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COMMON FIXED POINT RESULTS FOR NON-LINEAR
CONTRACTIONS IN G-METRIC SPACES

Hassen Aydi

Abstract. We establish common fixed point results for three self-mappings on a G-metric
space satisfying non linear contractions. Also, we prove the uniqueness of such common fixed
point, as well as studying the G-continuity at such point. Our results extend some known works.
Also, an example is given to illustrate our obtained results.

1. Introduction and preliminaries

The notion of generalized metric spaces was introduced in 2004 by Z. Mustafa
and B. Sims [3, 5, 6]. They generalized the concept of a metric space. Then, based
on the notion of generalized metric spaces, many authors obtained some fixed point
results for a self-mapping under some contractive conditions, see [1, 3-10]. In the
present work, we study some common fixed point results for three self-mappings in
a complete generalized metric space X involving non linear contractions related to
a function ¢ € ®, where @ is given by the following

DEFINITION 1.1. Let ® be the set of non-decreasing continuous functions
¢ : R — R satisfying:

(a) 0 < p(t) < tforall t >0,

(b) the series Y, -, ¢™(t) converge for all ¢ > 0.

From (b), we may have lim, . ¢™(¢f) = 0 for all ¢ > 0. Again from (a),
we have ¢(0) = 0. Now, we present some necessary definitions and results in
generalized metric spaces, which will be needed in the sequel.

DEFINITION 1.2. [5] Let X be a nonempty set, and let G: X x X x X — R
be a function satisfying the following properties

(Gl) G(z,y,2) =0ifx =y = z,

(G2) 0 < G(z,z,y) for all x,y € X, with = # y,
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(G3) G(z,x,y) < G(x,y,2) for all z,y,z € X, with y # z
(G4) G(z,y,2) = Gz, 2,y) = Gy, z,2) = -+, (symmetry in all three vari-
ables),

(G5) G(z,y,2) < G(x,,a,a) + G(a,y, z), for all z,y,z,a € X, (rectangle in-
equality).

Then the function G is called a generalized metric, or, more specially, a G-
metric on X, and the pair (X, G) is called a G-metric space.

DEFINITION 1.3. [5] Let (X, G) be a G-metric space and let (x,,) be a sequence
of points of X, a point z € X is said to be the limit of the sequence (zy), if
limy, 1— o0 G(, Ty, T) = 0, and we say that the sequence (x,,) is G-convergent
to z or (x,) G-converges to x.

Thus, x, — x in a G-metric space (X, G) if for any ¢ > 0 there exists k € N
such that G(x, z,,xmy) < € for all m,n > k.

PROPOSITION 1.4. [5] Let (X, G) be a G-metric space. Then the following are
equivalent

(1) {zn} is is G-convergent to x;

(2) G(xp, Tpn,x) — 0 as n — 400

(3) G(zpn,x,2) — 0 as n — +00

(4) G(zp, Tm, ) — 0 as n,m — +oo.

DEFINITION 1.5. [5] Let (X,G) be a G-metric space. A sequence {z,} is

is called a G-Cauchy sequence if for any € > 0 there exists k¥ € N such that
G(xp, T, x;) < € for all m,n,l >k, that is G(zy,, Ty, ;) — 0 as n,m,l — +oo.

PROPOSITION 1.6. [6] Let (X,G) be a G-metric space. Then the following are
equivalent:
(1) the sequence {x,} is G-Cauchy;

(2) for any € > 0 there exists k € N such that G(xy,, Tm,Tm) < € for all
m,n > k.

PROPOSITION 1.7. [5] Let (X,G) be a G-metric space. Then, f: X — X is
G-continuous at x € X if and only if it is G-sequentially continuous at x, that is,
whenever (x,) is G-convergent to x, (f(xy)) is G-convergent to f(x).

PROPOSITION 1.8. [5] Let (X,G) be a G-metric space. Then, the function
G(z,y,2) is jointly continuous in all three of its variables.

PROPOSITION 1.9. [5] A G-metric space (X, G) is called G-complete if every
G-Cauchy sequence is G-convergent in (X, G).

Every G-metric on X will define a metric dg on X by
da(z,y) = G(z,y,y) + Gy, z,z), forall z,y € X. (1.1)
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In this paper, we address the question to find some common fixed point results
on G-metric spaces. More precisely, taking three self-mappings on a complete G-
metric space satisfying non-linear contractions, we establish a common fixed point
result. Also, some corollaries and an example are given.

2. Main results

Our first main result is the following
THEOREM 2.1. Let (X,G) be a complete G-metric space. Suppose the maps
T1,T5,T3 : X — X satisfy for all z,y,z € X
G(TlvaanTiﬁZ) < ap(M(a:,y,z)), (21)
where
M(l’, Y, Z) = maX{G(x, Y, 2)7 G(.’K, Tlx; Tlx), G(ya T2y7 TQy)a G(Z, TBZv T3Z)}a
and p € ®. Then Ty, Ty and Ts have a unique common fized point, say u. Moreover,

each T;, i = 1,2, 3, is continuous at u.

