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A NOTE ON THE EXPONENTIAL CONVERGENCE
RATE FOR PRODUCTS OF SUMS

Yu Miao and Bin Qian

Abstract. In this paper, we establish an exponential convergence theorem for products of
sums of independent identically distributed positive random variables.

1. Introduction

Let (X,)n>1 be a sequence of independent identically distributed (i.i.d.) pos-
itive random variables and define the partial sums S, = >, X; and the product
of sums T, = >_7_, Sk for n > 1. In the past decade, there have been many studies
about the asymptotic properties for the products of partial sums T,.

The study for the product of partial sums was initiated by Arnold and Villasenr
[1] who considered the limiting properties of the sums of records. In their paper,
the authors obtained the following version of the central limit theorem (CLT) for
a sequence of i.i.d. exponential r.v.’s (X,,),>1 with the mean equal to one:

Son_ilog Sk —nlogn+n
=
V2n

where N is a standard normal r.v. Here we think that it is interesting to recall that
the products of i.i.d. positive, square integrable random variables are asymptoti-
cally log-normal. This fact is an immediate consequence of the classical CLT. In
[11], Rempala and Wesolowski have noted that this limit behavior of the product
of partial sums has a universal character and holds for any sequence of square in-
tegrable, positive i.i.d. random variables. Namely, they have proved the following
result.

N, as n — o0,

THEOREM RW. Let (X,,)n>1 be a sequence of i.i.d. positive square integrable
random variables with EX| = p, VarX, = 0 > 0 and the coefficient of variation

2010 AMS Subject Classification: 60F10, 60G05.
Keywords and phrases: The exponential convergence; moderate deviation principle; products
of sums; positive random variables.

251



252 Yu Miao, Bin Qian

v=o/u. Then
n 1 n
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Recently, Gonchigdanzan and Rempala [3] obtained the first almost sure cen-
tral limit theorem (ASCLT) for the product of the partial sums of i.i.d. positive
random variables as follows.

THEOREM GR. Let (X,,)n>1 be a sequence of i.i.d. positive square integrable
random wvariables with EX; = u > 0, VarX; = o%. Denote by v = o/u the
coefficient of variation. Then for any real x,

N

) 1 1 HZ—1 Sk 1/(vv/n)
§ — k=1 = < = .S.
ng%o log N <~ nI<< nlym =7 Flw), a.s

where F(-) is the distribution function of the r.v. eV2N .

For the further discussions of the CLT, the author refers to [5, 10]. In [4], Huang
and Zhang obtained the invariance principle of the product of sums of random
variables. It is perhaps worth to notice that by the strong law of large numbers
and the property of the geometric mean it follows directly that

n 1/n
—1 5k 5.
(kml) as (1.1)
if only existence of the first moment is assumed. Very recently the first author [6,
7] obtained CLT and ASCLT for the product of some general partial sums.

The studies on the products of partial sums are usually concentrated on the
classic limiting theory, such as, CLT, ASCLT, LIL. The main purpose of this short
note is to establish a exponential convergence theorem for the product of sums of
i.i.d. positive random variables.

2. Main results

2.1. A moderate deviation principle for the weighted sums

In this subsection, we establish a moderate deviation principle for the weighted
sums which will play a key role in proving our main result.

LEMMA 2.1. Let (Y,,)n>1 be a sequence of i.i.d. positive random variables with
EY; = 0 and E(Y{) = 1. Assume that the sequence of positive numbers (by,) is the
moderate deviation scale satisfying

bn logn
) \/E
If we suppose that the following exponential integrability condition holds: there
exists a positive number § such that

Eexp (3]Y1]) < o0, (2.1)

b, — oo

— 0, as n— oo.
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then for any r > 0,

1 I
lim — logP| ——— binYi| >
n—oo b% & (bn\/Zn zz:; ’
where by, =Y p_,; %, 1<i<n.
Proof. For any A € R, considering the following logarithmic moment generating
function

)\ n
A,(\) :=logEe b nY;
O = esB e (IS )

by the Gértner-Ellis theorem [2, 12], we need to calculate the following limit,

A(N) := lim iAn(bELA).

