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OSTROWSKI INEQUALITIES FOR COSINE AND SINE
OPERATOR FUNCTIONS

George A. Anastassiou

Abstract. Here we present Ostrowski type inequalities on Cosine and Sine Operator Func-
tions for various norms. At the end we give some applications.

1. Introduction

The main motivation here is the famous Ostrowski inequality from 1938, see
[1, 2, 10], which follows:

THEOREM 1. Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) whose derwative f' : (a,b) — R is bounded on (a,b), i.e. |f'|, =
SUDse (q.,0) |/ (t)| < 00. Then

C+( _a b)2

T
< A2 70
- (b—a)*

o [ a1

] (b=a)1f'll » (1)

for any x € [a,b], where C is a positive constant. The constant C = i is the best
possible.

We generalize here (1) to Cosine and Sine operator functions and we expand
it in various directions. At the end we give some applications.

2. Background

For notions and results of this section see [4, 6, 8, 9, 11].

Let (X, ||-]|) be a real or complex Banach space. By definition, a cosine operator
function is a family {C (¢) : t € R} of bounded linear operators from X into itself,
satisfying
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(i) C(0) =1, I the identity operator;
(ii) C(t+s)+C(t—s)=2C(t)C (s), for all ¢, s € R (the last product is compo-
sition);
(#91) C(-) f is continuous on R, for all f € X.
Notice that C (t) = C (—t), for all t € R.

The associated sine operator function S (-) is defined by
t
S(t)f::/ C(s) fds, forallt € R and for all f € X.
0

Notice that S (¢) f € X and it is continuous in ¢ € R.

The cosine operator function C'(-) is such that |C (¢)|| < Me“?, for some
M >1,w >0, for all t € Ry; here ||-|| is the norm of the operator.

The infinitesimal generator A of C' (-) is the operator from X into itself defined
as

Af = Jim 2 (C(0) 1) ]

with domain D (A). The operator A is closed and D (A) is dense in X, i.e., D (4) =
X, and satisfies

/tS(s)deED(A) :;mdA/tS(s)fds:C(L‘)f—f7 for all f e X.
0 0

Also, A = C” (0) holds, and D (A) is the set of f € X such that C (¢) f is twice
differentiable at t = 0; equivalently,

DA)={feX:C()feC*R,X)}.
If f € D(A), then C(t)f € D(A), and C"(t) f = C(t)Af = AC(t) f, for all
teR; C'(0) f =0, see [5, 12].

We define A =1, A2=A0A,..., A"=A0cA" 1 neN. Let f € D(A");
then C (t) f € C?* (R, X), and C®™ (t) f = C (t) A"f = A"C (t) f, for all t € R,
and C*=1D(0) f =0, 1 < k < n, see [8].

For f € D(A™), t € R, we have the cosine operator function’s Taylor formula
[8, 9] saying that

n—1

B B t2k ke t(t_S)Qn—l ) . .
T 01:=C 0= 3 'S | etrowara. @

(2k on —1)!

By integrating (2) we obtain the sine operator function’s Taylor formula

t3 t2n71 e

M () f:=8(0)f = ft = GAf == g AT
_ /t Mc (s) A" fds, for allt € R (3)
o (2n)! ’ ,

and all f € D (A™).
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Integrals in (2) and (3) are vector valued Riemann integrals, see [3, 7]. Here
feD(A™), neN.

Let a > 0 and F € C ([0, a], X); then F is vector-Riemann integrable, see [11].
Clearly here [ F(t) dt € X.

