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OPERATOR REPRESENTATIONS OF GENERALIZED
HYPERGEOMETRIC FUNCTIONS AND CERTAIN POLYNOMIALS

Mumtaz Ahmad Khan and Mohd. Khalid Rafat Khan

Abstract. A new technique is evolved to give operator representations of hypergeometric
functions and certain polynomials.

1. Introduction

In 1731, Euler defined the derivative formula

INGEDY _
Diat = ————2*", D
T At A—n) @

d
dx
where n is a positive integer. Its general form is

Dux)\ _ F(l + /\) A—p

X = mﬂf ) (1.1)

where A\ and p are arbitrary complex numbers. Here (1.1) is given to facilitate the
use of D™™, i.e. replacing pu by —n in (1.1), where n is a positive integer. Here
series representations of different operators have been used to establish operational
representation of hypergeometric functions and various known polynomials. The
technique used and the results obtained are believed to be new.

2. Definitions and notation

In deriving the operator representations of hypergeometric functions and cer-
tain polynomials use has been made of the fact of the following notations:

If D, denotes a derivative operator, then D, ! is nothing but the inverse op-
erator of D,. Now we can write the following:
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Some results used in the proofs are
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n=0

We also need the definitions of the following generalized hypergeometric func-
tions and polynomials in terms of hypergeometric function and also their notations
(see [4], [11], [12]).

Generalized hypergeometric function. The generalized hypergeometric
function is defined as

A1, 5 Ap; = Hi: (a’l)nx
qu[ ' px}_z ' :

2.5
bi, -, by = 1_1(bj)n ! (25)

Laguerre polynomial. It is denoted by the symbol L (z) and is defined as

o (1+a)n —n;

Legendre polynomial. It is denoted by the symbol P, (x) and is defined as

Po(z) = Fy {

-n,n+1;1—-2x
L 2 |

Jacobi polynomial. It is denoted by the symbol pLP (z) and is defined as

(1+a),

P (o) = S
n.

{—n,l—l-a—l—ﬁ—i-n;l—x}
2 F1 — -

14+ o 2

Ultraspherical polynomial. The special case of § = « of the Jacobi poly-
nomial is called ultraspherical polynomial and is denoted by P{*®(z). It is thus
defined as a ) )

(a,a) U +a) —-n,1+2a+n;1—x
Py (z) = 0 2 I [ 1+ 5 |

Gegenbauer polynomial. The Gegenbauer polynomial CY(z) is the gener-
alization of Legendre polynomial and is defined as

(2v)n
n!

Cplx) =

-n, 2v+n;l—=x
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Operator representations of generalized hypergeometric functions 255

Bessel polynomial. Simple Bessel polynomial y,(x) is defined as
—n, n+1;—x
Yn(2) =2 Fo [ . 2] )
and the generalized Bessel polynomials y,(a, b, z) is defined as

(@b, 2) = Fo [—n, a—1+n;—$} .

- b
Lagrange polynomial. It is denoted by the symbol g%a’ﬁ ) (x,y) and is defined
by
[eY Q)n -n, P
95 (@, y) = 7(71), 2 I [ b y} .

l—a—n;zx

Sylvester polynomial. It is denoted by the symbol ¢, (x) and is defined as

o a” -n, r, —1
gan(x)—mgFo[ R }

)

Shively’s pseudo Laguerre polynomial. It is denoted by the symbol
R, (a,x) and is defined as

Ry(a,z) = 92 [ R x}

nl(a), ' la+n;

Hermite polynomial. It is denoted by the symbol H,(z) and is defined as

1 1 1
n =M, =N+ 5 1
Hn(I) = (2.23) 2F0 l: 2 72; 2 — {£2:|
Bateman’s Z,(z). Bateman’s polynomial Z, (x) is defined as
Zn(ﬂj) =2 F2 - n+1 ;.73 .
L5
Bateman’s generalization of Z,,(z). Bateman moved from Z,(z) to the
more general polynomial
—n, 20+n;
2l {v—i—é,l—i—b; t] '
It may be remarked here that the above polynomial is the Gegenbauer type gener-
alization of Z, (z). We will therefore adopt the symbol Z?(b,t). Thus we have

Zﬁ(b,t>=2F2[‘”’2”+”9 }

’U—|—%, 14 b;

A Jacobi type generalization of Z,(x) may be denoted by the symbol Zﬁla’ﬂ)(b, x)
and is defined as

