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COEFFICIENT INEQUALITIES FOR CERTAIN CLASSES
OF ANALYTIC FUNCTIONS OF COMPLEX ORDER

B. A. Frasin

Abstract. Let Qy(®, ¥; o) be the class of normalized analytic functions defined in the open
unit disk and satisfying
1 [
Re{1+, (M_1>} > a

for nonzero complex number b and for 0 < a < 1. Sufficient condition, involving coefficient
inequalities, for f(z) to be in the class Q, (P, ¥; ) is obtained. Our main result contains some
interesting corollaries as special cases.

1. Introduction and definitions

Let A denote the class of functions f(z) of the form

flz)=2z+ § anz",

n=2
which are analytic in the open unit disk i = {z: z € C and |z| < 1}. Furthermore,
let P be the class of functions p(z) of the form p(z) =1+ Y 7 | p,2", which are
analytic in U.
A function f(z) € A is said to be starlike of complex order b (b € C* := C\{0})
and type a (0 < a < 1), that is f(2) € S} («), if and only if

1 (2f'(2) )}
Re 1+< —1]r>a zeU; be CY),
s (5 ( :
and is said to be convex of complex order b (b € C*) and type a (0 < o < 1),
denoted by Cy(«) if and only if
12f"(2)
1 —
ref1 455705
Note that S;(0) = S and C(0) = Cp, are the classes considered earlier by Nasr and
Auof [6] and Wiatrowski [10]. Also, S;(a) = §*(«) and Cq(«) = C(«) which are,

}>a (zelU; be CY).
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respectively, the familiar classes of starlike functions of order o (0 < @ < 1) and
convex functions of order @ (0 < v < 1).

Further, let Pp(cr) denote the class of functions f(z) € A such that
1
Re{1+b(f'(z)—1)}>a 0<a<l,zelU; beC).

When b = 1, the class P;(«) reduces to the class P(«) of analytic functions studied
in [5, 7, 9].
Given two analytic functions f(z) =2+ -, anz" and g(z) = 24+ o0, cp2"

their convolution or Hadamard product f(z) * g(z) is defined by

o0

f2)*g(z) =2+ 3 ancnz™ (2 €U).

n=2
By using this product we introduce the class of prestarlike functions of complex
order b (b € C*) and type « (0 < aw < 1), which is denoted by Ry (). Thus f(z) € A
is said to be prestarlike function of complex order b (b € C* and type a (0 < a < 1),
if and only if f(2)*sq(2) € S; (o) where so(2) = 2(1—2)%*72 = 245 2, C(a,n)z";
Cla,n) =1}, (]71%23' (n > 2). It may be noted that Ry(0) = Cy(0) and Ry (1/2) =
S5;(1/2). When b = 1, the class Rq(«) reduces to the class R(«a) of prestarlike
functions of order o (0 < v < 1) (see [8]).

Making use of the Hadamard product, Frasin [1] introduced and studied the
following class of analytic functions:

DEFINITION 1.1. Let b (b € C*) and « (0 < v < 1) be given. Let the functions

D(z)=z+4+ > Az and U(z)=z+ > pnz"

n=2 n=2
be analytic in U, such that A\, > 0, p,, > 0 and A, > pu, for n > 2, we say that
f(z) € Aisin Qp(®,U; ) if f(2) * U(z) # 0 and
L (f(z) = ®(2)
Reql+4+ - 5———= -1 U).
e{ +b<f(z)*\ll(z) >« (zell)

We note that, by suitably choosing of ®(z) and ¥(z) we obtain the above
subclasses of A of complex order b and type a : Q ﬁ, ﬁ;a) = §f(a);
Qb ( 1-2)37 (1 ZZ)2;a> = Cb(O[), Qb (ﬁ,z,a) = Pb(O() and
p (Z(Jg(lz)zagi » A= 2)2 3oy ) = Rb(a)-

In fact many new subclasses of A of complex order b and type a can be defined
and studied by suitably choosing ®(z) and ¥(z). For example,

Qb(1 —, 2 )::’E(a):{f(z)EA:Re{lJr%(@fl)}>a},

and
Qb( - 23,2 a) tMy(a) ={f(z) € A:Re{l+ 1 ((2f'(2)) = 1)} > a}

and so on.
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In this paper, we obtain sufficient condition, involving coefficient inequalities,
for f(z) to be in the class Qy(P, ¥; ). Several special cases and consequences of
these coefficient inequalities are also pointed out.