Proof. Let zg be an arbitrary point in X. Take x1 = Tixg, 2 = Tox; and
x3 = T3wo. Then, we can construct a sequence {z, } in X such that for any n € N
Zgnt+1 = 113,
Z3nt2 = ToX3ni1 (2.2)
Z3n+3 = T3Z3n42.
o If there exists p € N* such that x3, = x3,11 = ¥3p+2, then applying the
contractive condition (2.1) with z = x3,, y = z3,4+1 and z = x3p42, We get
G(x3p41, T3pr2, Tapts) =: G(Tiasp, Tawspir, Tswapia)
< p(max{G(x3p, T3p+1, Tap+2), Ga3p, T1xsp, Trzsp),
G(23p+1, Taw3pi1, Toxzpr1), G(Tapt2, T3x3p 12, T3T3p12)})
= p(max{G(z3p, Tap+1, T3p+2), G(T3p, Tap+1, T3pt1),
G(T3p+1, Tpt2, Tap+2), G(T3pt2, Tap+3, Tap+3) })
= o(G(z3pt2, T3p+3, T3p+3))- (2.3)
If 23,43 # x3pt1, then from the conditions (G3), (G4) and the property (a) of ¢,
we get
0 < G(@3p+1, T3p+2, T3p+3) < (G (T3p+1, Tapt2, Tap+3)) < G(T3p41, Tapt2, Tp+3),

that is a contradiction. So we find z,, = x3, for any n > 3p. This implies that (x,)
is a G-cauchy sequence. The same conclusion holds if z3,11 = T3p42 = 3p4+3, OF
T3p+2 = T3p4+3 = T3p44 for some p € N.

o Assume for the rest that x,, # x,, for any n # m. Applying again (2.1) with
T = T3, Y = Tant+1 and z = T3,42 and using the condition (G3), we get that

G(Z3n41, T3n+2, T3nt3) < @(Max{G(T3n, T3n+1,T3n+2), G(T3n, T3n+1, T3n+1)s
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G(%3n+1, T3n+2, T3n+2), G(T3n+2, L3043, T3n+3)})

= p(max{G(z3n, Tan+1, L3n+2), G(T3n+1, T3n+2, T3n+3) })-
(2.4)

The case where

max{G(x3n, T3n+1, L3n+2), G(T3n+1, T3n+2, T3n+3)} = G(T3n41, T3n+2, T3n43)
is excluded, because if it holds we have from (2.4)
0 < G(23n+41, T3n42, T3n+3) < ©(G(T3n+41, T3n+2, T3n+3))
< G(T3p41, T3n425 T3n+43),

which is a contradiction. Thus, we deduce

max{G(z3n, T3n+1, T3n+2), G(T3n+1, T3n+2, T3n+3)} = G(Z3n, T3n+1, T3nt2)-

Therefore, (2.4) gives us

G(23n41, T3n+2, T3n+3) < (G (@30, T3n+1, Tant2)) < G(T3n, T3n41, Tant2). (2.5)

Similarly

G(Z3n+2, T3n+3, Tan+a) < G(T3n+1, T3nt2, T3n+3),

G (30435 T3n+4, T3n+5) < G(T3n+2, T3n+3, T3nta)-
From the above three inequalities, one can assert that
G(Tn, Tnt1,Tny2) < G(Tp—1,Tn, Tni1) Vn €N (2.6)

If we take t, = G(xn,Tnt1,Tnt2), then 0 < ¢, < t,_1, so the real sequence (t,)
is decreasing, hence it converges to some r > 0. Assume that r > 0, then letting
n — +oo in (2.5),

r<o(r)<r,

using the properties of . It is a contradiction, so we have r = 0. Thus

lim G(zn,Tnt1,Tny2) = 0. (2.7)

n—-+o0o

Next, we prove that (x,) is a G-Cauchy sequence. Following (2.5) and (2.6), one
can write

G(Tn, Tni1, Tny2) < O(G(Tn_1,Tn, Tny1))- (2.8)

Consequently,
G(xnaxn+17xn+2) g gOn(G(ZL'(),xl,fL'Q)). (29)
Therefore, using conditions (G3), (G4), (G5) and (2.9), we have for any k € N

G(l’n, Tn+k *anrk)
S G(J?»,“ Tn+1, xn-‘rl) + G(xn-‘rly Tn+2, -rn+2) + G(-rn+27 Tn+3, xn+3)

+ o+ G(Tnph—2 Tngk—1, Tngk—1) + G(Tngk—1, Ttk Tntk)
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S G(-T’ru Tn+1, $n+2) + G($n+1; Tn+2, xn+3) + G(xn+2a Tn+3, xn+4>
+ o+ G T2, Tnak—1, Tnik) + G(Tnak—1, Tntks Tngkr1)

S QOH(G(:I:O’ T, 1'2)) + @n+1(G(1’03 I, x2)) + ¢n+2(G($07 T1, xQ))

+

e "R (G (20, 71, 2))

n+k +oo |
= 2 PG, x1,22)) < 30 9" (G(wo, 71, 72)).

