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CERTAIN CLASSES OF MULTIPLE GENERATING
FUNCTIONS FOR SOME SETS OF POLYNOMIALS
IN SEVERAL VARIABLES

M.A. Pathan, B.B. Jaimini and Shiksha Gautam

Abstract. In this paper some generating functions for some sets of polynomials in several
variables are established. In these classes of generating functions an arbitrary sequence of mul-
tivariable functions is considered. The generating functions so derived are shown here to lead
some known results of Raina, Raina and Bajpai and Zeitlin and are capable to provide as special
cases, a large number of new summation formulas and generating functions for simpler sequences,
extended polynomials and generalized Lauricella functions.

1. Introduction and results required

The generalized factorial function in terms of Pochhammer symbol [4, p. 22]
is
TA+n) [ 1, if n =0,
3 =5 = - )
I'(\) AMA+1)---(A+n—-1), ifn=1,23,...,

—1)Fn!
(- = 2

The following generalizations of binomial expansions derivable from the Lagrange’s
expansions [4, p. 355, equs. (5), (9)] are

2 (a +(6+ 1>n>tn _ (tw)tt (3)

n=0 n (1—-pw)’
00 o) a+(B+1n\, e
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where
k\ L(k+1)
(n) ST+ 1D)I'(k—n+1) (5)
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and «, (3 are arbitrary complex numbers, w is a function defined implicitly in terms
of t given by
w=t1+w)™  w0)=0. (6)

Let the sequence ¢y (k > 0) and w be a function defined implicitly in terms of
t by (6). Then for arbitrary complex parameters «, 5 and « independent of n, we
have [4, p. 363, eqn. (12)]
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The following summation formulae include as special cases the above two results
(3) and (4) [2, p- 3, eqn. (2.1)]
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where the arbitrary parameters «, 3,6 and p are independent of n, w is given by
(6) and
-1
— 1
fT(L(xﬂKY)(Z) — (_1)n (a . 7) (n + 7/755 + )) o (10)

The generalization of summation formula (3) is also present in the literature
[1, p. 525, equ. (5.5)], i.e.

00 o+ (/6’+ 1)(TL+ k) kthrk eaw(l +w)a+1
b k = 11
nJCZZ()( n [+ b(n + )] k! 1—fw—bw(l+w) (11)
where w is given by
w = te? (1 +w)’ . (12)
The following series transformations are also required here [4, pp. 101-102, eqns.

(6),(17)].
[e’s) M<Ln [e’e)

S Y Gkt k) =3 S bk, k4 M) (13)

n=0*ky,....,k,=0 n=0kq,....,k,=0
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where M = mqky + --- + m,.k, and

oo [n/m]

> > Akn) = S5 Bk, n+mk). (14)

n=0 k= n=0 k=0
In this paper Section 2 deals with the main generating functions presented in the
form of three theorems. These theorems are proved with the help of the summa-
tion formulae (8) and (9). In Section 3 certain known special cases of the results
established in Section 2 are derived. Some known and new generating functions
involving extended sequences and generalized Lauricella functions are also obtained
in this section.

2. Main generating functions

First generating function. Let g(z1, ..., 2,) be a function of several complex
variables z1, ..., z. defined by the formal series
Zkl ke
oo nz)= 5 Ol k)i 0 (15)
[ - k! k!
where the coefficients C'(kq1,..., k) (k; 1 < j < r) are arbitrary constants,
real or complex.
A set of polynomials in r-complex variables z1, ..., 2 is defined by [4, p. 459,
eqn. (2)]:
ng‘ﬁ)[)\l, e AR T e M 21 e 2]
M<n _ 1 1 k1 ko
-y (=n)mla+ (B+1)n+ ]LC’(kl,...,k)i"'zr (16)
K1, kep=0 (a+Bn+1)rim kBl k!
where
T T
i=1 i=1
o, and Aq,..., )\, are arbitrary complex numbers and myq,...,m, are positive
integers.

THEOREM 1. If g(-) and leaﬂ)(,) are defined by (15) and (16), respectively,
then
& 0+ un a+(B+1)n
> (@

QD N, A M 21, 2]
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Txntv/G+ ™ <1+ )] {17)

where w is defined in (6) and provided that the series involved in (17) are absolutely
convergent.
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Second generating function. Let the multiple sequence of functions of
several complex variables z1, ...,z be defined in the following form [4, p. 485, eqn.

(3.1)].

A(al’ QU 751’~~~,5~)[)\1, e AR 2, 7Zr]
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= ¥ .. % O(kl""’kr)lill

k1=0 k=0

ki

n; — mik‘i kZ' ’

n; € {0,1,2,...}, m; € {1,2,3,...}, ¢« = 1,...,r, where «;, 5;, \; are complex
parameters independent of ny,...,n,.

THEOREM 2. If g(+) and Agﬁl n(i”ffﬁﬂ)[] are defined by (15) and (18), then
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where w; = t;(1+w;)% 1 i =1,...,r and provided that the series involved in (19)
are absolutely convergent.