In order to derive our main results, we have to recall here the following lemmas:

LEMMA 1.1. [4] A function p(z) € P satisfies Rep(z) > 0 (z € U) if and only
if p(z) i—:& (z €U) for all |x| = 1.
LEMMA 1.2. A function f(z) € A is in Qup(P,¥;) if and only if 1 +
S, Apz" T £ 0 where
Ap + (20 — 1 = 2ab) iy + (A — fin)

A =
" 2(1 — a) (i

and A\ = p; = 1.

Proof. Applying Lemma 1.1, we have

1 f(2)*xP(2) _
L+5 (f(z)*\ll(z) 1) a

1—« z+1
Then, we need not consider Lemma 1.1 for z = 0, because it follows that p(0) =
1 # £ for all [z = 1. From (1.1), it follows that
(+1)(f(2) *®(2)) + (2b— 1 —2ab—z)(f(2) * ¥(z)) # 0.
Thus, we have 2b(1 — a)z 4+ Y oo [An + (20 — 1 — 2ab)pn, + z(An, — f1n)] @n2™ # 0
(z €eU; xz € C; |x| = 1), or, equivalently,
2(1 - a)z (1 N n; Ao+ (20— 1 2b2((fb)/107;)+ (A, un)anzn_l) L0 (12)

(z € U; x € C; x| = 1). Now, dividing both sides of (1.2) by 2b(1 — )z (z # 0),
we obtain

(zelU;xeC; |z|=1). (1.1)

S An A+ (20 — 1= 2ab)pin + 2(An — fin)

1+
nz=:2 Qb(l - a)

(z €U; x € C; |z| = 1), which completes the proof of Lemma 1.2. m

anz" 1 #£0

2. Coeflicient conditions for functions in the class Q,(®, ¥; «)
With the help of Lemma 1.2, we have

THEOREM 2.1. If f(z) € A satisfies the following condition:
SEES -k 7 Y
> (| {Z 0w -1z 7 af ()]
n=2 \|i=1 (k=1 l—k n—1

S ommen=(, 7 Jab(,0)]) <2ma-o
(0<a<1;beC* v,6 €R), then f(z) € Qp(P,¥; ).

+




76 B.A. Frasin

Proof. Note that (1 —2)Y #0, (14 2)° # 0 (v,6 € R; 2 € U). Thus to prove
that 1+ > 07, A,2" "1 £ 0, it is sufficient that

(1 + nzsz Anz"_1> (1—2)(1+42)°
R [ CIYSTRN) TRB S

where Ag = 0 and A; = 1. Therefore, if f(z) € A satisfies
2
that is, if

JEAE A ()L =
L e

n l

+r[Ak — ) (1) (l ’ k) ak} (n (i l) ‘

< 2|b|( ij( 3 {zl:()\k+(2b— 1 — 2ab)u)(— 1)“’“(1 7k>ak} x

n= k=1
’ +lol |
l i

_ -k 7 g
S { o mer (2 )ad ()
then f(z) € Qp(P, ¥; ) and so the proof is completed. m

§1 0<a<l;beC* zeC; |z|=1; v,0 € R),

3. Particular cases

By considering some special cases of the analytic functions ®(z) and ¥(z), we
deduce the following coefficient conditions for functions f(z) to be in the subclasses
S*(b), C,(b), P,(b) and R, (b) of analytic functions of complex order b (b € C*)

a

and type « (0 < « < 1) as defined in Section 1.
Letting ®(z) = 2/(1 — 2)? and ¥(z) = z/(1 — 2) in Theorem 2.1, we have

