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MORE ON EVALUATING DETERMINANTS

A. R. Moghaddamfar, S. M. H. Pooya, S. Navid Salehy
and S. Nima Salehy

Abstract. This article provides a general technique for finding closed formulas for the deter-
minants of families of matrices whose entries satisfy a three-term recurrence relation. The major
purpose of this article is to generalize several published results about evaluating determinants.
We also present new proofs for some known results due to Ch. Krattenthaler.

1. Introduction

Let a = (a;)i>1, B = (Bi)iz1, A = (Mi)iz1, = (pi)i>1 and v = (v;)i>1 be
given sequences with a; = 1. Let A = [a;;]i<i j<n be an n x n matrix whose
entries satisfy the recurrence relations of the form

Qi5 = Nj—1G45—1 + j—1Qi—1j—1 + Vj—10i—15, 2<14,5<n, (1)

and the initial conditions a1 ; = a; (1 < j <mn)and a;; = 6; (1 <i <n). The
relative positions of the entries a;;_1, a;j—1j-1, a;—1; and a;; in Eq. (1) form
the “figure M” shape. We call a matrix a My, ,-matriz if its entries satisfy the
recurrence Eq. (1). Moreover, a matrix is called a M-matriz if it is a My, ,-matrix
for some sequences A, 4 and v. In the case when u; = 0 and \; = v; = 1 for each 1,
the MMy ,,,-matrix is called the generalized Pascal triangle associated with o, 3 and
denoted by Ps.o(n) (see [1]). Also, if \; =0, p; = a and v; = b for each i, where a
and b are nozero constants, the My, ,-matrix is called the 7, ;-matriz (see [2]). In
particular, 7; ;-matrices are called simply 7-matrices.

The determinant of a square matrix plays an important role in different areas
of mathematics. Often, the solution of a particular problem depends on the explicit
computation of a determinant. In recent years, a special attention has been paid to
the problem of symbolic evaluation of determinants, see [3—13] for a full description.
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In [6], we investigated the 7-matrices and evaluated the determinants of certain
7-matrices with various choices for the first row and column. In this article, we study
a more general case. We first present a factorization of a certain My , ,-matrix
associated with arbitrary sequences A, p and v, and then we find a generalization
of results obtained before in [6] or newly presented. The main technique for proving
our results is matriz factorization of recursive arrays (see Theorems 1 and 2). It is
worth to mention that, using the results in this article, we obtain alternative proofs
for some Theorems in [5].

We conclude the introduction with notation and terminology to be used
throughout the article. Given a matrix A, we denote by R;(A) and C;(A) the
row i and the column j of A, respectively. We use the notation AT for the trans-
pose of A. We also denote by

A({i17i2a s 7i/€}7 {j17j27 e 7.7k})

the submatrix of A obtained by deleting rows i1, 72, ... ,i; and columns ji, jo, ... ,
jx- All our matrices start with row 1 and column 1. Given g; and go, a Gibonacci
sequence (generalized Fibonacci sequence) g¢1,92,93,-.. is defined recursively by

In = gn—1 + gn—2o for n > 3. As it is customary, an empty sum (e.g. a sum of the
form Y f(i) where n < m) is taken to be 0.

2. Main results
We begin with the following theorem.

THEOREM 1. Let a = (ai)iZI; A= ()\i)i217 n = (/Ji)izl and v = (Vi)iZI
be given sequences and let A = [a;;|i<ij<n be a My ,,-matric with the initial
conditions:

. —2
a1 = apzt Tt +d Soab and a1 = aq;j for 1<i,57<n.
1=0
Then we have the following factorization:
A=L-B,
where L = [L; jli<i j<n 18 a T-matriz with the initial conditions
Li71:mi_1 and L1;=0 for 1<i<n, 2<j<n,
and B = [B; jli<i,j<n s @ matriz given by the recurrences
Bi; = { Aj—1Baj1+ (pj—1 +2Xj—1)Brj-1 + (vjo1 —2)Br;,  ifj=i=2,
(2% )\j_lBi,j—l + (Mj_l + Aj—l)Bi—l,j—l + (l/j_l - 1)Bi_17j, ’LfZ Z 3, j 2(22)7
and the initial conditions By j = a;, 1 <j<n, Byy =dand B;; =0, 3 <i<n.
In particular, we have det A = det B.

