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FIXED POINT THEOREMS FOR SOME GENERALIZED
CONTRACTIVE MULTI-VALUED MAPPINGS
AND FUZZY MAPPINGS

Ramendra Krishna Bose and Mrinal Kanti Roychowdhury

Abstract. In this paper, first we give a theorem which generalizes the Banach contraction
principle and fixed point theorems given by many authors, and then a fixed point theorem for a
multi-valued (6, L)-weak contraction. We extend the notion of (0, L)-weak contraction to fuzzy
mappings and obtain some fixed point theorems. A coincidence point theorem for a hybrid pair
of mappings f : X — X and T : X — W/(X) is established. Later on we prove a fixed point
theorem for a different type of fuzzy mapping.

1. Introduction

Banach contraction principle plays a very important role in nonlinear analysis
and has many generalizations (cf. [14] and the references therein). Recently, Suzuki
gave a new type of generalization of the Banach contraction principle (cf. [20]).
Then Kikkawa and Suzuki gave another generalization, which generalizes the work
of Suzuki (cf. [20, Theorem 1]) and the Nadler fixed point theorem (cf. [16]). In
[3], M. Berinde and V. Berinde extended the notion of weak contraction from
single valued mappings to multi-valued mappings and obtained some convergence
theorems for the Picard iteration associated with multi-valued weak contractions.
As mentioned by Berinde and Berinde (cf. [3]), a lot of well-known contractive
conditions considered in the literature contains (8, L)-weak contraction as a special
case. But this case, under consideration in this paper, is very general as unlike
others the condition that # + L < 1 is not required. For details one is referred to
[3]. In [12], Kamran further extended the notion of weak contraction and introduced
the notion of multi-valued f-weak contraction and generalized multi-valued f-weak
contraction. In this paper in Theorem 3.1, we generalize the work of Kikkawa and
Suzuki (cf. [14, Theorem 2]), Nadler (cf. [16]), Kamran (cf. [12, Theorem 2.9]),
and Berinde and Berinde (cf. [3, Theorem 3|. In Theorem 3.4, we proved a fixed
point theorem for a multi-valued (0, L)-weak contraction defined on a nonempty
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closed subset of a complete and convex metric space. In Theorem 4.1, a fixed point
theorem for a (#, L)-weak contractive fuzzy mapping is obtained which extends the
result of Berinde and Berinde (cf. [3, Theorem 3]). In Theorem 4.2, a coincidence
point theorem for a hybrid pair of mappings f: X — X and T : X — W(X); and
in Theorem 4.3, a fixed point theorems for a (o, L)-weak contractive fuzzy mapping
are obtained (definitions follow). Finally in Theorem 4.5 and in Theorem 4.7, we
prove fixed point theorems for a different type of fuzzy mapping T : X — K(X).

2. Basic definitions and lemmas

In this section first we give the following basic definitions and lemmas for multi-
valued mappings, and then that for the fuzzy mappings. (X, d) always represents a
metric space, H represents the Hausdorff distance induced by the metric d, CB(X)
denotes the family of nonempty closed and bounded subsets of X, and C(X) the
family of nonempty compact subsets of X. Let P(X) be the family of all nonempty
subsets of X, and let T : X — P(X) be a multi-valued mapping. An element
x € X such that © € T'(z) is called a fixed point of T. We denote by Fiz(T) the
set of all fixed points of T, i.e.,

Fiz(T)={z € X : 2 € T(z)}.

Note that, z is a fixed point of a multi-valued mapping T if and only if d(x, T'(z)) =
0, whenever T'(x) is a closed subset of X.

LEMMA 2.1. [16] Let A and B be nonempty compact subsets of a metric space
(X,d). If a € A, then there exists b € B such that d(a,b) < H(A, B).

DEFINITION 2.2. Let (X,d) be a complete metric space. X is said to be
(metrically) convex if X has the property that for each x,y € X with x # y there
exists z € X, ¢ # z # y such that

d(z,z) + d(z,y) = d(x,y).

LEMMA 2.3. [5] If K is a nonempty closed subset of a complete and metrically
convex metric space (X,d), then for any x € K, y € K, there exists a point z € 0K
(the boundary of K ) such that

d(x,z) + d(z,y) = d(z,y).

DEFINITION 2.4. A multi-valued mapping T : X — CB(X) is said to be a
multi-valued weak contraction or a multi-valued (6, L)-weak contraction if and only
if there exist two constants 6 € [0,1) and L > 0 such that

H(T(x),T(y)) < 0d(x,y) + Ld(y, T (x)),

for all z,y € X.
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DEFINITION 2.5. Let f: X — X and T : X — CB(X). The mapping T is
said to be a multi-valued (f, 6, L)-weak contraction if and only if there exist two
constants 6 € [0,1) and L > 0 such that

H(T(x), T(y)) < 0d(f(x), f(y)) + Ld(f(y), T (x)),

for all z,y € X.

LEMMA 2.6. [16] If A,B € CB(X) and x € A, then for each positive number
« there exists y € B such that d(x,y) < H(A,B) + a, i.e., d(z,y) < qH(A, B)
where ¢ > 1.

LEMMA 2.7. [16] Let {A,} be a sequence of sets in CB(X), and suppose that
lim,, o H(A,, A) =0, where A € CB(X). Then if x, € A, n=1,2,..., and if
limy, o0 Ty = xo, it follows that xo € A.

DEFINITION 2.8. [21] Let (X,d) be a metric space, f : X — X be a self-
mapping and T': X — CB(X) be a multi-valued mapping. The mappings f and T'
are called R-weakly commuting if for a given x € X, f(T'(z)) € CB(X) and there
exists some real number R such that

H(f(T(x)), T(f(x))) < Rd(f(x),T(x)).

DEFINITION 2.9. [11] The mappings f : X — X and T : X — CB(X) are
weakly compatible if they commute at their coincidence points, i.e., if f(T(z)) =
T(f(x)) whenever f(z) € T(x).

DEFINITION 2.10. [13] Let T': X — C'B(X). The mapping f : X — X is said
to be T-weakly commuting at « € X if f(f(x)) € T(f(z)).

