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JACOBI TYPE AND GEGENBAUER TYPE GENERALIZATION
OF CERTAIN POLYNOMIALS

Mumtaz Ahmad Khan and Mohammad Asif

Abstract. This paper deals with the Jacobi type and Gegenbauer type generalizations
of certain polynomials and their generating functions. Relationships among those generalized
polynomials have also been indicated.

1. Introduction
In 1947, Sister Celine (Fasenmyer [2]) obtained some basic formal properties

of the hypergeometric polynomials. Sister Celine’s polynomials are defined by the
following generating relation

_ -1 A1,.-. ,0ar; _ A4zt _ = A1y ... ,0p; n
(1 t) TFS b17 .. abs; (1_t)2:| B nX:ZO fTL |:b17 7bs; m:| t (11)
which yields

f(aublax) = fn(a17a27"' 7a’l“;b17b27"' 7bs;l')

—n,n+1, ar,...,a.;
F. ) 3 ) ) i
Tt |: 1a %7 blv"' 7bs; ’
(n is non negative integer) in an attempt to unify and to extend the study of certain
sets of polynomials which have attracted considerable attention.

Her polynomials include as special cases Legendre’s polynomials P, (1 — 2x),
some special Jacobi polynomials, Rice’s polynomials H,, (&, p,v), Bateman’s Z,(x),
F,(z) and Pasternak’s F*(z) which is a generalization of Bateman’s polynomials
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1.1. Bateman’s polynomials
Bateman defined the following polynomials (see [8], [7; eq. (1), p. 289])

—n, n+1, 2(1+ 2);
Fn(z) =3F2|: 1 12( ) 1:|

Bateman [7], [8], obtained the following generating functions

s n_ 1 5 5+5% _—a
nZ::OF”(Z)t =12 {2 L (1—t>2]

18

n 2t §’ 1, lz; _
=2 Bl = g o [ 225

n

1.2. Pasternack’s polynomials
The generalization of Bateman’s polynomial due to Pasternack is given below

—n, n+1, 2(z+m+1);
O IR G

which is a generalization of Bateman’s polnomials F},(z). Generating function of
generalization of Pasternack’s polynomials is given below
& 1 L lz+m+1);
m n _ 27 2 y 4t
LR = gy [ m+1; (=)
In 1936, Bateman [7] was interested in constructing inverse Laplace transforms.

For this purpose he introduced the following polynomial

Zn(x) = o F [_"’1 ”;f L :r}

By theorem 48 (see [7, p. 137]), Rainville writes the generating function as follows

= 1 l7 n+17 —4xt

In 1939, Pasternack [7] obtained the following generating function of Bateman’s
polynomials

> m(—2n—1) (_nt') =e " Zu(t)
00 1 _|_t2
_ _ n _ _ —m—1 m -
L Fa(=2m = 1t = (L= )7 (1) Pm<1_t2>

1.3. Rice’s polynomials
S. O. Rice made a considerable study of the polynomials defined by
1Y + 1, ;
Hn(gapal/):iSFZ " 1” . g l/:|

p;
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The generalized Rice’s Polynomial due to Khandekar [4], is given below

-n, n+a+06+1, &
H* (& p,v )—3F2[ | +a, f} & }

n'
1+ a)n
Generating function of the generalized Rice polynomial due to Khandekar [4], is
given below

> (2 1 @ e o—(— A 5 y Qs v
Do e U C R Y S

(1.2)

1.4. Hahn polynomials
Hahn polynomial is defined as

Qn(; 0, B, N):3F2[—n,1n—:-aatjﬁv,.—x; 1}, a, 3>-1, n,z=0,1,...,N.

The following generating functions are satisfied by the Hahn polynomial

nio(ﬂ(‘F))Qn(waﬂ’ ) :1F1[_«T;Oé+1; ]1F1|:6+]¥’ t},
r=0,1,...,N, and
& (=N)n B —z, —z+[f+N+1;
RZO(5+ ) Qn(maﬂv ) _2F0|: : t:|><

% oFy [x—N, —z+a+1;

7

: t] z=0,1,...,N.

Motivated by the Jacobi type generalization of the Rice’s polynomials obtained by
Khandekar [4], we aim here to obtain Jacobi type generalization of the polynomials
mentioned in the first section of this paper.