Proof. Tt suffices to show each of the following;:
Ri(L-B) =Ri(A) = (a1, az, ..., o), (3)

Ci(L-B)=Ci(A) = (a1, aqz +d, ..., a4+ i dzhT, (4)
1=0
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and
(L-B)ij = Aj-1(L-B)ij-1+pj—1(L-B)ic1j1+vj1(L-Bic1;, 2<4,5 <n. (5)
First, we suppose that j = 1. Clearly
n
(L : B)l,j = Ll,kBk,j = L1,1B1,j = Qjy,
k=1
and so Eq. (3) holds.

Next, we suppose that j = 1, and we obtain
i—2

> al)d,

(L-B)ia= > LixBr1=Li1Bi1+ Li2Ba1 =2""ta; + (
k=1 =0

which implies that Eq. (4) holds.
To establish Eq. (5), recall that
Lij=Li1j 1+Li—1;, 2<i,7<n. (6)
Thus, for 2 < 14,5 < n, we have that

(L-B)ij= > LikBu;
k=1

=L;1Bij+ > Li kB,
k=2

=L;1B1;+ > (Li—15-1+ Li—15)Bk,; (by Eq. (6))
k=2

=L;i1Bij+ Y Licix—1Brj+ > Li—11B
=2 k=2

=L;1Bij+ > Liciy-1Brj+ > Li—1xBr;—Li—11B1;
k=2 k=1

=(Lip—Li—11)B1j+ >, Licik—1Brk; + > Li—1,,xBk,;

k=2 k=1

= (Lin —Li—11)B1j+ > Li—1k—1Brj+ Li—11B2; + > L1 B ;.
k=3 k=1 (7)
On the other hand, by computation we obtain

n n

> Licig-1Brj= > Li—1k—1[Aj—1Brj—1+ (Nj—1+ pj—1)Br—1,-1
k=3 k=3

+ (vj—1 = 1)By-1,4] (by Eq. (2))

=XN_1 2 Licip—1Brj—1+ N1+ pj—1) > Lic1g—1Br—1,j-1
k=3 k=3

+(vjo1—1) > Li—1 k—1Bk-1,;
5=3
n n—1
=12 (Lig — Lic1,1)Brj—1+ (Njo1 +1j-1) Y Li—1,xBrj—1
k=3 k=2
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n—1
+(Wj-1—1) X0 Lic1xkBr; (by Eq. (6))
k=2
n 2
=Nj—1 > LixBrj-1—XNj—1 > LixBrj
k=1 k=1

n 2
—XNjo1 >, Lic1 kB j—1+Xj—1 Y. Li—1 Bk -1
k=1 k=1
n
+ (N1 4+ pj-1) > Lic1 g Brj—1— (Nj—1 + pj—1)Lic11B1j-1
k=1
+ Wj—1—1) >0 Li—1kBrj — (vj—1 —1)Li—11B1,; (note L;—1,, = 0)
k=1
n 2
=X_1 Y LixBrj-1—Xj—1 > Li xBrj—1+ Xj—1Li—12B2j_1
k=1 k=1
+ -1 Z Li—l,kBk,j—l - ,LLj—lLi—l,lBl,j—l
k=1
+vj_1 >, Li_1,xBk; —
k=1 b=

Li—1kBk,j — (vj—1 — 1)Li—11B1;.
1

After having substituted this in Eq. (7), we get

(L B)ij=Xj—1 > LixBrj—1+pj-1 > Li—1,kBrj—1
k=1 k=1

+vj_1 Y, Lici1xBrj +Y(i,5)
=1

=XN_1(L-B)ij-1+pj—1(L-B)i—1,j-1+vj—1(L-B)i—1; + (i, 35),

where
2
U(i,j) = L;1B1;+ Li—11Baj — Aj—1 Y, L; Bk j—1
E=1

+Aj1Li12B2 -1 — pj—1Li—11B1 -1 —vj_1Li—11B1 ;.
Now we must prove that ¥(i,5) = 0. To do this, we observe that
U(i,j) =aLi—11B1j+ Li—11Boj — A\j_12L;—11B1 ;-1 + X\j—1(Li—12 — L;i2)Ba j 1
—pj—1Li—11B1 -1 —vj_1L;—11B1; (notice that L;1 = aL;_1,1)
= Li11{Baj — A\j-1Baj—1 — (wj—1 + Aj_12)Brj1 — (vj—1 — ) B}
(by Eq. (6))
=0. (by Eq. (2))
The proof is thus complete. m
REMARK. This result generalizes Theorem 2.1 in [6]. Indeed, if we take z = 1,

A; =0 and p; = v; =1 for each i, then we obtain Theorem 2.1 in [6].