Note that R-weakly commuting mappings commute at their coincidence points.

A real linear space X with a metric d is called a metric linear space if d(x +
z,y+2) =d(z,y) and oo, — @, T, > & = auz, — ax. Let (X,d) be a metric
linear space. A fuzzy set A in a metric linear space X is a function from X into
[0,1]. If € X, the function value A(x) is called the grade of membership of z in
A. The a-level set (or a-cut set) of A, denoted by A,, is defined by

Ag={z: A(z) > a} if a € (0,1],
AO = {x : A(IZ’) > 0}
Here B denotes the closure of the (non-fuzzy) set B.

DEFINITION 2.11. A fuzzy set A is said to be an approximate quantity if and
only if A, is compact and convex in X for each a € [0, 1] and sup,cx A(z) = 1.

Let F(X) be the collection of all fuzzy sets in X and W (X) be a sub-collection
of all approximate quantities. When A is an approximate quantity and A(zg) = 1
for some zy € X, A is identified with an approximation of zy. For z € X, let
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{z} € W(X) with membership function equal to the characteristic function x, of
the set {z}.

DEFINITION 2.12. Let A, B € W(X), a € [0,1]. Then we define

Pal(A, B) = xeAf,l@f,eBa d(z,y),
p(A, B) = suppa (A4, B),

D,(A,B) = H(A., B.),
D(A,B) =sup D, (A, B)

where H is the Hausdorff distance induced by the metric d.

The function D, (A, B) is called an a-distance between A, B € W(X), and
D a metric on W(X). We note that p, is a non-decreasing function of a and
thus p(A, B) = p1(A, B). In particular if A = {z}, then p({z}, B) = p1(z,B) =
d(xz,B;1). Next we define an order on the family W (X), which characterizes the
accuracy of a given quantity.

DEFINITION 2.13. Let A,B € W(X). Then A is said to be more accurate
than B, denoted by A C B (or B includes A), if and only if A(z) < B(z) for each
rc X.

The relation C induces a partial order on the family W (X).

DEFINITION 2.14. Let X be an arbitrary set and Y be any metric linear space.
F is called a fuzzy mapping if and only if F' is a mapping from the set X into W(Y").

DEFINITION 2.15. For F : X — W(X), we say that u € X is a fixed point of
F if {u} C F(u), i.e. if u € F(u);.

LEMMA 2.16. [10] Let € X and A € W(X). Then {z} C A if and only if
pa(z, A) =0 for each o € [0,1].

REMARK 2.17. Note that from the above lemma it follows that for A € W(X),
{z} C A if and only if p({z}, A) = 0. If no confusion arises instead of p({z}, A),
we will write p(z, A).

LEMMA 2.18. [10] po(z, A) < d(x,y) + pa(y, A) for each z,y € X.

LEMMA 2.19. [10] If {zo} C A, then po(xo,B) < D, (A, B) for each B €
W(X).

LEMMA 2.20. [15] Let (X, d) be a complete metric linear space, F' : X — W (X)
be a fuzzy mapping and xg € X. Then there exists x1 € X such that {x1} C F(xo).

REMARK 2.21. Let f: X — X be a self map and T': X — W(X) be a fuzzy
mapping such that U{T'(X)}, C f(X) for each o € [0,1]. Then from Lemma 2.20,
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it follows that for any chosen point g € X there exist points x1,y; € X such that
y1 = f(z1) and {y1} C T(xo). Here T(z)o = {y € X : T(x)(y) > a}.

DEFINITION 2.22. Let f: X — X be a self mapping and T : X — W(X) be
a fuzzy mapping. Then a point v € X is said to be a coincidence point of f and T
if {f(u)} C T(u),ie. if f(u) € T(u);.

DEFINITION 2.23. A fuzzy mapping T : X — W(X) is said to be a weak
contraction or a (6, L)-weak contraction if and only if there exist two constants
6 €[0,1) and L > 0 such that

D(T'(2),T(y)) < bd(z,y) + Lp(y, T'(x)),
for all z,y € X.
DEFINITION 2.24. A fuzzy mapping T : X — F(X) is said to be a weak

contraction or a (6, L)-weak contraction if and only if there exist two constants
6 €[0,1) and L > 0 such that

H(T(x)oz(x)7 T(y)a(y)) < Gd(x, y) + Ld(y7 T(x)a(z))a
for all z,y € X where T'()q(2), T(Y)a(y) are in CB(X).
DEFINITION 2.25. For a complete metric linear space X, let f : X — X be
a self mapping and F : X — W(X) a fuzzy mapping. T is said to be a f-weak

contraction or a (f, 6, L)-weak contraction if and only if there exist two constants
6 €0,1) and L > 0 such that

D(T(x), T(y)) < 0d(f(x), f(y)) + Lp(f(y), T(x)).

DEFINITION 2.26. A fuzzy mapping T : X — W (X) is said to be a generalized
(o, L)-weak contraction if there exists a functions « : [0,4+00) — [0, 1) satisfying
limsup, _;+ a(r) < 1 for every ¢ € [0, +00), such that

D(T(z),T(y)) < a(d(z,y))d(z,y) + Lp(y, T(x)),
for all x,y € X and L > 0.

LEMMA 2.27. [17] Let A be a subset of X. Let {A, : «a € [0,1]} be a family of
subsets of A such that

(i) Ag = A,
(17) o < B implies Ag C Aq,
(i) g < g < -+ <y, limy oo i = a implies Ay = Upe; Aay -

Then the function ¢ : X — I defined by ¢(x) = sup{a € I : © € A,} has the
property that A, = {x € X : ¢(x) > a}.

Conversely, in any fuzzy set p in X the family of a-level sets of pu satisfies the
above conditions from (i) to (iii).