The property (b) yields that 3% 0 (G(zo, 21, x2)) tends to 0 as n — +oco. There-
fore
lim G(zp,Tnik, Tntk) =0 VEkeN

n—-+o0o

This means that (x,,) is a G-Cauchy sequence and since (X, G) is G-complete, ()
is G-convergent to some u € X, that is

lim G(zp,zp,u) = lim G(xn,u,u)=0. (2.10)

n—-+4oo n—-+o0o

Now, we show that u is a common fixed point of the maps T;, ¢ = 1,2,3. We start
by proving the case Tiu = u. From (2.1), we get that

G(u,u, Tyu)
< G(u, u, x3n+1) + G(3n41, T3n+1, L11)
= G(u,u, x3n+1) + G(Thx3n, T1230, T11)
< Guyt, 23n41) + (M (230, T3n,u)), (here T3 =Ty =T7)
= G(u,u, 3p+1) + e(max{G(x3n, T3n, v), G(x3n, T123n, T1 T30, G(u,u, Tiu)})
= G(u,u, x3n+1) + e(max{G(x3n, T3n,u), G(T3n, T3n+1, T3n+1), G(u, u, Tiu)}).

(2.11)

Using (2.10), the continuity of ¢ and letting n — o0 in (2.11), we get that
G(u,u, Tiu) < o(G(u,u, Tiu)). Assume that Tiu # u; hence the condition (G2)
implies that G(u,u, Thu) > 0, so

G(u, u, Thu) < o(G(u, u, Thu)) < G(u,u, Tyu),

which is a contradiction, so Tyu = u. By symmetry, we can find that Tou = u = Tzu,
so u is a common fixed point of the three maps T7, 75 and T3. Let v be another
fixed point of each T;, i = 1,2,3. By (2.1)
G(u,u,v) = G(Thu, Tou, T3v)
< p(max{G(u,u,v), G(u, Thu, Tyu), G(u, Tou, Tou), G(v, Tsv, T3v)})
= p(max{G(u,u,v), G(u, u,u), G(v,v,v)})
= p(G(u, u,v)),

which is true unless G(u,u,v) = 0. This yields that v = v. Let us show that
each T;, i = 1,2, 3, is G-continuous at u. By symmetry again, it suffices to prove
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the G-continuity of one of them, for example for T;. For this, let (u,) € X be a
sequence such that (u,) G-converges to u. First, we have
G(u,, Thun, Trun) = G(Tlu Trun, Trun)
w(max{G(u, Un, un), G(u,u,u), G(tn, T1tn, T1un)})
e(max{G(u, U, ), G(tn, T1tn, T1tn)})
O(G (U Uy ) + G(tp, Thtiy, Trtiy))
(G (U, Up, up) + Gup, u,u) + G(u, Trun, Thuy,)).
Say lim,— 400 G(u, Thytty, T1uy,) = s, then if s > 0, using (2.10) and the continuity
of ¢ and letting n — 400 in the above inequality we have
s < (s) < s;
it is a contradiction, hence s = 0. On the other hand, we have

G(u,,u, Thuy,) = G(Thu, Thu, Tyuy,)

), G(u,u,u), G(u,u,w), G(up, Ty, Tiun)})
max{G(u U un)7G(un,T1un,T1un)})

), G(tun, u,u) + G(u, Tyup, Tiuy)})
= ¢(G(un,u, u) + G(u, Thyun, Thuy)).

)

Take lim,,—, 0o G(u,u, Thu,) = t; then letting n — +oo and using s = 0 and the
continuity of ¢, we get that
t < (0) =0,
that is ¢ = 0. We rewrite this as
lim G(u,u,Thu,) = lim G(Tiu,Tiu,Tiu,)=0.

n——+00 n—-+0o0o
This means that the sequence (T7u,,) G-converges to u = Tyu, so T} is G-continuous
at u. By symmetry, we deduce that each T3, i = 1,2, 3, is G-continuous at u. m

Now, we give some corollaries of Theorem 2.1. The first corresponds to (t) =
kt where 0 < k < 1.