THEOREM 2. Let oo = (ay)i>1 be an arbitrary sequence and let B = (5;)i>1 be
the sequence satisfying 01 = a1, B2 = ag and linear recursion B; = B;_o+kB;_1 for
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i >3, where k is a constant. Let A = (N;)i>1, = (W;)i>1 and v = (v;);>1 be three
sequences with A; =0, u1 =1 and v; = k for each i. Suppose that A = [a; j|1<i j<n
is the My, -matriz with the initial conditions:

a;=oa; and a1 =05 for 1<i,5 <n.

Then we have
aq, an = 17

n—2 n—1 n—i .
rs" iy my ", ifn > 2,
where r = a% — oz% + kajas and s = poay + pokas — as.

detA:{

Proof. For n < 3 the result is straightforward. Hence, we assume that n > 4.
We claim that

A=L-U,
where L = [L; j]i<i j<n is a lower triangular matrix by the recurrence
Lij=Li-1j-1+kLi—1j; 2<1i,j<n, (8)
and the initial conditions Ly ; =1, Ly, = 0, and
Livn=Li 21 +kLi_11, 3<i<n, 9)
and Ly j =0, 2 < j <n, and where U = [U; j]1<i j<n With
aj, ifi=1,7>1,
oz, ifi=27=1,
~ 0, ifi>3,7=1,
Uij = (10)

,Uj—lﬁl,j—l + kUl,J’v ifi=2,2<j<n,
U g — Uy, ifi=32<j<n,
pj—1Ui—1 -1, if4<i<n,2<j<n.

Note that L is a 7; y-matrix. For instance, when n = 4, the matrices L and U are
given by

1 0 0 0
0 1 0 0
E=11 & 1 0]’
E 1+k% 2k 1
and
aq Q2 ag Oy
7= s o + kasg o + kag usas + kay
0 0 poc + pokas —az  pz(peas + kas) — oy
0 0 0 ps (2o + pokas — as)

Moreover, by the structure of L, we have
LLQ = Li+1,1, for all 1 S ) é n — 1. (11)
Hence, we can easily deduce that

Lio=L; 202+kL; 12, 3<i<n. (12)
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The matrix L is a lower triangular one with 1’s on its diagonal, and so det(L) =
1. Furthermore, by the structure of U, one can partition U in the following manner

T %
U=(0|U],

o a2 ) and U = U({1,2},{1,2}) is an upper triangular

g oy + koo
matrix with diagonal entries

U1 =Us3z =s,

where T = <

Uso = Usa = 13Us 3 = p13s,

i+1
Uii = Uiy2,iv2 = tix1Uix1,i41 = SHHh
=3
n—1
Un—27n—2 = Un,n = /’Ln—lUn—l,n—l =S H i,
=3

where s = poay + pskas — az. Let 7 := det T. Therefore, we obtain

n—1
det U = detT x det U = r x s" 2 H u?‘l.
1=3
Finally, it follows that
n—1
det A=det L x detU = detU = rs" 2 H =t
1=3

as desired.

The proof of the claim requires some calculations, which we handle case by
case.

Case1l. i =1, 1<j <n. In this case, we have
(L-U)1j =3 LUy = LiaUyj = ay.
=1
Case 2. (i,7) = (2,1). Here, we obtain

. n . - -
(L-U)21 =, LogUpy = Lo Uy + Lo 2Uz 1 = .
I=1
Case 3. 3 <i<mn, j=1. Now, by easy calculations we get

(L-U)in = LiyUiy = LinUny + Li2Us
=1
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= (Li—9,1 +kLi—11)U11 + (Li—22 + kLi—12)Us1 (by Egs. (9) and (12))
= (Li—2,101,1 + Li—Q,QUQ,l) + k(Li—l,lﬁl,l + Li—1,202,1)

=S LioUi+ k> Lio1,Uin
=1 =1
= (L-U)i_o1 +k(L-U)i_11.