The function ¢ in the above lemma is actually defined on the set A, but we
can extend it to X by defining ¢(x) = 0 for all z € X — A. This lemma is known
as Negoite-Ralescu representation theorem.
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3. Multi-valued mappings

In this section we prove all the main theorems of this paper regarding multi-
valued mappings. Theorem 3.1 gives a generalization of Banach contraction prin-
ciple. In Theorem 3.2 we have stated and proved a further generalization of Theo-
rem 3.1 and Banach contraction theorem, and Theorem 3.4 concerns a multi-valued
non-self weak contraction and its fixed point. In proving the existence of a fixed
point of such a mapping, we follow the technique of Assad and Kirk (cf. [5]). Our
theorems extend the results of several authors.

THEOREM 3.1. Let (X,d) be a complete metric space and let T : X — CB(X).
Suppose that there exists two constants 6 € [0,1) and L > 0 such that

n(0)d(z,T(x)) < d(z,y) implies H(T (), T(y)) < 0d(z,y) + Ld(y, T(z))

1 1

forallz,y € X, where n:[0,1) = (557, 191

decreasing function. Then
(i) there exists z € X such that z € T(z), i.e., Fix(T) # 0;
(i1) for any point xg € X, there exists an orbit {x,} of T at o with Tp41 €

T(xy,) such that {x,} converges to a fixed point z of T for which the following
estimates hold:

| defined by n(0) = ﬁ is a strictly

n

—h

d(zg,x1) forn=0,1,2,...

h
d(zn,2) < ﬁd(xn,l,xn) form=1,2,...,

for some h < 1.

Proof. (i) Suppose ¢ > 1. We select a sequence {z,} in X in the following
way. Let 29 € X and 21 € T(x¢). Then we have n(0)d(xq, T(xq)) < n(0)d(xg,z1) <
d(xo,x1). Hence from the given hypothesis we have,

H(T(Zo),T(Il)) S Hd(:co,xl) + Ld(ﬂfl,T(xo)) = 0d(f£0,$1).
There exists a point 23 € T'(x1) such that

d(x1,22) < gH(T(20),T (1)) < q[0d(x0, 1) + Ld(z1, T (20))] < q0d(x0,x1).
Since the above inequality is valid for any ¢ > 1, we choose ¢ > 1 such that
h=q0 <1 for any 0 € [0,1). Thus, d(z1, z2) < hd(zg,x1).

Let 23 € T(x2) be such that d(xs,z3) < qH(T(x1),T(x2)). Note that
n(0)d(x1,T(x1)) < n(@)d(x1,22) < d(z1,22), and so by the given hypothesis,
H(T(x1),T(z2)) < 0d(x1,22) + Ld(x2,T(x1)) = 6d(x1,x2). Hence we have,
d(za,x3) < hd(x1,22). Proceeding in this way we can obtain a sequence {z,}

in X such that d(zp_1,2,) < hd(zp_2,2n—1). It can easily be shown that {z,} is
a Cauchy sequence in X. Since X is complete let z,, — z € X.
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Next we show that d(z,T(z)) < 0d(z,x) + Ld(z, z) for all x € X\{z}. Since
xn, — 2, for z € X\{z} there exists v € N such that d(z,z,) < +d(z,z) for all
n € N with n > v. Then we have,

n(0)d(zn, T(z,)) < d(xm (mn)) <d(wp, Tny1) < d(xn, 2) +d(2, Zng1)
< d(z x)+ d( x,z) = 2 (9: z)=d(z,z) — éd(x,z)
< d(x,z) (mn, z) < (a: Tn) + d(xp, 2) — d(xy, 2)
d

(z,2n),

ie, n(@)d(zn, T(x,)) < d(zn,z) for n > v, which implies H (T (z,),T(x)) <
0d(x,, ) + Ld(x, T(xn)) for n > v. For n > v, this implies

d(xpt1, T(x)) < 0d(xp,x) + Ld(z, T(xy))
< Od(xpn,z) + Ld(x, Zp11).

Taking n — oo we have, d(z,T(x)) < 0d(z,x) + Ld(z, z) for all z € X\{z}. Next
we show that

H(T(x),T(z)) <0d(x,z)+ Ld(z,T(x)) for all z € X. (

—_
~—

Equation (1) is satisfied when « = z. Now we take x # z. For every n €
there exists y, € T(x) such that d(z,y,) < d(z,T(x)) + 2d(z,2) as d(z,T(z))
infyep(z) d(2,y). Consider the following

Iz

d(z, T (z)) < d(z,yn) < d(z,2) + d(2, yn)
< d(x, 2) + d(z T(z)) + %d(m, 2)
< d(x,2) + (0 + L)d(x, =) + %d(m,z)
=(14+6+L+ %)d(x,z).

Dividing both sides by 1+ 6 + L we have,

1 1

T pd@ @) < Ut org )@, 2),

for any n, and hence n(6)d(z,T(z)) < d(x,z). Then by the given hypothesis,
H(T(z), T( ) < 0d(z,z) + Ld(z T(x)) is satisfied for all x € X. Now we have,

d(z,T(z)) = nh_)rr;<> d(xp11,T(2)) < lim H(T(z,),T(2))

n—oo

< nli_)n;o{ed(xn, z) + Ld(z,T(x,))}
< nli_}ngo{ed(a:n, z)+ L{d(z, 1) + d(@pg1, T(xn))]} = 0,

which implies d(z,T(z)) = 0, and hence z € T(z), i.e., FizT # () as T(z) is closed.
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To prove (ii) let us proceed as follows: The sequence {z,} obtained in the
proof of (i) are such that z,+1 € T(x,) for n > 0 and satisfies

(T, Tpi1) < hd(xn_1,7,) < B2d(n_0,2n_1) < - < h™d(z0,T1).
Also we have
d(@nsks Tnyr1) < BT (21, 2,,) for any k > 0.
Using the above inequalities we have

d(l’n, xn+p) < d(l’n, xn+1) + d(xn+1a xn+2) +- 4+ d(xn%»pfla anrp)
< hd(zo, 1) + h"d(xg, x1) + -+ BVTPT (g, 21)
(1—h?)

