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WEIGHTED COMPOSITION OPERATORS ACTING BETWEEN
WEIGHTED BERGMAN SPACES AND WEIGHTED BANACH
SPACES OF HOLOMORPHIC FUNCTIONS ON THE UNIT BALL

Elke Wolf

Abstract. We characterize boundedness and compactness of weighted composition opera-
tors acting between weighted Bergman spaces Ay, and weighted Banach spaces Hg® of holomor-
phic functions on the open unit ball of CV, N > 1. Moreover, we give a sufficient condition for
such an operator acting between weighted Bergman spaces A, p and Ay p on the unit ball to be
bounded.

1. Introduction

Let v and w be strictly positive continuous and bounded functions (weights) on
the open unit ball By of CV. Moreover, let H(By) denote the class of all analytic
functions on By. Analytic self-maps ¢ : By — By and functions ¢y € H(By)
induce weighted composition operators ¥Cy: H(By) — H(Bn), f — ¥ (f o ¢).

We are interested in weighted composition operators acting on weighted
Bergman spaces

A= {1 € HE): Ufloi= ([ WP@av() <oof,

Bn
where dV (z) is the normalized Lebesgue measure such that V(By) =1 and 1 <
p < oo. Furthermore, we study weighted composition operators from weighted
Bergman spaces A, , to weighted Banach spaces of holomorphic functions

o= {1 € H BN U= sup wGIfG)] < 0.

Recently, the subject of composition operators and weighted composition operators
acting on various spaces of analytic functions has been of great interest, see e.g.
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[2-8], [10-12], [15-20], [22—23]. This list of articles is only an assortment of papers
on this topic.

In [23] we considered weighted composition operators between weighted Berg-
man spaces and weighted Banach spaces of holomorphic functions on the unit disk

where the involved weights belonged to a special class. This result was generalized
by S. Stevi¢ to the unit ball (see [22]).

In this article we study the boundedness of a weighted composition opera-
tor acting between weighted Bergman spaces on the unit ball and characterize
boundedness and compactness of weighted composition operators between weight-
ed Bergman spaces and weighted Banach spaces of holomorphic functions on the
unit ball for a different class of weights than the one used in [23] or [22].

2. Preliminaries

For notation and detailed information on (weighted) composition operators we
refer the reader to the excellent monographs [9] and [21].

We need some geometric facts about the unit ball. Fix a point « € By and
let P, be the orthogonal projection of CY onto the space

[a] ={Aa; A e C}

generated by a. Thus Py(z) = 0 and Pa(2) = &%, a # 0, where (z,p) =

{a0)
211:[:1 2Dy for every z = (21,...,2n),0 = (P1,...,PN) € CN. Let Qu(z) = 2z —
P, (2) be the projection onto the orthogonal complement of [«] and let s, = (1 —
la)2)2. Now define

a— Py(2) = 8aQa(2)
1—(z,a)
1— 2
oa(z) = W for every z € By.
In the sequel we consider weights of the following type. Let v be a holomorphic
function on the open unit disk D of the complex plane, non-vanishing, strictly
positive on [0,1) and such that lim,_,; #(r) = 0. Then we define the weight v by

and

Pal2) ==

v(2) == v({(z,2)) = v(|z|*) for every z € By.

Next, we give some illustrating examples of weights of this type:
(i) Consider v(z) = (1—2)%, @ > 1. Then the corresponding weight is the so-called
standard weight v(z) = (1 — |2]?)“.
L S T
(ii) Select v(z) = e~ T , &> 1. Then we obtain the weight v(z) = e -1z,
(iii) Choose v(z) = sin(l — z) and the corresponding weight is given by v(z) =
sin(1 — |z]?).

(iv) Put v(z) := % Then we get the weight v(z) =

1
1—log(1—= 1—log(1—1z|?)"
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For the fixed point @ € By we introduce a function
va(z) = v({z,a)) for every z € By.

