we suppose that

h is not a constant. Since f # g, we have h #Z 1. From (3.8) we obtain g = 117717&11

and f = (11_;7};11) h. Hence it follows that
T(r, f) =nT(r,h)+ S(r, f).

Again by second fundamental theorem of Nevanlinna, we have

N(r,00; f) = Y N(r,a5;h) > (n—2)T(r,h) + S(r, f),

j=1
where o (#1) (j =1,2,...,n) are distinct roots of the equation h"*! = 1. So we
obtain o
. N(r,00; f) _ 2
© =1-1 el < D
(00, f) msup = e <

which contradicts the assumption ©(co, f) > % Thus f =g.
Case (iii). Let m > 2. Then from (3.7) we obtain

FU™ 4 () O (1))
= G (1) g™ 4 (1)) (39)
Let h = 5. If h is a constant, then substituting f = gh in (3.9) we obtain
gn+m(hn+m _ 1) Lt (_l)z m miign—&-m—i(hn—i-m—i _ 1)
bk ()G 1) =0,

which imply A = 1. Hence f = g. If h is not a constant, then from (3.9) we can
say that f and g satisfy the algebraic equation R(f,g) = 0, where

R(z,y) = a"(x =)™ —y"(y — 1™
This completes the proof of the theorem. m

Proof of Theorem 2. Consider F(z) = f*(f™ — a) and G(z) = g"(¢g™ — a).
Then [F(2)]® and [G(2)]*® share 1 IM. Let

A = (2k 4 3)0(00, F) + (2k + 4)0(00, G) + 6(0, F)
+ @(07 G) + 25k+1(07 F) + 36k+1(07 G)
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By Lemma 1 we have

. N(TaOO7F) . N(r,oo,f"(fm—a))
Fy=1-1 — =1-1
Qe ) =1 = = ) T T )
. T(r, f) n+m-—1
>1-1 = . 1
= P (m~+n)T(r, f) m+n (3.10)
Similarly
-1
O(co, @) > 1M — 1 (3.11)
m+n
: N(r,0; F) . N(r,0, f"(f™ — a))
Fy=1-1 =1-1
OO F) =1~ lmsup =, ) S g )T, )
i (m+1DT(r, f) n-1
>1-1 = . 12
- lﬂso%p (m+n)T(r,f) m+n (3.12)
Similarly
n—1
> . 1
00.0)> "1 (3.13)
. Y r,0; F . N, r,0; f"(f™ —a
0k+1(0, F) =1 — limsup % =1—limsup k+(17(n n nf)T((J:" 7 )
. (k+m+1DT(r,f) n—-k-1
>1-1 = . .14
= P (m+n)T(r, f) m+n (3:.14)
Similarly
n—k—-1
) > — . 1
en(0.6)2 (3.15)

From (3.10)—(3.15) we get

n+m-—1 2n—l 5n—k—1
m—+n m+mn m+n

A = (4k +7)

1
Since n > 9k + 6m + 14, we get A > 4k + 13. So by Lemma 5 we obtain either
F®G®H) =1 or F = G. Also by Lemma 8 the case F(*)G(®) = 1 does not arise for
k=1and m > 1.
Let F = G. Then

[T —a)=g"(g" —a). (3.16)
Clearly if n and m are both odd or if n is even and m is odd or if n is odd and m
is even, then f = —g¢g contradicts ' = G. Let neither f = g or f = —g. We put
h = g. Then h £ 1 and h #Z —1. So from (3.16) we get

_a(l—h")
1= pntm?

m
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Since g is non-constant, we see that h is not a constant. Again since g™ has no
simple pole, h — u,. has no simple zero, where u, = exp(iii;) andr=1,2,...,n+
m—1. Hence O(u,,h) > 4 forr =1,2,...,n+m—1, which is impossible. Therefore

either f = g or f = —g. This proves the theorem. m
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