2. Jacobi type generalization of certain polynomials
and their generating functions

Before obtaining the Gegenbauer type generalization of polynomials, we shall
first discuss the Jacobi type generalization of polynomials. The Gegenbauer type
generalizations shall be discussed in the next section of this paper.

The Jacobi type generalization of Sister Celine’s polynomial is given below.

2.1. Jacobi type generalization of Sister Celine’s polynomial

Substituting A = ¢,p =r,qg = s,r =1,s = 1 and p = 2a+1 in the Eq. (3.16) of
the reference [3] the following generalized Sister Celine’s polynomials are obtained
by means of the following generating relation

c 1l4c .
— 99 y A1y, Qpy 4xt
(1 - t) 02+’I"F2+S 2 i

2
1+ a, %+O[7 b17"'abs; (1-1)*
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which produces the following relation

. 1+ ) )
s %7 207 A1y 5 p; | = @2+ Foy —n, nl—i— Cy, A1,y...,Qp; "
" 1—|—a,%—|—a, bi,...,bs; n! T 14, 5 Fa, by, b

CASE (1). For a = 0 it reduces to

14c .
1 t)~¢ F ; ;cv A1yene y Qp; 4t
( - ) 247t 2+s L

72)b17"'7b8;
c 1l4c .
_ & 39 g 9 A1y 5 Qp3 n
- an 1 1 b b.: z|t
n=0 s 99 YVl Usy

CASE (11). For @ = 0 and ¢ = 1, it reduces to original Sister Celine polynomial
(see [7; eq. (1), pp. 290] of Rainville) and eq. (1.1).

Case (u1). For ¢ = 1+ a+ 3, it gives Jacobi type generalization of Sister
Celine’s polynomial

(o]
(1+a+P)n —n, n+1l+a+p; ar,...an n
nZ::OT 240 Fops 1+, %—l—a bi,...,bs; uk
R i 1+a+,8 2+a+ﬁ @1y Ary app
B (1 7t)1+a+[32+r el JrOw 2 +Oé b1y s bs; (=0

For a = 3, we get the following ultraspherical type generalization of Sister Celine’s
polynomials

> (14 2a), -n, n+2a+1, ap,...,a; n
n;oin! 2+rFoqs 1+a, %+a’ br.... ba: x|t

_ 1 F. ai, ... ,0ar; __4axt
BTkl P e,

CASE (1v). Forc=1+4 a+ f and r = s = 0 we have

(1+a+ﬂ>n —n, n+1+a+f; n
; 2 1t bta 7
1 1+a+8 2+a+p. At
= — LI v __dwt
u—wHaw22[1+a72+a <PW}

CASE (V). Whena = 8 = r = s = 0, we have the following form of Sister
Celine’s polynomial

S -n, n+1; 1 4t
F: = o
Son [T e e e | )

n=0
2.2. Jacobi type generalization of Bateman’s polynomials

In 1999, M. A. Khan and A. K. Shukla [3] defined the Jacobi type generalization
of Bateman’s polynomials as follows

_ 1 .
F{ D (p,2) = 3F, [ " n+a1++ﬂa+;-’ 2(1+2) 1} : (2.1)
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We define the generating function for the Jacobi type generalization of Bateman’s
polynomials defined by Khan and Shukla.

X (14 n)ats (a,8) n
L Wars BN
& (14+n)ats i (77?/)]@(”4’0[‘}’/84’l)k(%(l‘i’z))ktn
n=0 (La+s #=o (1+ a)k(p)kk!
_ 5 (L mats o (=D)F (D) (n+a+ B+ Dr(3(1+ 2))xt"
n=0 (Wats =0 (n—Fk)! (14 a)r(p)rk!
_ i% 2 Cﬁl)k(l)n+%v+ﬂ+k (%(1 + 2))kt"

n=0 k=0 (n—k)! (Dats(l + a)i(p)sk!