Since v is a holomorphic function on D, v, is holomorphic on By. Later on, we
will need the extra assumption sup,cp, SUP,cp, % < M < oo. Obviously,
the weight given in (ii) does not satisfy this condition, but for the weight in (i) we
obtain

v(z) _ 1-zP _1—e?

va(2)] L= (z,)] = 1—|z]
for every z € By. Thus, the standard weights satisfy the extra assumption. More-
over, we have that

<14z <2

1 log(1 — {z,a))] < 1 — log(1 — |2])
1—log(1—]z|)
1—log(1—]z[?)
|z| — 1. Hence the weight in (iv) fulfils the assumption. Similar calculations show
that (iii) also satisfies the additional condition.

for every z € By and the function is continuous and tends to 1 if

3. Boundedness of operators ¥Cgy : Ay p — Awp
We first need the following auxiliary result, which generalizes the result in [24].

LEMMA 1. Let v be a weight as defined in the previous section such that

SUP.eBy SUPacBy W < C < oo. Then

IF(2)] < [ £1lv.p

s Q)
10

N

(fBN”(”dV(t)) (1= 225 o(2)?

for every z € By and every f € A, .

Proof. Let o € By be an arbitrary point. Consider the map

Ty : Av,p - Av,pa To(f(2)) = f(@a(z))aa(z)Tva(@a(Z))%~

Then a change of variables gives

HTaflli’,p:/B V()| (9a(2)Ploa(2)[V va(pa(2)) AV (2)

N

— v(2)lva(pa(2))| NIPoa(2)| N (a2 z
_/BN 0(Pa(2)) | f(pa(2)Ploa(z)] (¢al(2))dV(z)

su M NPloa(2) [N z z
SZEBPN o(ga(2) - | f(¢a(2)Ploalz)] (pa(z))dV (z)

<C | oIf@)Pav(t) =ClfI5,-

By
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The mean value property for the non-weighted Bergman space A, says that for
f € A, we have that
1
SOP = [ 1P aVE) =
In our setting we consider a new measure du(z) := v(z) dV(z) and, since the weight
v is radial, obtain for functions h € A, , the following equality
1
)P = s [ )P du(a)
B 1
Jp, v(2) AV (2)

Now put g(z) := (T f)(2) for every z € By. By the arguments we used above

(O /B o(z)dV(2) < CIIfI2.,.

/ FEP V().
Bn

/ Ih(2)Po(z) dV (2)
Bn

Hence
9OF [ w(:)aVE) =1#@)P( - o) @) [ o) avie) < O,
BN BN
Thus | f(a)| < cr 17l .p . Since a was arbitrary, the claim
(fBNv<t>dV<t>> (-la) 7 o)
follows. m

Now, we can give the following sufficient condition for the boundedness of an
operator YCy : Ay p — Ay p-

PROPOSITION 2. Let w be a weight and v be a weight as in Lemma 1. If
1
[Y(2)|w(z)?
Sup oy ML 1
2€Bn (1 —1(2)]?) 7 v(e(2))?
then the operator YCy : Ay p — Awp s bounded.

< 00,

Proof. Applying Lemma 1 we get for f € A,

Hdﬂ%fllﬁ;,p:/ [P ()P f(8(2)[Pw(z) dV (2)

BN
Cly(2)P
< w(2)|| fIT,, 4V (2)
Jo (Jay O VD) (1 = (B +0(0(2)
. CuEl ) e

"2y (Jpy vOQV0) (1= 6 u(6(2)

and the claim follows. m
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4. Boundedness and compactness of operators ¢Cy : A, , — HY

Next, we turn our attention to the setting of weighted composition operators
acting between weighted Bergman spaces and weighted Banach spaces of holomor-
phic functions.

THEOREM 3. Let w be a weight and v be a weight as in Lemma 1 such that
there is M > 0 with sup,¢p, SUP, ¢, h;i(i(zz))\ < M. Then the weighted composition
operator YCy : Ay p — HiY is bounded if and only if

w(2)[Y(2)]

su Sy - < 00
=€By (1 —[¢(2)]?) 77 v(d(2))7
Proof. First, suppose that sup_cp w(z)[(2)] — < 00. By Lemma 1
(1-]o(2)]?) o v(é(2))P
we have
C% [ fllup

1) < ;
(S v V()7 (1= [212)
for all z € By and f € A, . Thus, for f € A, , we get
[¥Cofllw = sup w(2)|¥(2)[1f(¢(2))]

Crw(z)y(2)]

v(z)%

< sup T - o 1l
(S v® av(®) " (o) (1 - [6(=)[2) 7
N+1
For the converse let & € By be fixed. Choose now f,(z) := 7%(‘*)(2) — for every
V(o) ()7

z € By. Then a change of variables yields

1alln, = /B fal2)Pu(z) dV(2) = / !