=T

d(.ﬁo,l‘l), (2)
and

A(Tns Tnip) < d(Tp, Tng1) + d(@pt1, Tng2) + -+ d(@pp—1, Tntp)
S hd(l'n—la xn) + th(x7L—17 l'n) + -+ hpd($n_1, xn)
_ P
= h(%z)d(xn,hmn). (3)
Taking p — oo, and noting the fact that lim, . d(zp, Tntp) = d(zn,z) and
lim, o A? = 0, from (2) and (3) we obtain the assertion (i7) of the Theorem. m
The above theorem is a generalization of Theorem 2 of Kikkawa and Suzuki

(cf. [14]) which is obtained when L = 0. It is also a generalization of Theorem 3 of
Berinde and Berinde (cf. [3]).

COROLLARY 3.1.1. [14, Theorem 2] Define a strictly decreasing function n

from [0,1) onto (%, 1] by n(r) = lir. Let (X, d) be a complete metric space and let

T be a mapping from X into CB(X). Assume that there exists r € [0,1) such that

n(r)d(z,T(z)) < d(z,y) implies H(T'(x), T(y)) < rd(z,y)
for all x,y € X. Then there exists z € X such that z € T(z).

COROLLARY 3.1.2. (Nadler [16]) Let (X, d) be a complete metric space and let
T be a mapping from X into CB(X). If there exists r € [0,1) such that

H(Tz,Ty) < rd(xz,y) for all z,y € X,
then there exists z € X such that z € T'z.
Proof. Given that T satisfies the condition of Nadler’s theorem, i.e.,
H(Tz,Ty) <rd(z,y) for all z,y € X and r € [0,1), (4)

we have to prove that there exists z € X such that z € T'(z).
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For any z € X, y € T(x) we have d(y,T(y)) < H(T(x),T(y)). Hence by (4)
we have,

dy, T(y)) < H(T(x),T(y)) < rd(z,y),
Le., n(r)d(y, T(y)) < rd(z,y), i.e
n(r)d(z, T'(z)) < d(y,x) = d(z,y) (5)

as r < 1 and n(r) < 1. Hence by (4), (5) and Theorem 3.1 for L = 0, it follows
that there exists z € X such that z € T(z). m

THEOREM 3.2. Let (X,d) be a metric space, T : X — CB(X) and f : X — X.
Suppose that there exists two constants 6 € [0,1) and L > 0 such that

n(0)d(f (), T(x)) < d(f(x), f(y)) implies
H(T(x), T(y)) < 0d(f(z), f(y)) + Ld(f(y), T(x))

for all x,y € X, wheren:[0,1) — (2—11-L’ 1+L] defined by n(6) = ﬁ is a strictly

decreasing function, T(X) C f(X) and f(X) is complete. Then

(i) the set of coincidence point of f and T, C(f,T) is nonempty.

(1) for any xo € X, there exists an f-orbit Of(xo) = {f(zn) :n=1,2,3...}
of T at the point x¢ such that f(x,) — f(u), where u is a coincidence point of f
and T, for which the following estimates hold:

h™
1—-nh
h

A(f (). f(0) < T d(f ). flan))e n=1.2,...

for a certain constant h < 1. Further, if f is R-weakly commuting at u and
f(f(w) = f(u), then f and T have a common fized point.

d(f(xn), f(u)) <

d(f(x())a f(xl))a n = O’ ]-7 27 sy

Proof. Let zyp € X, and x; € X such that f(z1) € T(x9). Then
n(0)d(f(zo0), T(x0)) < d(f(x0), f(x1)), and so by the given hypothesis we have

H(T(0), T (1)) < 0d(f(wo0), f(x1)) + Ld(f (1), T(x0)) = 0d(f (o), f(21)).

Let zo € X besuch that f(z2) € T(z1) and then d(f(z1), f(x2)) < ¢H(T(x0),T (1))
< hd(f(xo), f(x1)), where ¢ > 1 and ¢ is chosen in such a way that h = ¢f < 1.
Now

n(0)d(f (x1), T (21)) < n(0)d(f(21), f(x2)) < d(f(21), f(22)),

which implies

H(T (1), T(x2)) < 0d(f(x1), f(22)) + Ld(f(22), T (1)) = 0d(f (1), f(22)).

Let 23 € X besuch that f(x3) € T(x2) and then d(f(z2), f(x3)) < ¢H (T (x1),T(x2))
< hd(f(x1), f(z2)) < R2d(f(x0), f(71)). Proceeding in this way we obtain a se-
quence {f(z,)} in X. Tt can easily be shown that the sequence {f(z,)} is a
Cauchy sequence in X. Since f(X) is complete, the sequence converges to some
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point f(u) € f(X). So there exists a positive integer v such that for all z € X\ {u}
we have d(f(zy), f(u)) < 5d(f(z), f(u)) for n > v. Then for n > v we can write

n(O0)d(f(wn), T(xn)) < d(f(xn), T(xn)) < d(f(2n), f(Zni1))

< (), () + (@), [ (@ns1))
1 1
< (@), () + (@), S w)
= d(f(a), f()) = 30 (@), S ()
< d(f (), f() = d(f 20, ()
< (), F(a) + (S ), Fw) — d(f (), S (0)
= d(f(za), 7).

Hence from the given hypothesis it follows that

H(T (), T(x)) < 0d(d(zn), f(2)) + Ld(f(2), T (zn))-

This implies for any n > v,

(n),
< 0d(f(zn), f(2) + Ld(f(2),T(xn))
<0d(f(xn), f(2) + Ld(f(2), f(2ns1)) + Ld(f (@ni1), T(2n))

Hence taking n — oo we have d(f(u),T(z) < 6d
0+ L)d(f(x), f(u)) for z € X \ {u}. Next we show

H(T(z),T(u)) < 0d(f(x), f(u)) + Ld(f (u), T(x)) (6)

for all x € X. Tt is true if * = u. Suppose x # wu. Since d(f(w),T(z)) =
inf,cp(e) d(f(u),v), for each n € N we can obtain a sequence {v,} in T'(x) such
that d(f(u),v,) < d(f(u), T(z)) + Ld(f(z), f(u)) for each n € N. Hence for z # u

we have
d(f(z),T(x)) < d(f(z),va) < d(f(z), f(u)) +d(f(u),vn)
< d(f(z), f(w) +d(f(u),T(x)) + %d(f(w), fw))
< d(f(z), f(w) + (0 + L)d(f(z), f(u)) + %d(f(:v), fu))
=(14+0+L+ %)d(f(x), F(u)).
and 50 e d(f(2), T(2)) < (1+ rrghpyn)d(f (@), f(w)) for any n, and hence

n(0)d(f(x), T(x)) < d(f(x), f(u)),
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whichdimplies H(T(x),T(uw)) < 0d(f(z), f(u)) + Ld(f(u), T(x)), and hence (6) is
proved. Now

A(f(u), T(w) = T d(f(zns1),T(w) < lim H(T(x,),T(u))

n—oo

< lim [0d(f(xn), f(u)) + Ld(f(u), T (xn))]
< lim [0d(f (@), f(w) + Ld(f (), f (2nr1) + d(f(@ns1), T(20)]
=0,

and hence f(u) € T'(u) which completes the proof of (7).