Case 4. 2 < i,7 < n. Here, the sum in question can be calculated as follows

~ n ~ 2 - n -
(L-U)ij=> LiyUy=> LU+ > LU
=1 =1 =3

2 - n ~
=> LiyUpj+ > (Lim1i-1+kLi—1)Us; (by Eq. (8))
=1 =3
2 - n - n ~
=> LU j+ > Lici; U+ kD> Li—1,U
=1 =3 =3
2 B . n -
=> LU j+Li—12Us;+ > Li—1,-1U;;
=1 =4

n - 2 -
+kY L Uj—k> Li1,Up;
=1 I=1

Il
M

LigUpj+ Li12(uj1Usj 1 — Ui )+ i1 Lic1g U141
=4

I
-

~ 2 ind
+K(L-U)i—1j—k> Li—1,Ui; (by Eq. (10))
=1

= (Liqx — Lic12)U1 4+ (LioUsj 4 pj—1Li—12Us ;1)
2

+ o1 ) Li—l,lUl,j—l +k(L- U)i—l,j -k Li—l,lUl,j
1=3 =1

(note that L; 1 — L;—1,2 = 0 by Eq. (11) and also L;_1,, = 0)
- n - - 2 5
=L;oUsj+pj—1 > LicaUijor +k(L-U)icrj — kY. Lic1,Up 5
=2 =1
= LioUsj+ i 1(L-U)iz1j1 — pj—1Li—11U1 51 + k(L -U)i_1

2 -
— k> Li—1,U;;
=1

=gy (L-0)io1j1 + k(L -U)i1j + (Lia — kLi—12)0s
- Li71,1(Mj71U1,j71 + kf]l’j)

=i (L-U)i1j1+kL-U)i1j+Li11Us; — Li11Us,
(by Egs. (8) and (10))

=i (L-U)i—1 1 +k(L-U)i_1.

This completes the proof of the theorem. m
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3. Some applications

In this section we derive several consequences of Theorems 1 and 2. Several of
these give simpler proofs of known results from [5].

CQROLLARY 1. [5, Theorem 1] In Theorem 1, if we take v; = \; =1, p; = p,
a; =y~ for each i and d = 0, then we have

det A= 1+ )" (uta+y—ay) L

Proof. By Theorem 1, with v; = \; = 1, p; = p, oy = y*~! for each ¢ and
d =0, we deduce that det A = det B, where B = [B; ;|1<i j<n iS & matrix given by
the recurrence

B { Bg’j71 + (,u + l’)Blyjfl + (]. — :L’)Blyj, lf] >0 =2,
YU B+ (m+ 1)Bisyjio, ifi>3, j>2
and the initial conditions B; ; = a5, 1 < j < n, and B;; =0, 2 <7 < n. Evidently,
B is an upper triangular matrix with diagonal entries:
Bii=1, Bii=00+p 2(p+x+y—ay), for i=23,... n

Now, we can easily obtain
n

det A =det B =[] Bii = [[(14+1)' > (nta+y—zy) = (140) "2 ) (et aty—ay)" Y,
=1 =2
as desired. m

COROLLARY 2. [5, Theorem 3] In Theorem 1, if we take v; = \; =1, p; = p,
a; =1—14 for all i, and d = x = 1, then we have
i) = { (14 )20, ifm =20 > 2,
"o, if m is odd.

det
1<s,5<m

Proof. Let A denote the matrix [a; j]1<;,j<m. By Theorem 1, with v; = \; = 1,
i = 1, a; = 1 — i for each 4, and d = x = 1, we deduce that det A = det B, where
B = [B jli<ij<m is a matrix given by the recurrence
Bij=Bij-1+(1+p)Bi-1-1, 2<4,j<m,

and the initial conditions B1; = «j, 1 < j < m, and Byy = 1, B;; = 0 for
3 <i < m. To obtain det B, we factorize B as follows

B=C-U,
where C' = [C} j]i<i j<m is a matrix given by the recurrence
Ci’j = (1 + M)Cifl’jfl, for 2 <i,5<m, (13)
and the initial conditions C; 1 =0, C12 = =1, Co1 =1 and C;; = Cy; = 0 for
3 < i < m, and where U = [U; j]i<ij<m IS an upper triangular matrix by the
recurrence
Uiyj = Uifl,jfl + Uiyjfl, for 2 S i,j S m, (14)

and the initial conditions Uy ; = 1,1 <j<mand U;; =0, 2 < ¢ < m.
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For instance, when m = 6, the matrices C' and U are given by

0 -1 0 0 0 0

1 0 - O 0 0

O = 0 2 0 -2 o0 0

10 0 @? 0 - 0 |’
0o 0o o0 @ 0o —at

0 0 0 0 at 0
where ft =1+ p, and T,
01 2 3 4 5
U— 0 01 3 6 10
0 00 1 4 10
0 00 01 5

00 0 0O0 1

For the proof of the claimed factorization we compute the (i,j)—entry of C - U,
that is

(C-U)ig= > CikUy;.
k=1
First, we observe that

(C-U)o1= > CopUpy =1,
=1

(C-U)ir= > Ci,Ug1=0, 3<i<m,
k=1

(C . U)lyj = Z Cl,kUk,j = Cl,lUl,j —|-01,2U27j = —(] — 1), 1<7<m.
k=1

Next, we show that
(C-U)ij =04+ p(C-U)i-1,-1+(C-U)ij-1, 2<4,j<m.