"
RS D Wnrarprn (GO+ 2t

n=0 k=0 n! (Da+s(1 + a)r(p)ik!
_ 3 Wats+a+ Baw(5(1 +2))r(=t)" 2 (Lot B+ 2k)nt
k=0 (Da+s(1 + a)r(p)ik! n=0 n!
1 Z 22k (LEetl) (20 (L1 + 2))p(—0)F 1
T e (T a)n(p)ik! 0%
1+a+8 2+a+B 1 2):
= (1—¢)itath 3Ey 2 1—ia,,p;2(1+ ) *ﬂiitt)z

Another kind of generating function can also be defined for the Jacobi type
generalization of the Bateman’s polynomials, given below

& (Lt n)ats
n=0 (1)04+ﬁ
_ ) (1—|—n)a+ﬁ L0 (—n)k(n+a+ﬁ+1)k 1/ > 1 2 n
a Z0 (Dats  #=0 (14 a@)k(p)ik! {1 +2), = (G +2), )¢
2 (A4 n)ays & DD nta+B+Dk g, 0 . n
s 2 bl G e (RGO

[Ex7 (0,2 = 2) = B0 (p, )"

-5 5 U W <1>a+§(1 T
S i e =
S T e
_ 20 ki (—l)k(l)n;'a+ﬁ+2k+2 - +(ﬂ§((11 : Z))Zji+;k+1k!

RS (Darp(l+a+ Blnyorra(z(1+ 2)k(—t) "
_ngOkgo (Dass(l + a)rp1(p)ryin! k!
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< = (1+a+B)23+a+ Bniar(3(1+ 2))k(—t)kt"
nE::o kz::O I+ @)g+1(p)+1n! k!
_ < (3+a+B)au(5(1+2)k(—t)* = (3+a+ B+ 2k)t"
AR EP P ey sy R ) MUY i 9) m
(A ta+B)y & 2R () (214 2))k(—t)F 1
SO S ()@t k@) ek (1%
_ (1 +a+/3) Stoth  AtadB (14 2); &
~ (1 —t)3teth(l —|—2a)(p) sl { ? 2—|—O2¢,p—|—12; - (1t>2]

For a = 3, we get ultraspherical type generalization of Bateman’s polynomials

— 1 .
F,So"“)(p,z)ng{ m, nt2a+1, 5(1+2); 1}

1+a, p;

Generating function for these polynomials is given below

1—|—7’l o a,o ,Q
= | § >2)2 {F 02 =2 = B (0, )"
RS R L

2.3. Jacobi type generalization of Pasternack’s polynomial

By substituting z = z +m, p = 1 +m in eq. (2.1), Khan and Shukla [3] ob-
tained Jacobi type generalization of Pasternack’s generalized Bateman’s polynomial
E™(z), given below

1
(@8) () — —n, n+a+p+1, 5(1+z+m);
Fid () = a2 | R | e
We derive here the generating function of these polynomials
S 1 (o7 (o3
3 (1+n) +8 Fém’qﬁ)(z)t"
n=0 (1)oc+,@
14+a+8 2+a+8 1 1 .
= sl > T al J.FZer)’ - (12)*2
(1 —t)ltats 14+ a,1+m;
Substitution of & = 3 gives us its ultraspherical type generalization
1
(0) (L) — —n, n+2a+1, 5(1+2+m);
Fla(2) = o, [ SR, 1. (2.3)

The following is the generating function of the ultraspherical type generalized of
the polynomial (2.3)

(1+n)20¢ (a a) 1 %7 %(1+Z+m)7 4t
I P = g | T
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2.4. Jacobi type generalization of Bateman’s polynomial Z, (x)

Jacobi type generalization of Bateman’s polynomials Zn(x) was considered
to be new in the last decade. For @« = 8 = v — , it reduces to Gegenbauer
generalization of the Bateman’s polynomials and also for « = f = 0, it reduces
to Bateman’s polynomial. Khan and Shukla [3] adopted the symbol Zr(la’ﬁ)(b, x) to
denote the Jacobi type generalization of Bateman’s polynomial Z, (x).

-n,n+a+5+1;

(2.4)

We determine the generating function for the polynomial zks )(b, x),

0 (1+n)a+g (a,8) n X (1+n)a+g (— n)k(n+a+5+1)kxkt
D e T L Y e T I TR

_ io: (1+n)a+,3 n (_1)k(1)n (n+a+B+1),z*t"
"5 ars i (=) (GranGim

_ i; zn: (71)k(1)n+a+ﬁ+k zFtn

(n—k)! (Datp(14a)(b+1)kk!

— SR (_l)k(l)n+a+ﬁ+2k Skpntk
B n;O k;o n! (1)a+ﬁ(glr+a)k(b+1)kkl
(Dats(l+a+ Bar(—zt)* = (1+a+ B+ 2k),t
(14 a)r(b+ k! =0 n!