From the independence, Taylor formula and the condition (2.1), for all n large
enough, we obtain

1 2
@An(bn ) = 2 loglEeXp(ermYz>

Aby,
=5 > logEexp( Zbi,nYi
bziog ex"(m | )

Zlog 1+ =b; IEY+/\26%b2 EY? +o babin .
b2 rln ,Mm n

Since EY; = 0, EY;? = 1, and the following fact

nkl n

" 1
2 2 : 2 : _
E bi, b1n+2£ k—b1n+2 bl,n—2n—l Z,
=1 k=2 i=1 =1
we have
1 2\ = N2 "1 2?2
i G = Jim 05502, = tim (o032 7) = 5

By the Géartner-Ellis theorem, the desired result can be obtained. m
2.2. Moderate deviation principle for the product of sums

THEOREM 2.2. Let (Xp)n>1 be a sequence of i.i.d. positive random variables.
Denote p = E(X1) > 0, the coefficient of variation v = o /u, where 0? = Var(Xy),
and Sy, = X1+ -+ X, k = 1,2,... In addition, assume that the sequence of
positive numbers (by,) is the moderate deviation scale satisfying

b, logn

Jn

b, — oo, — 0, as n— oo.
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If there exists a sequence of positive real numbers (o) such that
Qp Qnp

Lo, Om oo Vnlogn
by, \/ﬁ n apby

—0 (2.2)

Ay — 00,

and for allt >0

.1 1|, Sk
_ [ — | > = — .
nlirrgo 0 IOgP<bn\/ﬁ glog |2 t) 00, (2.3)
then we have for any r > 1,
1
1 T8 bnV2n 1 2
lim —logP @ o >r| = _ (logr) ; (2.4)
n—oo b2 nly 2
and for any 0 <r <1,
1
1 T8 bnV2n 1 2
lim —logP @ oz <r|= _ (logr) . (2.5)
n—oo b2 nly 2

Proof. Without loss of generality, let © = 1,02 = 1, then v = 1. Let C} =
Sk/k, k=1,2---. For any r > 0, 0 < & < 1/2, it follows that

P(bn\l/%ilog(Ck) > r)

k=1

1 n
=P —— log(Cy) >r, max |Cp —1|>¢
(v 2 ostCn) = mas 1011 22)

1 n
> _
+P<bnm;10g(0k) > r,af%%}énwk 1 < e)
=i A, + Bn. (2.6)

By the comparison inequality in [8, Corollary 4], for any € > 0, it is obvious that

% - 1' > e) < IP’((X%%@ ;:(Xi - 1)‘ > an€>
En:(xi - 1)‘ > ana/c>

< c]P’(
=1
2 (X 1)’ S bj\;%C)’ 2.7)

IP’( max

an<k<n

1
=P ——
‘ <b”\/ﬁ i=1

where ¢ > 0 is a constant. From the assumption

QAn

b v/
classic moderate deviation principle (cf. [2, 12]), it follows that for any € > 0,

— 00 (n — o0) and the

1
lim — log]P’< max

n—oo b% an<k<n

% — 1‘ > 5) = —00. (2.8)
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From this we know that the term A,, in (2.6) is negligible in the sense of the mod-
erate deviation principle. To estimate the term B,,, we will expand the logarithm:
log(1+2) =z — %, where 6 € (0,1) depends on z € (—1/2,1/2). Let E,
denote the event {max,, <x<n |Cx — 1| < €}, thus

B, (b o & Z log(Ck) > r,max,, <k<n |Ck — 1| < a)
_ (b m(k%llog((?k)—i—k I af: . +(00:(5:) 1))2) > 1, B, )
= (b m(kzllog<ck)+k %l (Cr—1) — [ af q +9k’“(gjl e A ED
_P<bm(xlog(0k)+k§+l ck—1) )
= D, —F,.