To do this, by easy computations as before we observe that
m
k=1
=CinlUij+ > CixUy,
k=2
=CinlUij+ > Cik(Up-1,-1+ Ukj-1) (by Eq. (14))
k=2
=CiaUij+ > CiwlUporj-1+ > CiwUgj
k=2 k=2

=Ci1Uj+14+p) > Cic1p—1Uk-1,j-1
=2

+ > CiwUij—1—Ci1Urj—1  (by Eq. (13))
h=1
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m—1
=Cia(Ur; —Ur-1) + A +p) 30 CiawUsj1+(C-U)ij
k=1

=1+u) Y CigxUpj1+(C-U)ija,
k=1

(note that Uy, j_1 =0and Uy ; = Uy ;-1 = 1)

=1+ u)(C-U)i—1,j-1+(C-U)ij1.

Now, by the claimed factorization, we conclude that
det B=detC-U =detC -detU = det C.

In the sequel, we put ¢(m) = det[C; jli<ij<m- Now expanding the determinant
along the last row and then the last column of the obtained minor, we get the
following recurrence relation:

c(1)=0, ¢(2) =1, and ¢(m)= 1+ w2 He(m—2), (m>3).

Now, if m is odd, then it is easy to see that ¢(m) = 0. In the case when m is even,
say m = 2n, we have

o(m) = (14 )22 (14 )2 (1 )20 (1 )20 m=D)e(2)
= (]_ + M)Q((m—2)+(m—4)+u-+2)

m(m—2)

— (1 +M) _ (1 _’_,u)Qn(n—l)7
which completes the proof of the corollary. m

COROLLARY 3. [6, Theorem 2.4] In Theorem 2, if we take p; =1 and k =1,
then we have

) S(}g_tgn[am] =

{alv anil,

(0F —aj + qag)(ar + g —az)" ™2, ifn>2.

In the following corollary we examine the determinants of generalized Pascal
triangles associated with a linear homogeneous recurrence relation of order 2 and
an arithmetic sequence.

COROLLARY 4. Leta = (a;);>1 be the Gibonacci sequence with a1 = a, ag = b,
and let § = (B;)i>1 be the arithmetic sequence with the first term 1 = a and the
common difference b. Then

det Py 5(n) {a, if n=1,
e n) =
f (a+0b)"2(a®+ab—1?), if n>2.
Proof. By Theorem 1, with x =1, v; = A\; = 1 and u; = 0, we deduce that
det Pg o(n) = det B,
where B = (B; j)1<i,j<n is a matrix given by the recurrence

Bij=DB;;-1+DBi—1j-1, 2<i4,j<mn,
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and the initial conditions By ; = o, 1 < j<n, Bay =band B;; =0,3 <7< n.
Now, we consider BT the transpose of B. Using Corollary 3, we deduce that

det(B™) { " o=t
e =
(a+b)""2(a® +ab—b?), if n>2.

Now since Py, g(n) = Pg o(n)T, one can easily see that the equality

det P, 5(n) = det Ps o(n) = det B = det BT,

holds, as desired. m

Now consider the following sequence:

wm(n) = (W)i<i<n = (1,1,...,1, 0,0,...,0 ,1,1,...,1),
—_———— —— N—
m—times (n—2m)—times m—times
where m,n are two natural numbers with n > 2m. Then, we have the following
corollary.

COROLLARY 5. In Theorem 2, if we take o = w]™, then we have
(i) If m =1, then
k, ifn=2,
A R A
s M, ifn >4
(i) If m = 2, then

[ } { k/u’3(:u’2 + k,”’? - 1)27 an = 4)
0,51 =

det n—1 n—-i .
k(1+ k)" 212 u~" ifn>5.

1<i,j<n

(#i3) If m > 3, then

n—1

n—2 n—l
153271[%7'] = k(pg +kpa — 1) lll A

REMARK. The above Corollary generalizes Corollary 2.5 in [6]. Indeed, if we
take pu; =1 and k = 1, then for m > 2, we have

1, if m=2, n=4,
det [am] = 2n—2’ ifm=2, n>5,
1<4,j<n
1 ifm >3, n>2m,

which is the Corollary 2.5 in [6].
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