298 (b, 1) = F [ —n, 1+a+p+n ;w]

14+a, 1+0b;
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Tchebycheff polynomials. The Tchebycheff polynomials T,,(z) and U, (x)
of the first and second kinds respectively are special ultraspherical polynomials. In
(n+ D p38) ).

details
nl _(—1_1y
Tn(x) = 17Pn o (x)> Un('r) = 3
(5)n (5)n
and in terms of hypergeometric function their definition will be as follows
-n, n;l—x -n, n+2;1—x
To(x) =2 F1 [ 1. 5 } ; Un(@)=(n+1) 20 [ 3. o
27 2

Cesaro polynomial. It is denoted by the symbol gff) (z) and is defined as
9\ (x) = <s+n) 2 F1 [ 1 ;.37] :
n
Bedient’s polynomials. Bedient [2], in his study of some polynomials asso-

ciated with Appell’s F5 and Fj3, introduced
n n 1 .
_fa_§+§77_67 1
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Rice polynomial. Rice polynomial H, (£, p,v) is defined as
—-n, n + 1 757 ’U:|

(&m0 = ok | "7
A Jacobi type generalization of Rice polynomial H, (&, p,v) is due to Khandekar
[10] who denoted his generalized polynomial by the symbol J2 A (&,p,v) and is

-n, 1+a+6+n7£7v

|

defined as
) _ (+a),
Hn (571777)) n 3F2 1+ a, p;
Sister Celine’s polynomial. Sister M. Celine denoted her polynomial by
the symbol f, 97595 0| and is defined as
b1> T bq7
A1, Gp; _ _nan+1aa1a"'7a'p;
In |:b17"' ,bq;f} =p+2 Fyt2 [ 1, % L by, by x] :
3. Operational representation
If D,, = azi and D,, = %, where ¢ = 1,2,3,... , by using these partial

differential operators, we define the following function:

q
'7$q:y17y2a"'7yp]

E‘J[blvb2 "'abp;017027"' yCqs L1, T2,
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and we can show that the result (3.1) is equivalent to the following:

q
Lﬂ[blvbQ"'vbp;clacZ,"'5cq;x17x27"'7xq:yl,y27"'7yp]
p

T1T2...2Tq

F, b1, bo, ..., bp;c1,C0,...,Cq;
q{ : T yiya-yp

Again we define another function, as follows:

L'!'J[a7b1ab2-~'7bp;clvc27'"7Cq;x1ax23"'7xq:ylvaa"'ayp}

& 1 —1)" Pleyj T f - —
:_U l:[ ”1< E Iz By )qH][)m ) H bect L (3.3)

i=1

Further, we can show that the result (3.3) is equivalent to the following

q
Lﬂ[blvbQ"'7bp;cl,62,"'5Cq;x17x27"'71’q:yl,y27"'7yp]
p+1
T1X2...2q
= p+1Fq |:a,b1,b2,...,bp;Cl,CQ,...,Cq; . (34)
Y1Y2--Yp

Proof of (3.2). Taking the R.H.S of (3.1) and applying the result (2.3), we get

Hy? Hx;cﬂrl = (TI')Z;[E[J 1 ya H fbjﬁ%clq

j=1 i=1 r=0
[eS) 1 b 1 r
:Zﬁn{yjj(_Dyj)ryJ ]} H {xl citt (.D ) x?l}
r=0 " j=1 i=1 Ti

From (2.5), we get the result (3.2).
Proof of (3.4). Taking the R.H.S of (3.3) and applying the results (2.4), we get

T Y —c; 1 " ci—
i? H{yg Dy,)"y; b]} H {xZ itl (Dz> & 1}7
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and now applying the results (2.1) and (2.2), we get the following:
— (a)r - —r . 1 r
= ,l JI RGN | )
r=0 =~ j=1 i=1 vT

Again from (2.5), we get the result (3.4). m

4. Operational representations of hypergeometric functions

By taking different values of p and ¢ in (3.1)—(3.4), we get operational repre-
sentations of hypergeometric functions. If we take p = 1 and ¢ = 0 in (3.2), we

get
0 1
WHla:—— 2] = 1Ky [a;—; } ;
1 X

and from (3.1)
1

1Fy [a; —; } =% e D= g7,
x
Similarly, we can define the following
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1 _
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D.D
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5. Operational representations of certain polynomials

The operational representations of several polynomials are given as follows

L(Dz _ 1)nxn+a

L) =
n:

L (@) =

L) =

n!

D
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