3. Ostrowski type inequalities
We first present results on the natural interval; here [0, a], a > 0.

THEOREM 2. Denote

HC () A Il jo.0) = sup [ (£) A" ]|

t€(0,a]
Here ty € [0,a]. Then

1/OaTn (t) fdt —T, (to)fH

a
NCO A oo toe [ (Antg™™ +a 1N on]
a(2n)! 2n + 1 o]

(4)

(14) Hi/j M, (t) fdt — M, (to)fH

e A fllllso, 0,07 2 (2n + 1) 15" 4 g2 D) a2t (5)
- a(2n+1)! 2(n+1) 0 '

Proof. By (2) we have (m :=2n — 1)

T, (t) f = /0 =97 0 () anfds,

m)!
and " .
1) f = [ O as

for any t,tg € [0,a]. We estimate E,, (t) f :=T, (t) f — Ty (to) f-

Case of t > ty: we have

!

/t (t_s)mC(s)A"fds—/to (o =9 0 (5) anf s

g0 1= [ e st

0

[ [ @@ arrase L [ e e ayas
tJo

s Jt

1
<
- m!

[ / Y (™ — (1o — )™ € () A" )] s+ / (t— )™ C (5) A" ds]
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< ||||C(~)A”f|\||w7[0,a] {/Oto ((t—35)" —(to —8)™) ds + /t: (t—s)" ds]

m!
e () Anfll
By R G AR
That s HC () Al
1B () £ £ = = [t = ],

for t > tg, t,tg € [O,Cl].
Case of t < tp: we similarly find that

1B (8) £l = c7@>A“fdsL/O(“)_fyn0<@fods
0 m.
e () A 1l o
TS (A

for t < tg, t,tg € [0,a]. Therefore we get

< ) A" Fllloc, 0,01 | s |
(m+1)! | o

1En (8) fII <

for all ¢,to € [0, a.
Next we observe
1

aé%z@fw—nawﬂzl\
<1 [ 107 T flat = [ 1801 d

HC ) A™ fllllo, 0,0 m m
S Ry / et g e

_MCO A WMloe oy [(20m + 852 +a™2N s
— (m+1)!a |:( (m—|—2) )_ao :|

ammw—n%wm#

So that

3/ Tn(t)fdt—Tn(to)fH

aJo
e [ ()
ST miDa (m+2) o

C () A" flll o jo.a) [ [ 4nt2"H! + a2 on
- —at
a (2n)! om+ 1 0 |

proving (4).

Letting m := 2n, we similarly obtain

1 a
EA M%@%ﬁﬁ—ﬂh@wa
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nwwwquwwmwﬂwwawq
- Y%

(m+1)la (m+2)
CICO) Al oy [ (220 + D)"Y 4 o240 .
N 2n+1)la 2(n+1) 0 ’

proving (5). m
When n = 1 we get

PROPOSITION 3. Let f € D(A), top € [0,a], a > 0. We have that

0 ‘i/oaC(t)fdt—C(tO)fH - ||||C(.)f;J;IIIOO,[o,a] [(4t8;—a3> —atg],

{[S@fﬁﬂmﬁ+f@gw

a
C()A o+a :
MCOANMgo [(6th4a ]
6a 4

Next we call

T f=CtH =)
t € R. Notice that T (0) f = f. Furthermore we have

O f-T, 0 f=T, ) f - f=T.(t) f,

for all £ € R. Now we prove

THEOREM 4. Let p,q > 1 be such that % + % =1. Then

1/%ﬁwfﬁ—ﬂg

aJo

IIC () A™ £llll, 0.y @™ 7

. @2n—1)!(p(2n— 1)+ 1)» (2n+%),

’ 1O () A"l oy 247
T (@2n)! (2pn + 1)7 (2n +14 1)

(i)

/OaMn(t)fdt

Proof. (i) Set m = 2n — 1, then

T, (1) f :/O (t_f)mc(s)A"fds.

m
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By Holder’s inequality we obtain

1T (8) FIl =

(s) A" f ds

< % / (- 9™ 10 () A ds
<L (/ (t— )" ds)’l’ (/ IC () A" 7| ds)é
<L (@Z) ([1eean ds)l

