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ON THE BEST CONSTANTS IN SOME INEQUALITIES
FOR ENTIRE FUNCTIONS OF EXPONENTIAL TYPE

Milutin R. Dostanié

Abstract. In this paper we prove that the constants in some inequalities for entire functions
of exponential type (trigonometric polynomials) are best possible. Also, we prove an inequality
of Bernstein type for entire functions having some additional properties.

1. Introduction

If f is an entire function of exponential type o such that

=/ If(x)pdw); <o (p>0)

then the inequality.
Jr@pas<or [ 1y 1)

holds (Bernstein’s inequality). Similar inequality holds for trigonometric polyno-
mials, i.e.

[ it@rdr<w [ m@pds 2)

where T, is an arbitrary trigonometric polynomial of degree n.

The cases p > 1 of inequalities (1) and (2) are widely known (see for example
[1, 3, 6] but in the case 0 < p < 1 they are proved (in more general form) in [7]
and [2].

If the entire function f (especially trigonometric polynomial T}) has some
additional properties, then the constant o (nP) in (1) ((2)) can be improved (de-
creased).

In this paper we prove that the constants in some inequalities for entire func-
tions of exponential type (trigonometric polynomials) are best possible. Also, we
prove an inequality of Bernstein type for entire functions having some additional
properties.
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2. Results

THEOREM 1. Let f be an entire function of exponential type o such that
Je lf(@)|Pdz < oo (p>0), and f(x) € R for all z € R. Then we have

[ liot@)+ @l ds < o [ | ds 3)
R R
where
__VAT(+3)
ES
is the best possible constant.

REMARK 1. The inequalities analogous to (3) hold for trigonometric polyno-
mials: If T}, is an arbitrary trigonometric polynomial of the degree n then inequality

/j linTy () + 10 ()P do < ¢,nP /_7T T, (z)? dx (4)

holds (see [8, Corollary 14.6.7, p. 555]). Equality holds in (4) for T,,(z) = a cos(nz+
a), a,a € R. If trigonometric polynomial T, has at least one coefficient which is
not real, then (4) might not be true. For example, if p = 4, T,, = i + wcosnx
(w € R) and w is large enough, then (4) is not true.

REMARK 2. In [5], an inequality correlated with inequality (3) was proved
without proving that the constant in it is best possible.

The inequality (3) was proved in [7] but it was not proved that the constant
cp is the best possible.

In order to prove Theorem 1, we need the following lemma.

LEMMA 1. Ifp >0, v > 1, then

. 1 . 174
lim SIne |cos AzlPde = — T
A——+oo R Cp R x
holds.
Proof. In [4] it was proved that for all v > 1 and = € [-7, §] the equality
sin 2IHE Y sint ,
Jm s Z S| = [ ©)

holds and that there exists a constant K < oo such that
v

<K (6)
n=1

for all A > 1 and z € [-F, §]. Since

nmw+x
sin sm X

7L7r+3:

(2ﬂ+1)7r
400 | .k v

_ sin sin
lim | cos Az |P dax = hm E | cos Az|P dx,
A—+o0 0 (‘271 1)7\—
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after change of variable and application of Lebesgue dominated convergence theo-
rem (it can be applied according to (6)) we obtain

. ool sin gz |¥ 3 1 & "W"'x v
)\EI—‘PDO ; |c0s)\1:|7"dz:/2 |cos:z:|p( XX:: m+w )dx.
(7)
From (5) and (7) the statement of the lemma follows. m
2.1. Proof of Theorem 1.
n [7] the inequality
/|sinaf’(t)focosaf(t)\pdtgUp/\f(t)|pdt (8)
R R

was proved, where o € R, p > 0, f is an entire function of the exponential type o,
such that [ | f(¢)[? dt < co. Having in mind that

/ﬂ . 2/7T(1+ 2)

b
2

|acosp + bsinp|Pdp = (a® 4+ b%)

a,beR, p>0),
. ) bRl

by integrating (8) with respect to a over (—m, 7) and applying Fubini Theorem, we
obtain (3).

We will now prove that the constant ¢, in (3) is best possible.

Let B, be the smallest constant such that

/ liof(t) + f (O dt < B, / o
R R

holds for all entire functions of exponential type o satisfying the following condi-
tions:

(i) f(z) e Rfor all z € R,

(ii) [z [f(0)[P dt < oo.

Obviously, B, < c,a?. We will prove the reverse inequality.