To prove (i) let us proceed as follows: The sequence {f(z,)} obtained in the
proof of (i) are such that f(x,+1) € T(x,) for n > 0 and satisfies

d(f(@n), f(@nt1)) < hd(f(zn-1), f(2n)) < h2d(f(2n—2), f(zn-1))
< SRS (o), f (1))
Also we have
A(f(@nsn), f(@nyrir)) < BELA(f(2n1), f(2,)) for any k>0 and n > 1.
Using the above inequalities we have
d(f(n); f(Tntp))

< d(f(xn), f(@nt1)) + d(f(Tnt1), f(@ny2)) + -+ d(f(@nsp-1); f(@Tnip))
< B™(f (o), f(x1)) + A" THd(f (o), f(21)) + -+ B TPH(f (o), f (1))

=1 B g, ) ")

and

d(f(zn), f(Tnip))
< d(f(xn)a f(xn-i-l)) + d(f(xn-i-l)’ f(xn+2)) et d(f(xn+p—1)7 f(xn-l-p))

< hd(f(xnfl)? f(xn)) + hzd(f(xnfl)a f(xn)) +ee hpd(f(mnfl)a f(xn))
h(1— h?
= MO b f ). £ ©
Taking p — oo, and noting the fact that lim,, .o d(f(xn), f(Zn+p)) = d(f(zn), f(u))
and lim,_,o, h? = 0, from (7) and (8) we obtain the assertion (i¢) of the Theorem.
If f is R-weakly commuting at u we have H(f(T(uw)),T(f(u))) <
Rd(f(u),T(u)). As f(u) € T(u) this implies f(T(u)) = T(f(u)). Again f(f(u)) =
F(w), and so f(u) € T(u) implies f(f(u)) € f(T(w) = T(/(w), ic., f(u) €
T(f(u)). Hence, f(u) is a fixed point of both f and T, i.e., f and T have a com-
mon fixed point. m

REMARK 3.3. In Definition 2.9 we need f(T'(x)) € CB(X). If f is continuous
and T(z) € C(X), then f(T(X)) also belongs to C(X). The above theorem is
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a generalization of Theorem 3.1, since by taking f as the identity mappings in
Theorem 3.2 we obtain Theorem 3.1. It is easy to see that the map f: X — X
is T-weakly commuting at a coincidence point of f and T. Hence Theorem 3.2
is generalization of Theorem 2.9 of Kamran (cf. [12]). In some sense the above
theorem is also a generalization of Theorem 3 of Kikkawa and Suzuki (cf. [14]) in
two directions: The mapping T is multi-valued and we have an additional term in
the second inequality. If we take L = 0 and T : X — X (single-valued), then we
get Theorem 3 of [14] without the continuity condition on the mapping f, but with
an additional condition that f(X) is complete. If X is assumed to be compact then
f(X) is compact when f is continuous.

THEOREM 3.4. Let K be a nonempty closed subset of a complete and convex
metric space (X,d) and T : K — CB(X) be a multi-valued (0, L)-weak contraction
(see Definition 2.4). If T(z) C K for each x € OK (the boundary of K ), then T
has a fized point.

Proof. We select a sequence {z,} in the following way. Let xy € K and
x) € T(xp). If 2} € K let x1 = x); otherwise select a point 21 € K s.t. d(xg,z1)+
d(xy,2}) = d(zg,2}). Thus z; € K and by Lemma 2.6 we can choose a point x5 €
T(x1) so that d(z}, %) < H(T(xo),T(x1)) + 0, where 6 < 1. Now put af = x5 if
xh € K, otherwise let z2 be a point of 0K such that d(xy, z2)+d(ze, z5) = d(z1, z5).
By induction we can obtain a sequence {z,}, {z},} such that for n =1,2,3,...
(1) 25,41 € T(an)
(it) d(z),, 2y,q) < H(T(xn-1),T(xy)) + 0" where
(it7) ), = xpqy if 2, € K, or
(iv) d(n, Tng1) + d(@pgr, 2, 1) = d(zp, 25,) if 2, 1 & K. Now let
P={x;e{a,}: oz, =2al,i=1,2,...}
Q={zvie{v,} iz, #2,i=1,2,...}.
Observe that if z,, € Q for some n, then z,1; € P. Now for n > 2 we estimate the
distance d(x,, xp41). There arises three cases:

Case 1. The case that z,, € P and z,41 € P. In this case we have,
(@, xni1) = d(a), ) 1) < H(T(xn-1), T(2n)) + 0"
< Od(xp—1,z,) + Ld(zp, T(zp-1)) + 0"
< Od(xp—1,zy) + 0"
Case 2. The case that z, € P and x,41 € Q. In this case we use (iv) and
proceeding in the same way as Case 1 we obtain,
d(xp, Tpy1) < d(@n, 2, ) =d(@),, 254 1) < H(T (2n-1), T(2n)) < 0d(n—1,2,)+0".