1 e .
() es)a
A\ (pm+1)7
for all ¢t € [0,a]. That is we have

1 tmts
T, <S=|—7 A" :
Tt fll < - ((pm 1)p> 1C () A £l 0.0
for all ¢ € [0, a]. Therefore

2/0 T (¢) fdt — T (0 fH /a( (1) f — T*()f)dtH

Hl/ fdtH 2 [ na

¢,[0,a]?

mal
(IIIC( s) A" flll, 0. ) / gl gy _ HIC (s) A" llll 0,0 ™7
B am (pm+1) 0 m! (pm—&—l)% (m—i—}%—&—l)
We have proved that

1 [ C(s) A" " am
1 a0 ] < MOOA M
0

m!(pm—l—l)% (m—i—%—l—l)
HC () A" Fll 0.0 &7
3 1)’
(20— 1! (p(2n—1) +1)7 (20 + 1)

establishing the claim.

(ii) Set m = 2n, then similarly we get

/ M, (1) f dt H 1€ (s) A™ fllly.f0.a1

m!(pm—i—l)P (m—&-;—i—l)

1
m+p

B ||||c<)A”fnnq[o,a]a?"*ﬁ

C@2n) 2+ 1)7 (Qn +1+ 1) ’
proving the claim. m
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THEOREM 5.

(4)

o
H / M fde o ) 1IC ) A -

Proof. Set m = 2n — 1. We notice that

[ror o]

a

[IC () A"

1T (8) fII = (s) A" f ds

1
— — )™ ||C (s) A" 2 jo(s)Aan
< /0 (t—s)"[C(s) A" f|| ds < © / | fll ds

m!
= [Cie A as < S0 6 Al o
for all t € [0,al, i.e

I, (1) £ < S (5) A7

for all ¢ € [0,a]. Therefore

1 [ 1 [ a™ n
o sa <3 i siae< Se @ 41 o
a2n—1
= m [ (s) Anf\|||1,[o,a} J

proving the claim.

(ii) Set m = 2n. Then similarly we get

/M fdtH : )||||C<>A"f\||\1,[o,ap

proving the claim. m

In the case that n = p = q¢ = 2, we get

COROLLARY 6 (to Theorem 4).

o / <C ) f - t;Af) dt — fH < |H|C(')A2f\|ﬁ2wo7a] “3'5.
“o - 27\/7
(i) ‘/0( o f - ft_Af> H IC AQ;J!B’[O’“} a5.5-

Next, we prove Ostrowski type inequality on the general interval [a,b], 0 <
a <b.
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THEOREM 7. Let ty € [a,b].

)l C () A"l o
@ 3= / T, (t) fdt — Ty, (to) f|| < BTl a),[O,b]
4pp2ntt n g2ntl + p2n+1
[ o ()]

1

’ C () A
(i) LG/MN”Mmef I () Al o

T @2n+D)I(b—a)

l<2 2n+ 1) ") 4 g2+ 4 b2(n+1)> o t2n+1]
sl

2(n+1)

Proof. 1) Set m :=2n—1,and E,, (t) f := T, (t) f =T (to) f, where t, to € [a, b],
with @ > 0. As in the proof of Theorem 2 we obtain

11C () A™ flll o,
(m+1)!

|1En (t) fl] < 04l ‘th — t0m+1| , forallt tyg € [a,b].

Next we observe

1
b—a

1
b—a

b
/Xnaw—nuMﬂm

/b T, (t) fdt — T, (to) fH =

b b
<o [ Im@ =T fld= 5= [1E o 1@

H1C ) A™ fllll o, 0,
(m+1)!(b—-a)