Let0<e< Gandr=1+ [%] Consider the function

fe(z) = (sin ETZ)T cos(o —¢)z.

z
We have
fl(@) viofe(r) = g1e(x) + g2.e(x) + g3.c(2) (9)
where
sin E£\r—1p(cos £ - ££ —gin ££
g1.e(z) = ( xr ) ( z ;2 r) cos(o — €)zx,

sin 5N\ 7
g2.c(x) =esin(oc —e)z - ( L ) ,
x

sin &€\ 7
ggﬁg(x) — Z‘J(7T> eilo—e)z
X
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According to Lemma 1 (v = pr > 1) we have

e\pr—11
p (& -
17113 (r) CP/R x

e\prr—1 sinx
p=or(2) L e,
T R xr

pr

Sne dz, e—0+. (10)

Since

91,

it follows from (10) that

191, |§
im —= =od%¢,. (11)
=0+ | fellp :
Having in mind that
pr4p—1 . p(r—1) o P
lgaell? = TI’(E) / sin z T CosT - sin | cos Aal? d <
r R| @ x
_ : p(r—1) p
STP(g)erJ 1/ sz mcosa;—x |cos)\33|pdx7
r rR| = x
(A = 2==r), it follows from (10) that
p
i JoselE )
=0+ || fellp
Since
exer—1 [ |sing|P"
lg2.cllh = Ep(;) / ST [ sin Az|P dx <
R
e\prr—1 sinz [P" o—¢
< sp(f) / dz, ()\ = r),
r R X 3
it follows from (10) that
||g2,6||§ .
im = (13)
=0+ || fellp
From (9) it follows that
1f2+iofellp = llgrelly = l92.llp — llgs.cllp- (14)
Since .
5, > Wikl
£l

1 1
from (11)—-(14) it follows (when ¢ — 0) B} > oc}, i.e. B, > c,oP. m

REMARK 3. The inequality (4) can be proved analogously, starting from the
inequality

/|sinaT7’L(x)fncosaTn(:c)|pd:c§np/ | T ()P de.

—T —T
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In [9], the following problem is formulated:
PrROBLEM 1. Find

1Lf [l
s [1fllp

K, = sup (p>0)

where

S ={f: f entire function exponential type o,
/R\f|p dt < oo and f(z) = €% f(—2)}.
It is clear that K, < o. Let
T ={g : g even entire function of exponential type %7
/ lg|P dx < 00, and g(z) € R for all z € R}.
R

If g € T, then f(2) =¢e'2%g(2) € S, and by Theorem 1 we obtain

/ P de = / 9 +iZ g0 do
R
o\P
<(5)'e [larar=(5)", [ 1f1ras
R

o\P
and so, we have KP > (5) cp, ie. Kp > 5 cp Consequently, for p > 0 we obtain

o 1
505 SKPSU

THEOREM 2. Let f be an even entire function of exponential type o such that
Je lf(x)|Pdz < oo (p>2). Then the inequality

/|z’of+f’|”da;§2p‘1ap/ [P da
R R
holds.

Proof.

oo 0
/ liocf + f'|P dz :/ |iaf+f’|pdx+/ licf + f'|P dx
R 0 —00

= [Tl sl o s
0
<2 [P + ol @P) ds
0



o8 M. R. Dostanié
(according to the Clarkson-McCarthy inequality)
=272 [ @ + @) da
< 2”*10’”/ |f|P dx
(zauccordinéR to Bernstein’s inequality). m

If p>2and f € S, then the function g(z) = e™?5% f(z) is exponential type
2, even and [, |g|P dz = [, |f|P dz. By Theorem 2 we have

[1rwds= [ 1g +iggras
R R 2
p oP
< or-t g /gpdx:—/ fIPdax.
(3 froe- [
P

o
Therefore, for p > 2 we have K < — and we obtain two sided estimation for Kj:

=

s =
IN o
=

%c p o277,

pr:?,thenCQZQand%SKQS%,i.e.

o

K= 2.
2 \/5

(This result is obtained in [9, Theorem 3]).

OPEN PROBLEM. Find best possible constant A, such that

s

/7T linT,, (z) + T (z)|P do < npAp/ T, () dz (p>0)

—m -7

holds for each polynomial T;, of the form

T, (z) = Z a cos kx.
k=0

Applying theorem of Levitan-HOormander on approximation of entire functions of
exponential type o by trigonometric polynomials, we obtain

/ lio f(2) + /(@) do < Apo? / @) de
R R

if f e LP(R) and f(z) = f(—=z).. Then we would also have

A
CONJECTURE. K, = - 0.

s
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