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GROWTH OF POLYNOMIALS WITH PRESCRIBED ZEROS
M. S. Pukhta

Abstract. In this paper we study the growth of polynomials of degree n having all their
zeros on |z| = k, k < 1. Using the notation M (p,t) = max,,|— |p(2)|, we measure the growth of

p by estimating {% }S from above for any t > 1, s being an arbitrary positive integer. Also

in this paper we improve the results recently proved by K. K. Dewan and Arty Ahuja [Growth of
polynomials with prescribed zeros, J. Math. Ineq. 5 (2011), 355-361].

1. Introduction and statement of results

For an arbitrary entire function f(z), let M(f,r) = max) -, |f(z)| and
m(f,k) = minj;— |f(2)]. Then for a polynomial p(z) of degree n, it is a sim-
ple consequence of maximum modulus principle (for reference see [4, Vol. I, p. 137,
Problem III, 269]) that

M(p,R) < R"M(p,1), for R>1. (1.1)
The result is best possible and equality holds for p(z) = Az™, where |[A| = 1.

If we restrict ourselves to the class of polynomials having no zeros in |z| < 1,
then inequality (1.1) can be sharpened. In fact it was shown by Ankeny and Rivlin
[1] that if p(z) # 0 in |2| < 1, then (1.1) can be replaced by

R"+1

M(p,R) < ( )M, R>1. (1.2)

The result is sharp and equality holds for p(z) = a + 52", where |a| = |3].

For the class of polynomials not vanishing in the disk |z| < k, k > 1, Shah [6]
proved that if p(z) is a polynomial of degree n having no zeros in |z| < k, k > 1,
then for every real number R > K|

M(p,R) < (}Tjkk)M(p, 1) — (R1n+_k1)m(p, k).

The result is best possible in case k& = 1 and equality holds for the polynomial
p(z) =2"+1.
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Recently Dewan and Arty [3] proved that if p(z) is a polynomial of degree n
having all its zeros on |z| = k, k < 1 then for every positive integer s

mﬂansg(km_u;ffig?s_U)Mﬂnlﬂﬁ R>1.

While trying to obtain inequality analogous to (1.2) for polynomials not van-
ishing in |z] < k, k < 1, we have been able to prove the following results.

THEOREM 1. If p(z) = cp2™ + ZZZM Cn—p2™ Y, 1 < p < nis a polynomial of
degree n having all its zeros on |z| = k,k < 1, then for every positive integer s

iy < (M VS Dy oy Rz ()

If we take k£ =1 in Theorem 1, we get the following result.

COROLLARY 1. If p(z) = Yi_ cy2" is a polynomial of degree n having all its
zeros on |z| =k, k < 1, then for every positive integer s

)y < (MEOEH @D

JM@p 1Y, R>1

The following corollary immediately follows from inequality (1.6) by taking
s=1.

COROLLARY 2. If p(z) = Y i_cu2" is a polynomial of degree n having all its
zeros on |z| = k,k < 1, then

E 11+ k) + (R =1
My < (P10 (R )

)M@JL R>1.

If we take 1 = 1 in inequality (1.3), we get the following corollary

COROLLARY 3. If p(z) = Y_i_ cp2" is a polynomial of degree n having all its
zeros on |z| =1, then

R™ +1
M@Jﬂg(

)M@J% R>1.

If we involve the coefficients of p(z) also, then we are able to obtain a bound
which is better than the bound obtained in Theorem 1. More precisely, we prove

THEOREM 2. If p(z) = ¢p2" + ZZ:M Cn—02" 7Y, 1 < p < nis a polynomial of
degree n having all its zeros on |z| = k,k < 1, then for every positive integer s
MR <
o [lea 0 R KR — 1))+ e[ (1L K)o (R~ 1))

Hlcn | (1 + KF—1) + nlen ki1 (1+ ki)
x {M(p,1)}*, R=>1.
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To prove that the bound obtained in the above theorem is, in general, better
than the bound obtained in Theorem 1, we show that

1

kn—,u-&-l

x {”|Cn|{k'”(1 + R + B(RY — 1)} + plenp{R"(L+ KT + RMTH(R™ — 1)}
pilen—p|(L+KE=Y) 4 nfeq kA1 (1 + kR

_ (k”‘“(kl‘“ +k)+ (R™ — 1))

kn—2p+1 4 fn—p+1
which is equivalent to
nlea (™ (1+ EPHY) (7 4+ 1) + K2 (K" + 1)(R™ — 1)}
+ plen— [{E" (L + KT (R 1) + R R 1)(R™ - 1)}
< nleg |k (EPTE £ )R et L RS )
+ plen (14 BHTH{R 2 4 it RS — 13
and therefore
nlen|{—k" + K" R™} + plen—p [{k" — k! + k1 R}
< nfe {=k*71 + IR 4 plen—u [{K" — 1+ R™}
or
nlen |[{F*(R™ = 1)} + plen— [{E~H(R™ = 1)}
< nfen[{K*HR™ = 1)} + plen—u[{(R™ — 1)}
prlen—p| (k™1 = 1) < mfe| (k™1 = 1)k

H |Cn—ﬂ| < k“,
n|cnl
which is always true (see Lemma 4).

EXAMPLE 1. Let p(z) = 2* — 522 + (355)% and k = 15,
5=2.

Then by Theorem 1, we have {M(p, R)}* < 22390.909{ M (p,1)}®, while by
Theorem 2, we get {M(p, R)}* < 2439.505{M (p,1)}".

If we take 4 =1 in Theorem 2, we get the following corollary.