Case 3. The case that z,, € Q and z,41 € P. From the construction of the
sequence {z,} it is clear that two consecutive terms of {z,} can not be in @, and
hence z,_1 € P and z],_; = z,,—1. Using this below we obtain,

d(Tn, Tni1) < d(xn,x)) +d(x), Tpe1)
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=d(zn, x),) +d(x),, 2z, )

<d(xn,z)) + H(T(xn_1),T(zy)) + 0"

< d(xn,z)) + 0d(xp_1,3,) + 6" (‘asin Case 1)
<d(zp,x) +d(@p_1,7,) + 0"

=d(rp_1,2))+0" =d(z),_,, ) + 6"

< H(T(xp_2),T(xp_1)) + 60" + 6™ (as in Case 2)
< Od(xy_9,Tn_1) + 0" + 6"

The only other possibility, x,, € @, x,+1 € @ can not occur. Thur for n > 2 we
have
Od(xp—1,x,) + 0™, or

9
0d(.’tn,2, .’Enfl) + gn—1 + 0" ( )

d(xn7-rn+1) S {

Let 6 = 0~ Y/2 max{d(z¢,21),d(x1,72)}. Now as in [5], it can be we proved that for
n>1,

(T, Tpt1) < 9"/2(6 +n). (10)

From (10) it follows that
d(zp, on) < Z (02 + > i(0Y?), k>N>1.

This implies {x,} is a Cauchy sequence in K, and since X is complete and K is
closed, {z,} converges to a point in K. Let u = lim,_,o z,. Hence there exists a
subsequence {x,, } of {z,} each of whose terms is in the set P (i.e., z,, =, for
k=1,2,...). Thus by (i), 2], € T(xy,-1) for k =1,2,..., and since 2, 1 — u
as k — oo we have T'(z,, —1) — T(u) as k — oo in the Hausdorff metric. Hence it
follows from Lemma 2.7 that u € T'(u), i.e., T has a fixed point, which completes
the proof. m

4. Fuzzy mappings

Many authors considered the class of fuzzy sets with nonempty compact a-cut
sets in a metric space or nonempty compact convex a-cut sets in a metric linear
space, but some have given attention to class of fuzzy sets with nonempty closed and
bounded a-cut sets in a metric space. Theorems 4.1-4.3 deal with fuzzy mappings
with a-cut sets as nonempty, compact and convex subsets of X. Next following the
work in [2, 7, 22], we present Theorem 4.5 and Theorem 4.7 concerning a different
kind of fuzzy mappings with special a-cut sets as nonempty, closed and bounded
subsets of X.

THEOREM 4.1. Let (X,d) be a complete metric linear space and T : X —
W(X) be a (0, L)-weak contractive fuzzy mapping (see Definition 2.24). Then

(i) Fia(T) # 0
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(i) For any xo € X, there exists an orbit {x,}>2, of T at the point xq that
converges to a fived point u of T, for which the following estimates hold:

0 3

d(zp,u) < —
(X, u) 19

d(zg,x1), n=0,1,2,...,

d(xp_1,2,), n=1,2,....

d(xn,u) < %

Proof. Let zy € X. Then there exists 1 € X such that {1} C T(x0).
If D(T(x0),T(x1)) = 0, then T(xg) = T(x1), i.e., {x1} C T(x1), which actually
means that Fiz(T) # 0. Let D(T(x0),T(x1)) # 0. Then by Lemmas 2.20 and
2.21, we can find z3 € X such that {x2} C T'(z1) and
d(x1,x2) < H(T(x0)1, T(x1)1) = D1(T (o), T(1))
< D(T(xo), T(Jil)) < Gd(l‘o, .171) + Lp(:cl, T(JEQ))
< 0d(xg,21).
If D(T(x1),T(x2)) =0 then T(x1) = T(x2), i.e., {2} C T(22). Otherwise, we
assume D(T(z1),T(x2)) # 0 and x3 € X such that {z3} C T'(z2) and
d(w2,3) < H(T(21)1, T(22)1) = Di(T (21), T(22))
< D(T(x1),T(x2)) < 0d(x1,22) + Lp(x2,T(21))
S 0d(1‘1, .TQ).
In this manner, we obtain an orbit {z,}5, at z¢ for T satisfying
d(@n, Tpt1) < Od(xp_1,2,), n=1,2,.... (11)
From (11) we obtain inductively,
d(xp, Tpi1) < 0"d(zo, 1) and d(Tpip, Toirp1) < 05T d(z,_1, 2,) (12)
for k € N, n > 1. Now from (12) we have,
d(l’na wn—&-p) < d(l'm zn-&-l) + d(zn-&-lv xn+2) + e+ d(zn—&-p—la xn+p)
(60 e 0 i, )
o™ (1— o
= %d(wo, $1)7 (13)

which in view of 0 < 6 < 1 shows that {z,} is a Cauchy sequence. Since
(X,d) is complete, it follows that {z,}>2, converges to some point in X. Let
u = lim,,_,~ . Then we have,

p(u, T'(u)) < d(u, Tpt1) + p(Tnt1, T (u))
< d(u, 2n41) + D(T (@), T(u))
< d(u, Tpi1) + 0d(xn,u) + Lp(u, T(x,))
< d(u,Zpi1) + 0d(xn,u) + Ld(u, Tpy1) + Lp(zpi1, T(20)).
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Noting that p(z,+1,T(2,)) = 0 and taking n — oo we have, p(u,T(u)) < 0 =
p(u, T(u)) =0 = {u} C T(u).
From (13) taking p — oo we have
91’7,

1-6

d(xp,u) < d(zg,21),n=0,1,2,...

Again by (12) we have

d(l’n, $n+p) S d<xn7 l‘n+1) + d($n+17 mn+2) + -+ d($n+p717 anrp)
=O+6*+ - +0°)d(xp_1,2,)
(1 — o7
= %H)d(xn_l,xn).
Taking p — oo we have,
A1) < (s, 2)
Tn,U) > 1-9 Tn—-1,Tn)-
Hence the proof is complete. m

THEOREM 4.2. Let (X, d) be a complete metric linear space, f : X — X be a
self mapping, and T : X — W(X) be a (f,0, L)-weak contractive fuzzy mapping (see
Definition 2.25). Suppose U{T(X)}o C f(X) for a € [0,1] and f(X) is complete.
Then there exists uw € X such that u is a coincidence point of f and T, that is
{f(u)} € T(u). Here T(a)o = {y € X : (T(2))(y) > a}.