Third generating function. Let the function of several complex variables
be defined in terms of general multiple series [3, p. 122, eqn. (7)]

a,3,a,b
HEP D [(my), (00), (), ()2, 21, - )

MSL NS (—n)pu(—k)nla+1+ (B+ 1) (n + k)], "
1,1y ksl =0 [1+a+p(n+k)+krim

x [a+b(n+ k)] NAk, b, .. ke L) _ﬁl[(mi)ki (y)"] (20)

where A(kq,ly,.. kr,lr) is any bounded sequence of real (or complex) numbers
and M = Y71 mik; (m; is a positive integer), N = 377 n;l; (I; is a positive
integer) and T =Y. _, (Asks + psls) (As and ps being arbltrary)

The symbol (\,.) used in (20) condenses the array of r-parameters Aq, ..., A,
with similar interpretations for (m,.), (n,) and (u,). Also let

R(E1, . T Yy ey Yp) = > Ak, ke 1) TT (Rl (21)
k1,l1,...,kr l»-=0 =1
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THEOREM 3. If Hr(f,;’@’a’b) [[] and h(:) are defined by (20) and (21) then
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provided that the series involved in (22) are absolutely convergent.

Outline of proofs. To prove the assertion (17) of Theorem 1, we denote the
L.H.S. of (17) by Ay, i.e.

e d+ un (a—&—(ﬁ—!—l)n

A=Y —— 7 QB N, A, s 21 e 2]
1 n2=:07+(ﬂ+1)n n > A my me; 21 zr)

On using the definition of set of polynomials Q2%(-) in (16) we have

A S Wl(““*””)x
YT S+ (Bt n n
. ijn (_n)M(a+(ﬁ—|—1)n+1)LC(k1 ok )ikl...ét".
kST o (a+0n+1)im e g k!

Now on making series rearrangement in view of (13) and then on applying the
results (2), (1) respectively, it gives

I o P B g L G
e kl,.%:o T+ (B+Dn gl{ ;! }
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X

A ()t D) n

On interpreting the inner sum with the help of (9), we have
[e's) r z; ki —t mik;
Ay = (1+w)a[ S Clkr,.. . ky) H{%}x
K1, kir=0 i=1 il
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n Clki, ... kn
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Now using the definition (10) , making slight simplification using (1) and (5) and
then in view of (6) we have

— a = ,u(l +w)L+1 r (Zi)ki(fw)miki
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Now on interpreting the multiple series in view of (15), we at once arrive at the
desired result in (17).

To prove the assertion (19) of Theorem 2,we denote the L.H.S. of (19) by Ag,
ie.

0 T 5 o T
Ap= Y 11 < A ) Aot B N a] T
N1yenns n,=01i=1 3 (ﬁz 1) n; i=1

On using the definition of multiple sequence AL 2711y in (18), we have

00 r 51’ + i [n1/m] [ny/me]
Ao = B . e .
= F () =l k)

sy =0i=1 k1=0 kp=0
Now on making series rearrangement in view of (14), we have
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On interpreting the inner sum with the help of (9), we have
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Now using the definition in (10), making slight simplification using (1) and (5) and
then in view of (6) and (10), we have

00 r ,U/i(ziwmi)ki(l +wi)1+ai+)\iki
Ay = Clki,... k, L
2=, Ok e )
& r (lem’)k”(]. +wi)ai+/\iki (57, L )
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Now on interpreting the multiple series in view of (15) we at once arrive at the

desired result in (19).

To prove the assertion (22) of Theorem 3, we denote the L.H.S. of (22) by As,
i.e.

Ay =

S d+ pun a+ (B+1)(n+k)
n,kz;()7+(ﬁ+1)(n+k)< n )x
tn+k

k!
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On applying the definition of Hr(f,;ﬁ 1a:b) [[] given by (20), we have
&3 § + pn (oz+(ﬁ+1)(n+k))X
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Now on using (13), we have
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On interpreting the inner sum with the help of (8), we have
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Now making use of (11) in first term and (7) in second term we have
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Now in view of (6) and (12) and using (1) and (5), we obtain

00 Neaw(iw)MJrN(l +w)T+a+1 r _—
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Finally, interpreting the multiple series in view of (21) and then with the help of
(10), we at once arrive at the desired result in (22).

T
i=1
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3. Particular cases

The main results involve various parameters, and also the arbitrary sequences,
therefore, by appropriately selecting these parameters, (and sequences), one can
deduce several results from the main theorems. To illustrate, we deduce here the
following examples from the main results.

If we take r = 1, A = h and C(k) — k! A then Theorem 1 reduces to the
known result [2, p. 6, eqn. (4.2)].

If in Theorem 1, we take 6 — v, u =0, all \; - 0 fori=1,...,r and we

select the arbitrary sequence where Qky, ..., k, is known sequence [4, p. 64, eqn.
(19)], then
i y (a + (B + 1)n> "
n=07 + (ﬁ + 1)” n
o pA+1B 0 [ [(a); 0, 0], [=n; ma, .. my,
C+LD";. D) [(C)a ,(// w(r)]a [oz—l—ﬁn—&-l mi,...,m 7‘]’
[(0); ¢'); - [(b“ )ot] . i
[(); 8 ooy [(dD),600] 70

n n 1+w
o pATB.B0 | [(a L 00], [v/(B41); ma,...,m,],
C+1;D%. ID() [6)71/)/7"'7w(r)]’ [1+n+7/(6+1)7m17am7‘]7

(
) / 3 ceay b(T’)7 (r) : mi mer
& ))a /%7 e %Ed(ﬁ)?(ﬁ;“)} : Zl(_wl) Y ZT(_WT) :| (23)

(1+w)an§0(1)n(a—v)<n+7/(ﬂ+1)> 1( w )nx
); 0

If we take r =1, \; =0 forall i =1,...,r and C(k) — k! A, then Theorem 2
reduces to the known result [2, p. 4, eqn. (2.5)].

If wetaker =1, \; =0foralli=1,...,r and C(k) —» kKl Ax, 6 =, un =0
and z; = 1 then Theorem 2 reduces to the known generating function [5, p. 410,
Theorem 3.
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