R=1.5,p=1 and

COROLLARY 4. If p(z) = Yi_ ¢,2" is a polynomial of degree n having all its
zeros on |z| =k, k < 1, then for every positive integer s

s 1 7’7/|Cn|{k”(1 + k2) 4 kQ(Rns _ 1)} + |Cn_1|{2k'n + (Rns _ 1)}
W ) < K 2len—1| + cn|(1+ Kk2)
x{M(p,1)}*, R=>1.
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In the above inequality, if we take s = 1, we get the following result.

COROLLARY 5. If p(z) = Y0_ ¢p2" is a polynomial of degree n having all its
zeros on |z| =k, k < 1, then
1 LHEM (1 + K2 + k2(R™ — 1 n—1]{2k" + (R" — 1
M(p,R)ginlc {E" (1 + k) + B( )}+|021|{ + )}
kn 2|en—1| + cnl(1 + k2)
x M(p,1), R>1.

2. Lemmas
For the proof of these theorems, we need the following lemmas.

LEMMA 1. [7] If p(2) = cu2™ + 30—, cn—0vz" ", 1 < p < n is a polynomial of
degree n having all its zeros on |z| = k,k <1, then
n

/
max P () < T X Ip(2)[-

LEMMA 2. [2] If p(2) = cp2™ + ZZZM Cn—p2™ ", 1 < p < n is a polynomial of
degree n having all its zeros on |z| = k. k < 1, then
, " lealk + plen b4~

< .

max p'(2)| < [n|cn|<k2u T 1)+ plen (o1 4 1)) ot PG

LMMA 3. [5, Remark 1] If p(z) = ¢o + ZZ:M c,2¥, 1 < u<n is a polynomial
of degree n having no zeros in the disk |z| < k, k > 1, then for |z| =1,

I

n

S lpr < 1.
co

LEMMA 4. If p(z) = cp2™ + ZZ:# Cn—02"", 1 < p < n is a polynomial of
degree n having all its zeros on |z| = k, k <1, then

I

n

cn_ﬂ <ku
Cn |

Proof. If p(z) has all its zeros on |z| = k,k < 1, then ¢(z) = 2z"p(1/z) has all
its zeros on |z| > 1/k, 1/k < 1. Now apply Lemma 3 to the polynomial ¢(z), and
Lemma 4 follows.

3. Proof of the theorems

Proof of Theorem 1. Let M(p,1) = max|,|—; [p(2)|. Since p(z) is a polynomial
of degree n having all its zeros |z| = k, k < 1, therefore, by Lemma 1, we have

M(p,1) for |z] =1. (3.1)

max|p(2)] < .
|Z|:1 — kn—2u+l + kn—u-{-l
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Now applying inequality (1.1) to the polynomial p’(z) which is of degree n — 1 and
noting (3.1), it follows that for all » > 1 and 0 < 6 < 27

nrnfl

0
|p/(7‘6 )| S kn—Q;,H—l +kn—u+1
Also for each 6, 0 < 6 < 27 and R > 1, we obtain

R R
(R = (o)) = [ Sty de = [ spleey e .

This implies

M(p,1). (3.2)

R
[(Re)Y = (o) <5 [ ptee )~ )
which on combining with inequality (3.2) and (1.1), gives

ns

R
(Re)) ~ ()| < g (MDY [ o

R™ —1 .
- <k"—2#+1 ¥ fn—ntl ) {M(p, 1)}

and therefore,

7 s i s R"™ —1 s
Ip(Re)|* < |p(e)]* + (knz,ﬁl " knu+1>{M(p,1)}

< 0 0) + (g g s ) TGO 63

Hence from (3.3) we conclude that

Ry < (St = i

This completes the proof of Theorem 1. m

Proof of Theorem 2. The proof of Theorem 2 follows on the same lines as
that of Theorem 1 by using Lemma 2 instead of Lemma 1. But for the sake of
completeness we give a brief outline of the proof. Since p(z) is a polynomial of
degree n having all its zeros on |z| = k, k < 1, therefore, by Lemma 2, we have

, n nlen |k + plen— | kPt
' (2) € o — — -
F T\ Blen 1+ B0) + nle o1 (1 5 1)

Now p’(z) is a polynomial of degree n — 1, therefore, it follows by (1.1) that for all
r>1land 0<60 <27

nrn—1 n\cn\k2“+u\cn_#|k“’1
Er=rtl \ plen—p (1 + k#=1) 4+ nfcp|k#—1 (1 4 k1t

Also for each 0, 0 < 6 < 27 and R > 1 we obtain

R
[{p(Re)}* = {p(e"”)}*] < 8/1 [p(te’®)|*~H|p' (te')] dt

)M(p, 1) for |z| = 1.

P (re®)| <

)M(p, 1). (3.4)
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which on combining with inequalities (1.1) and (3.4), gives
{p(Re)}* — {p(e”)}*|

(R nlen K + plen—p |k !
T\ ket S plen—p (14 ERL) 4+ nfey |BRL(1 4 ERrFL)

)y
and therefore

(Re)* < (0100 0Y + (o )

S T o
M(p,1)}°.
X (/,L|Cn_u|(1+k#_1)+n|cn|ku_1(1+ku+l) { (pv )}

(3.5)
Hence, from (3.5), we conclude that

, 1
{M(p,R)}* < Tt

(Plenl (B (LK) 4 2R 1)} e | (R (LR ) 4k (R 1))
len—p [ (L+ R 1) nfey [T (L+ ki)

x {M, (p,1)}*
This completes the proof of Theorem 2. m
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