C () A to b
_ IS ) A™ o, 0,0 / (tm+t — gme1) dt+/ (tm — gt dt}

b
] m+1 m+1
t —t dt
/a | 0 |

(m+ D! (b—a) to
_ MIEC) A* Flloo, 0,0 tot 2tg —a — b] + G e
T m+Dlb—a) |° 0 m+2
HC () A" Flllloo a4 p2ntl gp2ntl
= @) S {’%n (2t —a—b]+ ( TR ﬂ
C()A" 2n+1 2n+1 | p2n+l
OO S Mo [40 g (@ ]
(2n)! (b —a) 2n+1 2n+1

proving the claim.
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(ii) Set m = 2n. Then similarly we find

b
7 [ Masae -, (to)f‘
1C G A Al oy T o a2 4 pmts g2
e (R R

CMC A flllo o [ (2@n+1) 6" 4 a200FD) 4 p2(ntD) (e pt
 @2n+D)!(b—a) 2(n+1) 0 ’

proving the claim. m
When n =1 we get
PROPOSITION 8. Let f € D(A), 0<a<b, tg €[0,a]. Then

b
o [ cwsa-ctor

1O () Aflleos 4t o 1
S (= {;‘%(+“+( 3 ﬂ7

- /S ) f dt — (to)f-l—f(to—a;b)

choAﬂom{@%+f+w>@+wﬂ_

(7)

(i%)

6(b—a) 4

4. Applications

Let X be the Banach space of odd, 2n-periodic real functions in the space of
bounded uniformly continuous functions from R into itself: BUC (R). Let A := dz?

with D(A") = {f € X : f®¥) € X, k=1,...,n}, n € N. A generates a Cosine
function C* given by (see [6], p. 121)

[C* (t)f](:ﬂ):l[f(l'+t)+f(l'*t)], for all z,t € R.

2
The corresponding Sine function S* is given by
[S™ (¢ {/f$+8 d8+/fx—s s}, for all z,t € R.

Here we consider f € D (A™), n € N, as above. By (2) we obtain

T f =5 [f(+0+ (- zj ﬂw

t(t_S)Q" ! 2n 2n
:/ m[f( V(-4 8)+ @ (- —s)| ds, forallteR.
0 - .
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By (3) we get

(1) f - ;[/f +sds+/tf( s)ds}—

2n
:/ (1;(2';))' [£Cm (- 45) + £V (- = 5)] ds, forall 1 €R.
; !

n

tQk

(2(k-1))
-1’

=1

Let g € BUC (R), we define [|g|| = [|gl|, := sup,er |9 (7)] < oo.
Notice also that

HIC*(5)A™ flloclloo = HIIC*( ) £ sslloo
HII( D4 8) + L= 8)) ool

IHFE ¢+ 8)lloolloo + TSP (= 8)lloslloc] < 1P loo < 00

l\J\H

We have the following applications

COROLLARY 9 (to Theorem 7). Let ty € [a,b]. Then

. I
0 |y [ T ra=T 0 s
Hf(Zn)H 4nt8n+1 ) a2n+1+b2n+1
< o, __ 44N -
= 2l —a) [Zn—kl fo (““’)*( on+ 1 )}
1 [ —
() b_a/ M, (t) fdt — M, (to)
||f(2n)||Oo 2(2n+1)t3(n+1)+a2(”+1)+b2("+1) —( Jrb)t2n+1
= Cn+ 1) (b—a) 2(n+1) aT ot

COROLLARY 10 (to Proposition 8). Let f € X : f& € X, 0 < a < b,
to € |a,b]. Then

1 b
(4) b_a/ [F+t)+f(=0)dt—[f (- +to) + f (- — to)]
O a8 (e
S(b_a)|:3o—t0(a+b)+< 3 >:|7
b
(i) bla/aS*(t)fdt—S*(to)f-i-f(-)-(to—a;b>

s (#5555 o]
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(4)

i) |
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We finish with
COROLLARY 11 (to Corollary 6).

1
2a

[ lrevosre-o-emda-r0

<mvwc+w+ﬂ“c—mummmfﬁ
= 54/7 ’

AGQ¢aUu@f@wiﬂ”u0mH

00, T
C*(t) fW] (x ad®
e @O @l 0
<
396
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