Proof. Let zp € X and yg = f(zg). Since U{T(X)}o, C f(X) for each

€ [0,1], by Remark 2.21 for 2y € X there exist points z1,y1 € X such that

y1 = f(z1) and {y1} C T(zp). By Remark 2.21 and Lemma 2.1, for z; € X there
exist points xa,y2 € X such that yo = f(x2) and {y2} C T'(x1), and

d(y1,y2) < H(T(20)1,T(z1)1) < D(T(20), T (1))
< 0d(f(wo), f(21)) + Lp(f (1), T(20)) = 0d(yo,y1)-

By repeating this process we can select points xy, yx € X such that y, = f(zx) and
{yr} C T()-1), and hence

d(Yr, Y1) < H(T(wp-1)1, T(wk)1) < D(T(wg-1), T(1))

< O0d(f(xr-1), f(xr)) + Lp(f(2r), T(vr-1)) = 0d(yr—1, yr)- )
14

From (14) we obtain inductively,

AW, Yn+1) < 0"d(yo,y1) and d(Ynrk, Ynris1) < 0 d(ye—1, yr) (15)

forall k e N, n>1.
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Now from (15), we have for any p > 1,

d(yn7 yn+p> S d(y’ru yn+1) + d(yn+17 yn+2) + -+ d(yn+p717 yner)
< (Hn + 9n+1 N 9"+p—1)d(yo,y1)
o™ (1 — o7
= P8Ity 1)

In view of 0 < 6 < 1, we see that {y,} is a Cauchy sequence. Since f(X) is
complete, {y,} converges to some point in f(X). Let y = lim, 00 yn, and u € X
be such that y = f(u). Now

p(f(u), T(u)) = p(y, T(u)) Sd(y,yk+1)+p(yk+1, T(u))
< d(y, Yr+1) + D(T(xk), T(u))
< d(y, Yr+1) +9d(f( ) f(w) + Lp(f(u), T(x1))
< d(y, yrt1) + 0d(yr, y) + LAY, Yrr1) + pYrr1, T ()]
Noting that p(yg4+1,T(xx)) = 0 and the fact that y, — y as k — oo we have,

p(f(u), T(w) =0, ie, {f(u)} CT(u). m

THEOREM 4.3. Let (X,d) be a complete metric linear space and T : X —
W(X) be a generalized (., L) weak contraction (see Definition 2.26). Then T has
a fixed point.

Proof. Let g € X. Then by Lemma 2.20, there exists 1 € X such that
{z1} C T(x0). Now by Lemma 2.20 and Lemma 2.1, there exists a point x5 € X
such that {2} C T(x1) and

d(xy,22) < H(T(z0)1, T(x1)1) < D(T'(20), T (1))
< a(d(wo, 71))d(x0, 21) + Lp(x1, T(x0)) < d(zo, 1).

By repeating this process we can select a point ;11 € X such that {zg11} € T'(zy)
and

H(T(xr—1)1, T(x)1) < D(T(21-1), T(w))

<
< a(d(xp—1,2k))d(@r—1,28) + Lp((xp—1, T (1)) < d(Th—1,Tk)-
(16)

d(z, Try1)

Let dy = d(xg—1,xr). Since dj is a non-increasing sequence of nonnegative real
numbers, therefore limy .. dx = ¢ > 0. By hypothesis we get limsup, .., a(t) <
1. Therefore there exists ko such that k& > ko implies that «(dy) < h, where
limsup,_,,, a(t) < h < 1. Now by (16) we deduce that the sequence {d}} satisfies
the following recurrence inequality:

di1 < a(dk)dk < a(dk)a(qu)qu e
ko—1 ko—1

<Ha d1<Ha Ha d1<Ha hkkOHd

iko

= Chk, (where C' is a generic positive constant).
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Hence for p > 1 we have,
Az, Tprp) < d(@p, Tppr) + d(@pr1, Trg2) + 0+ A(Thgp-1, Trip)
=dpr1 +dpro+ o dpppo1 < CBF+ R 4 R
RE(1 — hP)
1-h
which in view of 0 < h < 1 shows that {z;} is a Cauchy sequence. Since X is

complete, the sequence {xx} converges to some point in X. Let u = limg_ o xg.
Now we have,

=C

p(u, T(u)) < d(u, 2x41) + p(hr, T(w))
d(u, 2y11) + D(T (), T(w))
d(u, 2 41) + ald(zy, w))d(zy, u) + Lp(u, T (2x))
< d(u, wh41) + ald(z, w))d(zy, u) + Lid(u, 2r) + plers, T(r))]-

Using the fact that z;11 € T(zy) and the fact that x — u we have, p(u, T'(u)) < 0,
ie, p(u,T(u)) =0, ie., {u} C T(u). Hence the proof is complete. m
NoOTE. Du first introduced the concept of Reich-functions as follows (cf. [8]):

DEFINITION 4.4. A function ¢ : [0,00) — [0, 1) is called to be a Reich-function
(R-function for short) if for each ¢ € [0,00) there exists 7, € [0,1) and € > 0 such
that ¢(s) < r for all s € [t,t + €).

EXAMPLES. Let ¢ : [0,00) — [0,1) be a function.

(i) Obviously, if ¢ is defined by ¢(t) = ¢, where ¢ € [0,1), then ¢ is a R-
function;

(ii) If ¢ is nondecreasing function, then ¢ is a R-function;

(i17) It is easy to see that if ¢ satisfies limsup, ,;, ¢(s) < 1 for all ¢ € [0, 00),
then ¢ is a R-function.