By the same reason as for the term A,,, we know that the term F), is also negligible
in the sense of the moderate deviation principle. Furthermore, by the condition
(2.3), the term e \1/%’22‘"1 log Ck ‘ is negligible with respect to the moderate

(253

deviation principle. Similarly as for (2.7), we know that i W‘Z Cy — 1)‘ can
be neglected in the sense of the moderate deviation prlnc1ple S0, from Lemma 2.1,

we have

1 1 = r?
lim — logP Co—1)y>r|=——.
nibo b2 08 (bn\/Zn k:;H( k=12 ) 2
Next if we can prove the claim: for any € > 0,

g oee (5 |, Z+ a2 = e

then the desired results can be obtained. Note that for |x| < 1/2 and any 6, € (0,1),
it follows that a +9 Trar S 4z2. Therefore we have

P(bni/ﬁ[k:aim TG e 2 ) <P(E 3 @erze)

k=an+1

By Theorem 15 and Lemma 5 in [9, Chapter III], for all n sufficiently large, it
follows that

(bfz (G =17 >§Z (’ZX ‘ %)

k=a,+1

b\ anb
<2 exp (—cn> < (1 — ecﬁ> exp{—c n "}
_Z 7 NG

; exp{—canbn} < S—n eXp{—canbn}
_%(Cn)Q N e NS

A
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where c is a positive constant. Therefore we have

O, 1 4n
1 P E >e)<—c—" 4 —log| — — 0.
. <b \fk an +1 _6) B Cbn\/ﬁer% Og<0bn> o

Thus the claim (2.9) holds. m

2

REMARK 2.3. If the sequence (by,) satisfies hfg"n — 00, then there exists
affirmatively a sequence (ov,) with the properties (2.2).
REMARK 2.4. By the Jensen’s inequality, we have

o 188 Sk L1
Zlog<log( Z kk)’ log?kZEZIOgXZ—, a.e.
i=1

Hence, in order to make the condition (2.3) hold, it is sufficient to show the following
relations: for any t > 0,

1 &S b Vit o b it
b710 P( o 71%26 on > logP< szanXiZE an >—>OO7
and
Qn 1 k
logIP’< T Z log X;) > tbn\/ﬁ)
k=1 i=1
1 Qn
= logIF’< bi o, (log X;) > tbn\/ﬁ) — —00,
n i=1
where b; o, = > 0", 1.

EXAMPLE 2.5. (Bounded random variables) Let (X,,) be a sequence of i.i.d.
bounded random variables with a < X; < b, where 0 < a < b < co. If l(zgz" — 0
then the assumption (2.3) holds. !

Noting Elog X; < logEX; = 0, for any ¢ > 0, let ¢, = tbnf/(4|ElogX1|),
then by the Hoeffding’s inequality and the facts Zl 1big, = tn, ZZ 1 bft ~ 2t,,
there exists a constant ¢ > 0 such that

n

t k
1 <. Sk 1 thy /70
Pl——S log2k <) <P(=S" =Y (log X;) >
(bnﬁ;ogk < t)_ ( k=1kZ(og i)z — )

i=1

tn thy /10
_ P(_ S b, (log X, — Elog X,) > B ) < eV (2.10)
=1

and, by the inequality e™* <1 -2 + %x{ x > 0, for all n large enough

(ote $ )= 5 (et 5)

i=t,+1 k=t,+1 n
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o thy Vi
<1 2k > e—zan)

Hence if we take o, = b,/n(logn)'/?, then

nh_)rrgo 0 logIP<b le ) = —o0. (2.12)

Moreover, by the inequality 1 4+ x < e®,x > 0, then

2 logIE”< menx >eb"anﬁ)

1 1 & bny/nt
< b%logp(an ;bi,an(xi -1)> an) — —0

by the Hoeffiding’s inequality again. So from the above discussions, the condition
(2.3) holds.

EXAMPLE 2.6. (Exponential random variable) Let (X, ) be a sequence of i.i.d.
exponential random variables with density function f(z) = yo > 0. If log %0,

by using the exponential inequalities in [9, Chapter I1I], it is not dlfﬁcult to get
the inequalities (2.10)-(2.12), which yields the condition (2.3). So we omit these
proofs.
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