COROLLARY 3.1 If f(z) € A satisfies the following condition:

ni ( é {El(m 2% —1— zab>(—1)l—k(17k>ak} <n51)

=1 {kzl:1(k ~DEDT (l jk)‘l’f} (n (i l) > <20b[(1—a)

for some o (0 < < 1), b€ C* and 7,0 € R, then f(z) € S&(b). In particular,
fory=986=0, if f(z) € A satisfies the following condition:

S {Jn+ 25— 1 — 2ab| + (n — 1)} |an| < 2[6| (1 — a)
n=2

NE

+

for some o (0 < a < 1) and b e C*, then f(z) € Sk(b).



Coefficient inequalities for certain classes of analytic functions 77

Letting ®(2) = (2 + 22)/(1 — 2)% and ¥(z) = z/(1 — 2)? in Theorem 2.1, we
have

COROLLARY 3.2. If f(z) € A satisfies the following condition:
=) n l
z(§:{zwﬁu%—1—mmmpnkﬂj7>%}(5 N
n=2 \|i=1 (k=1 I—k n—I

(w2 ) () 2w

for some o (0 < v < 1), b € C* and v,0 € R, then f(z) € Cp(a). In particular,
fory=086=0, if f(z) € A satisfies the following condition:
>, n{ln = 142bl+ (n— 1)} an] <206 (1 - a)

n=2

for some a (0 < a < 1) and b € C*, then f(z) € Cp(a).

+

Letting ®(2) = (2 + (1 — 2a)2%)/(1 — 2)372® and ¥(z) = 2z/(1 — 2)?>72* in
Theorem 2.1, we have

COROLLARY 3.3. If f(z) € A satisfies the following condition:

72(i{iKM%W%Q%J—MWFW*QjQM}ni»
5

=1 (k=1

£ {5 cant-ne (2 Jab (0)]) s2pia-a

for some a (0 < a <1),be C" and v,6 € R, then f(z) € R,(«). In particular,
fory=06=0, if f(z) € A satisfies the following condition:

_|_

> Clayn)[ln+2b—1—2abl+ (n — 1)]|a,| < |b] (1 — @)
n=2
for some a (0 < a < 1) and b € C*, then f(z) € Rp(a).
Letting ®(z) = z/(1 — 2)? and ¥(2) = 2z in Theorem 2.1, we have

COROLLARY 3.4. If f(z) € A satisfies the following condition:

EIE G2 () m o

for some a (0 < v < 1), b € C* and v,0 € R, then f(z) € Py(a). In particular,
fory=46=0, if f(z) € A satisfies the following condition Y~ ,n|ay| < |b] (1—«)
for some o (0 < < 1) and b € C*, then f(z) € P,(«a).

Letting ®(z) = z/(1 — z) and ¥(z) = z in Theorem 2.1, we have

COROLLARY 3.5. If f(z) € A satisfies the following condition

8 (7)o () o

o0

n;Q
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for some o (0 < < 1), b€ C* and 7,8 € R, then f(z) € Tp(). In particular,
fory=46=0, if f(z) € A satisfies the following condition Y o, |an| < |b] (1 — )
Jor some o (0 < aw < 1) and b € C*, then f(z) € T,(c).

REMARK 3.6. (i) If we set a = 0 in Corollary 3.1 and Corollary 3.2, we have
sufficient conditions for functions f(z) to be in the classes $*(b) and C(b) obtained
by Hayami and Owa in [2].

(#4) If we set b = 1 in Corollary 3.1 and Corollary 3.2, we have sufficient
conditions for functions f(z) to be in the classes $*(«) and C(a) obtained by
Hayami et al. in [4].

(#91) If we set b = 1 in Corollary 3.4 and Corollary 3.5, we have sufficient
conditions for functions f(z) to be in the classes P(«) and 7 («) obtained by Hayami
and Owa in [3].
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