Note that in Theorem 4.3, « is a R-function and so the proof of showing the
sequence {zy} is Cauchy can be done in another way as follows. Since « is a R-
function, there exists r. € [0,1) and €, > 0 such that ¢(s) < r. for all s € [c,c+¢€.).
Again {dj} being non-increasing and dy — ¢ as k — oo, there exists ko such that
for all k > ko we have dj, € [c,c + €.). Hence, by (16) we have

dy,

2 1

dpr1 < aldp)dy, < redy < rldp_y <o <pETRO <ok kgil'
C

Hence, for p > 1 we have

d(@k, Thrp) < d(Tp, Thg1) + d(Tpr1, Thp2) + 0+ A(Thip—1, Thtp)
di

0

St B )
C

k
Te (1 — Tf) dko
1-— Te rlgo_l ’

which in view of r. € [0, 1) shows that {x} is a Cauchy sequence.
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THEOREM 4.5. Let (X,d) be a complete metric space and T : X — F(X) be a
(0, L)-weak contractive fuzzy mapping satisfying the condition that for each © € X
there is a(x) € (0,1] such that T(z)a(x) is a nonempty closed bounded subset of X.
Then

(i) There exists a point u € X such that u € T'(u)q(u);

(#9) For any xo € X, there exists an orbit {x,}>2, of T at the point xy that
converges to a point u € X, for which the following estimates hold:

h’n.
1—h
h
d(zp,u) < md(xn,l,xn), n=1,2,....

for a certain constant h <1, such that v € T'(u)q(y)-

d(xp,u) <

d(xg,21), n=0,1,2,...,

Proof. Let F : X — F(X) be a fuzzy mapping. By assumption, there exists
a(z) € (0,1] such that F(r)q(,) is a nonempty closed and bounded subset of X.
Let us now construct a sequence {z,} (n > 0) as follows. By a,11 we denote
apt1 = a(xy,) for n > 0. Let o € X. Let &1 € T(29)a, and g > 1. Then there
exists a point x2 € T(21)q, such that

d(z1,22) < gH(T(20) 0y, T(21)as)
< qbd(xo, x1) + qLd(x1, T(x0)a, ) < q0d(x0, 71).
Let us choose ¢ > 1 in such a way that h = ¢f < 1 for any 6 € [0,1), and then
d(x1,22) < hd(zg,x1). Now for xs € T(21)a,, there exists a point 23 € T(22)as4
such that
d(l’z,x;g) < qH(T(xl)asz(xQ)Oés)
< ¢0d(z1,22) + qLd(22, T(21)ay,) < hd(x1,x2).
In this manner, we obtain an orbit {z,}°, at z( for T satisfying
d(@p, Tnt1) < hd(zp_1,25), n=1,2,.... (17)
From (17) we obtain inductively,
Ay, Tnt1) < h"d(w0, 21) and d(Tpir, Togrtr) < B (@01, 20) (18)
for k € N, n > 1. Now from (18) we have
d(l‘n) xn-&-p) S d(l‘n, xn-‘rl) + d(xn-‘rla -Tn+2) + -+ d(xn-‘rp—la -Tn-l-p)
= (h" + A"+ + RPN d(zg, 21)
_ h™(1—hP)
- 1-nh
which in view of 0 < h < 1 shows that {z,} is a Cauchy sequence. Since

(X,d) is complete, it follows that {z,}52, converges to some point in X. Let
u = lim,, o T,,. Then we have,

d(u> T(U)a(U)) < d(ua CEn+1) + d($n+17 T(u)a(u))

d($0,l’1)7 (19)
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< d(w; ng1) + d(T(2n)an sy T(W)a(w))

§ d(ua xn+1) + hd(.’ﬂn, ’LL) + qLd(U, T(xn)an+1)

< d(u, xn-‘rl) + hd(xna U’) + qLd(“v xn-i-l) + qLd(‘rTH-lv T(‘rn)an+1 )
Noting that d(2n+1,T(%n)a,,,) = 0 and taking n — oo we have, d(u, T'(u)q(w)) <
0 = d(u7T(u)a(u)) =0 = ue T(u)a(u)

From (19) taking p — oo we have
hn

1—nh

d(xn,u) < d(zg,21),m=0,1,2,...

Again by (18) we have,

d(wn, xnﬂ?) < d(@n, Tpy1) + d(Tpy1, Tug2) + 00+ d(xnwtpfla anrp)
= (h+h* 4+ PP )d(zp-1,20)
h(1 — hP)

= ﬁd@?n—hﬂﬁn)-

h
Taking p — oo we have, d(z,,u) < md(xn_l, Zn). This completes the proof. m

Now we discuss a different type of fuzzy mapping. As defined earlier we know
a fuzzy set in X is a function with domain X and range in [0, 1], F(X) denotes
the collection of all fuzzy set in X and C'B(X) represents the nonempty closed and
bounded subsets of X. Let K(X) be the set of all fuzzy sets u : X — [0,1] such
that 4 € CB(X) where i = {x € X : p(z) = maxyex pu(y)}, ie., K(X) = {p €
F(X): e CB(X)}.

A fuzzy mapping T is a mapping from X into K (X). For a fuzzy mapping T :
X — K(X) and a mapping A : K (X) — CB(X), the composition 7' = AoT : X —
CB(X) is defined as (A o T)(z) = T(x) = {y € X : T(z)(y) = max.cx T(z)(2)}.
A point 2* € X is called a fixed point of a fuzzy mapping T : X — K(X) if
T(z*)(x*) > T(x*)(x) for all z € X, ie., T(2*)(z*) = maxyex T(z*)(y).

LEMMA 4.6. [2] A point z* € X is a fized point of a fuzzy mapping T : X —
K(X) if and only if x* is a fixed point of the induced mapping AoT : X — CB(X).

Now we define a(z) = maxyex T'(z)(y), and then T(x)q) = {y € X :
T(x)(y) = max,ex T'(x)(2)} = {y € X : T(x)(y) > a}. Then using Theorem 4.5
and Lemma 4.6, we get the following result.

THEOREM 4.7. Let the fuzzy mapping T : X — K(X) be a (0, L)-weak con-
tractive fuzzy mapping. Then T has a fized point.

Proof. By Theorem 4.5, there exists u € X such that u € T'(u)q(y). But here
a(u) by definition is max,ecx T'(u)(y), i.e. u € T(u), i.e., u is a fixed point of the

induced mapping 7. Then by Lemma 4.6, u is a fixed point of the fuzzy mapping
T:X—>KX) n
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