_ T s ANy (2 B
. I%(a)(z)“ o) (2)| N (2) dV (2)

v(z
< sup sup () |U¢(a)(2)|N+1 dV(z)
a€By z€Bx [Vg(a)(2)]

< M/ lop) ()N THdV(z) =M [ dV(t) =M

BN
Next, we assume that there is a sequence (2, )nen C By such that |¢(z,)| — 1 and
Zn)|w(zn
peivlen)
v(d(20)) 7 (1 — [d(20)[?) " ®
N+1

Tp(zn)(2) P

for every n € N. Thus consider now f,(z) := for every n € N as

U¢(zn)(z)p
defined above. Then we obtain that (f,), is a bounded sequence in A, , and thus
we can find a constant ¢ > 0 such that

w(zn) |9 (2n)|
¢ > w(zn)|Y(zn)l| fu(@(2n))] = T o\ AEL
0(¢(20))7 (1 = |@(20)[?) P

for every n € N, which is a contradiction. m

>n
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The following lemma can be shown by standard arguments, see [9].

LEMMA 4. Let w and v be weights and the operator YCq : Ay, — HgY be
bounded. Then ¥Cy is compact if and only if for any bounded sequence (fy)n in
A, p which converges to zero uniformly on the compact subsets of By we have that

||¢C¢fn||w — 0.

THEOREM 5. Let w be a weight and v be a weight as in Lemma 1 such that
there is M > 0 with Sup,e g, SUP,cp,y % < M. Moreover, let ¢ : By — By be
analytic with ||¢|loc = 1 and ¢ € HZ°. Furthermore, we assume that the operator
WOy + Ay p — HYY is bounded. Then ¢Cy is compact if and only if

w(z)[P(2)|

lim  sup T - =0. (*)
TTHEE)I> (1= 16(2)[2) 7 v(e(2)r

Proof. First, we assume that (x) holds. Let (f.), be a bounded sequence
in Ay, which converges to zero uniformly on the compact subsets of By. Let
K =sup,, || fnllvp < 00. Given € > 0 there is r > 0 such that if |¢(z)| > r, then

1

wewEl a0 v)"
(1—[(2)[2)F v(e(2))7 2KC

By Lemma 1 we have

c%qfnnv,p
(Ji v@® av(®)” (1= |22) 5 0(2)?
for every z € By and every n € N. Thus, for z € By with |¢(z)| > r, we obtain
w(2) [ Cy fu(2)] = w(2)|(2)]| £ (6(2))]

) czlw(z)lw(@l | fallop <

(Jo vV ) 1= 6205

[fn(2)] <

€
2

=

7 v((2))

for all n.

On the other hand, since f, — 0 uniformly on {u; |[u| < r} there is an
no € N such that, if |¢(z)] < r and n > ng, then |f.(¢(2))| < 5%, where
N =sup,cp, w(2)|¥(2)| < co and hence

w()[YCoful2)] = w() () f2(#(2)] < 5

for every z € By with |¢(z)| < r and every n > ng.

Conversely, suppose that ¢Cy : A, , — H:° is compact and that () does not
hold. Then there are 6 > 0 and (z,), C By with |¢(z,)| — 1 such that

w(za) 1 (zn)|
0(@(z0))7 (1= |$(20)[2) 7

>4




Weighted composition operators on between weighted Bergman spaces 233

for all n. For each n consider the function
1
1 1 - T=T6Gn)l
fu(z) = 710(#(%)(2')% <(z,¢>(z)>) for every z € By.
v¢(zn)(z)5 |p(zn)]

Since [(z, ¢(zn))| < |¢(zn)| for every z € By, the sequence (f,)y is norm bounded
and f, — 0 pointwise. Thus, it follows that a subsequence of ()Cy fy, ), tends to 0
in HZY. On the other hand

19 Cs frllw = w(2n)|0Cs fr(2n)] = w(zn) (20| fr(P(20))]
w(zn) |1 (2n) s
(1= 16(za)2) 7 v(d(z0))F

which is a contradiction. m
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