00 22k(1+3+6)k(w%(—$t)k 1

S A Ot anbr Dk (-0
1 1+a+6 2+a+5 At
~ R |

k=0 (1>a+ﬁ
1

1—|—a b—|—1 - -y

The generating function given below establishes a relation between F,Sloff) and
Z,ga’ﬁ)(m,t); we have

F2D(z) = 3F (2.5)

—m, m+a+pf+1, 5(1+z+n);
1+a, 1+m; ’

nZ::O Fr(nof’nﬁ)( 2n — 1) (_Tf!)n nijo é:o (_m)k(gLIZ)+(f:;3)kk(];:!)k(_t)n
(eI NS
- 20 éo (=m (1)j(7r; JE O:Lnf):k!l) p (= 1)k§j)n+k
-EAF RS a
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o -m, m+a+pG+1
=¢ ZFQ[ 14+ a,1+m;

For a = (B,we get the ultraspherical type generalization of it, as given below:

-m, m+ 2« + 1, %(1—&—2—!—71); 1
1+a, 14+m; ’

' t} = et 7P (m,t).

F(a,a) (Z) = 3F2 |:

o0 n
(), o (=) o —-m, m+2a+1; (e
HZ:O Frnn’(—2n—-1) = 2 Fy a1t m: t| =e " Zy " (m,t).
In particular, for &« = (3, we obtain the ultraspherical generalization of Bateman’s

polynomial due to Khan and Shukla [3]
(a,a) _ —n, n+2a+1;
Zn (b,x) 2F2 |: 1+a’ b+]., x
Generating function for the ultraspherical generalized Bateman’s polynomials is
given below

2 (L+n)2a (a0 n_ 1 120, st
nz::o(l)TZ" (b, 2)t _mlﬂ b+1;  O-07

Substitution of o = 8 reduces Khandekar’s polynomial to ultraspherical type
generalization of Rice’s polynomials, therefore, we have

n! -n, n+2a+1, &
H(a,a) —.F ) ’» Sy
(1+a)n n (&p’y) 342 |: 1+Ot, P; V:|
Generating functions for the ultraspherical type generalized Rice’s polynomial is

given below

= (2(% + 1)n (o)
———H, (&, p,v)t"

S Gra), Gy

_ i (20[ + l)n (14«

n=0 (1 + a)n !

) z”: (=n)k(n + 20 + 1) (v t"

k=0 (1+ a)i(p)ik!
(—D)*2a+ 1)n(n + 2a + 1), (&) pr*tn

(n — k)1 + a)k(p)kk!
(_l)k(2a + 1)n+k(§)k’/ktn

(n = k)1 + a)k(p)rk!
(20 + Dngor (§r(—rt)* 1"

n!(1+ a)i(p)ik!

(Or(—vt)F = (2a + 1 + 2k),t"
k(p) k! n=0 n!
k(1 + o) (§)r(—vt)* 1
T ) (p)Rk! (1 ¢)2arieek
_ 2 (5 + @)(E)r(—4vt)*
C(L—)etl = (pek!(1— 1)k
1 % +a, & 4ut

= (1— t)2a+12F1 P a—t)2

NE

n=0
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Ultraspherical type generalization of the Hahn polynomial is given below

n, n+2a+1, —z; 1} (2.6)

Q»,L(Z';O(7047 N):3F2|: 1+O{7 —N:

)

Polynomials given by (2.6), satisfy the following generating functions

(1 + Za)n 1 —|— o, —x;
EL30, (w00, NI = gy Py s

~N; (1—1)2

n=0 n!

3. Gegenbauer type generalization of certain polynomials and their
generating functions

In this section we determine Gegenbauer type generalization of the polynomials
mentioned in the introduction section of this paper.

3.1. Gegenbauer type generalization of the Sister Celine’s polyno-
mial

Gegenbauer type generalization of the Sister Celine’s polynomials is given be-
low

—n, n—|—21/, Ay 0y Qp;

f(l/)(ala"'7a7‘;b17"'7b8;x):n!2+7‘F2+3|: %"‘V, v, b17"'abs; z

Generating function of the Gegenbauer type generalization of the Sister Celine’s
polynomial is given below

> (2v —n, n+2v, ay, ‘-, a;
Z( )n 2+7‘F2+s 1 T $:| tn

1 .
n=0 n! §+Va v, bla"'ab37

(2v), 2": (—n)x(n+20)k(a1)k - - - (@), 2F7
=0 (3 +V)E@kb)g--- (bs)x K
(=D @)nsr(ar)r -~ (ar)r  xFt"
T 200 (n— R )k (b K
—D)F2v)nron(ar)y - - - (ar)p ¥t HF
(5 +)e@)sb1)s - (bs)r  n!
20)on(a1)g - - (ap ) (—at)* 22 (20 + 2k) "

(
E=0 k!(%—I—u)k V)Ic(bl)k"'(bs)k ngo n!
2

o= k

a kz::o El(b)g - (bs)e  n=0 n!
1 i (a1)g - (ar)r (—4at)*

(1 —1)2 ;=0 KN b1k - -~ (bs)k (1 — )%k

1 Ay, =0y Qg 4t
B (1 —t)2l/ TFS b17 ) bsa (1?15)2
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3.2. Gegenbauer type generalztion of the Bateman’s polynomial

By substituting « = g = v — %, the Gegenbauer type generalization of the
Bateman’s polynomial F,,(z) is obtained as given below

- +2u, (1 + 2);
F(pz)=sF, | T2 1. 3.1
) om0 (3.1)
One of the generating functions of polynomials (3.1), is determined below
S (QV)” (v) n 1 v, l(1 + Z)7 4t
nz=:0 py Fa7(p, 2)t" = -0 2 b1 2 »: — a7 |
Another generating function of polynomial (3.1) is obtained below
> (2v v v n
R R )
(2v) vt g, v+ 1 (14 2); 4t
= i 3k 3 — a2
(1 =8+ (v +3)(p) v+s, pt L 1=t

By setting a =38 =v — % in the Eq. (2.4), another Gegenbauer type general-
ization of Bateman’s polynomials Zy(LV)(b, x) is given below
—n, n+ 2v;
v+l 148 ‘T]
Gegenbauer type generalized Bateman’s polynomial (3.2) satisfies the following
generating function

ZW) (b,x) = o F, { (3.2)

o~ <2y)” (v) n _ 1 v; Azt
D e F R s |

3.3. Gegenbauer type generalization of Pasternack’s polynomial

By setting a = 8 = v — % and 1 + m = p in Eq. (2.2), we define here the
Gegenbauer type generalization of Pasternack’s generalization of the Bateman’s

polynomial F™(p, z) as given below

- +2u, Lz+m+1);
EW (p2)=4F |0 T2 1. 3.3
) o | T HE 33)
For the above polynomial (3.3), we easily obtain the following generating function

relation

X (20)n L) ) 1 v, Sz+m+1); 4
I, Dt = e R, =

Now substituting a = 8 =v — % in Eq. (2.5) the following polynomial is obtained
—-m, m+ 2v, %(1+z+n); 1
v+ %, 14+ m;

whose generating function is determined as given below

FW) (2) = 3Fy {

m,n

E o) o D e o [emy o m2vs ) )
ngome( 2n —1) = 2 F vt 314 m; t| =e tZy (m,t)
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3.4. Gegenbauer type Generalization of Rice’s polynomials

With the steps taken by Khandekar [4] in the definition of Jacobi type gener-
alization of Rice’s polynomials, by putting o = = v — % in Eq. (1.2) we define
Gegenbauer generaliation of Rice’s polynomials

-n, n+2v, & }
1 14
v+ 35,D;

n'

ﬁ (fpa)—an[

We define the generating functions of the Gegenbauer type generalization of the
Rice’s polynomial as follows

e (QV)” V) 1 v, g; v

3.5. Gegenbauer type generalization of Hahn polynomials

We define the Gegenbauer type generalization of Hahn’s polynomial as given
below

v -n, n+2v, —z;
Qs W) =ara | T ).

The following generating function is satisfied by the Hahn’s polynomial

& (20)n @) n_ 2 (W) & (=n)k(n 4 20)p(—2)kt”
I e T L (- N
&2 & ()RRt & & (D)) pon(— )t

n=0 k=0 (’fl — k‘)'(% + l/)k(—N)kk‘! - nE::O kz::o n'(% + V)k(—N)kk!

=S (=D)*@v)ar(—2)pt" & (20 + 2k),t"

=0 (5 +V)e(=N)k! =0 n!

_ 1 oo 22K (1) (5 V)k( ) (—t)k
(1 =12 =0 (3 + V)(=N)Rk!(1 —t)2*

1 v

_ , T _ 4t
- (1—t) 2 —N; (1-1)2
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