COROLLARY 2.2. Let X be a complete G-metric space. Suppose the maps
T1,T5, T3 : X — X satisfy

G(Tle T2y7 T3Z) < k max{G(m, Y, Z)a G(.’E, Tlxa Tlx)v G(ya T2y7 T2y)7 G(Za T3Z7 T3Z)}a

(2.12)
for all x,y,z € X, where 0 < k < 1. Then, the mappings T;, i = 1,2,3 have a
unique common fized point, say u, and each T; is G-continuous at u.

COROLLARY 2.3. Let X be a complete G-metric space. Suppose the maps
T1,T5,T3 : X — X satisfy

G(T{"2, T3y, T3"2) < p(M(,y, 2)),
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forall x,y,z € X and m € N, where
M(xa Y, Z) = ma’X{G(xa Y, Z)a G(CB, Tlmxv Tlmx)a G(ya Tmev TZmy)v G(Z, T3mza Témz)}’

and ¢ € ®. Then T7", T5" and T3" have a unique common fixed point, say u, and
are G-continuous at u.

Proof. From Theorem 2.1, we conclude that the maps 77", T5" and 13" have
a unique common fixed point say u. For any ¢ =1,2,3

Ty = Ty(T"u) = T 'u = T (T),

meaning that T;u is also a fixed point of 7;™. By uniqueness of u, we get T,u = u. m

We have again a common fixed point result for Hardy and Rogers’s contraction
type [2]. It is a consequence of Corollary 2.2 with k = a + b+ ¢+ d.

COROLLARY 2.4. Let X be a complete G-metric space. Suppose the maps
T1,T5,T3 : X — X satisfy

G(Tlxa T2y7 T3Z) S aG(:c, Y, Z) +bG(ZL’, Tlxa Tlx) +CG(y7 T2ya TQy) +dG(Za T327 T3Z)a

forall x,y,z € X, where a, b, c,d are non-negative reals such that a+b+c+d < 1.
Then Ty, Ty and T3 have a unique common fixed point, say u, and are G-continuous
at u.

Our Theorem 2.1 is again an extension of some recent new results by taking
particular cases of p or T'=T) = T5 = T3 in 2.1 or in the above corollaries. We
cite them in the following corollaries.

COROLLARY 2.5. [4] Let X be a complete G-metric space. Suppose the map
T: X — X satisfies

G(Tz, Ty, Tz) < kmax{G(z,y,2),G(x, Tz, Tx),G(y, Ty, Ty),G(2,Tz,Tz)},

forall x,y,z € X, where 0 < k < 1. Then, T has a unique fized point, say u, and
T is G-continuous at u.

COROLLARY 2.6. [4] Let X be a complete G-metric space. Suppose the map
T: X — X satisfies for all x,y,z € X

G(Tz,Ty,Tz) <aG(x,y,2) +bG(x, Tz, Tx) + cG(y, Ty, Ty) + dG(2,Tz,Tz),

where a,b, c,d are non-negative reals and a +b+c—+d < 1. Then T has a unique
fized point, say u, and T is G-continuous at u.

COROLLARY 2.7. [4] Let X be a complete G-metric space. Suppose the map
T: X — X satisfies form € N and z,y,z € X

GT"z, Ty, T"z) < aG(z,y,z) + bG(z, T"x, T™x)
+ CG(:% Tmy7 Tn’Ly) + dG(Z, TmZ, Tm2)7
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where a, b, c,d are non-negative reals and a+b+c+d < 1. Then T™ has a unique
fixed point, say u, and is G-continuous at u.

We give an example illustrating our obtained results.
EXAMPLE 2.8 Let X = [0, 4+00) be endowed with the complete G-metric given

as follows:
G(SC,y,Z) = max{|x - y|7 |l‘ - Z|7 |y - Z|}7

for all x,y,z € X. Define 77,715,753 : X — X by

t t
Tit=—, Tot=T5t=- VYt>0.
1 27 2 3 4 st

Take k = i. Without loss of generality, we assume that z <y < z, so

G(z,y,z) =max{|z —y|, |z — 2|, |y — 2|} =z — =z,

Gz, The,T\x) = %a Gy, Toy, Toy) = 3% and  G(z,T32,T3z) = 32

From these identities, the right-hand side of (2.12), denoted R, , ., is equal to

1 3y 3 1 3
Ry = 7 max{z —x,g,Zy,ZZ} = Zmax{z—x,f}. (2.13)
While, the left-hand side of (2.12) is
x Yy, X oz Y Z
G(Tiz, Toy,T5z) = —— =l l=—=l5 ==} 2.14
(T2, Toy, Ty2) = max{|5 — 7|15 = 7115 — 21} (2.14)

We distinguish the following cases:
o If £ < ¥ From (2.14), we have G(Tyz, Toy, T32) = 5 — §.
Case 1. If 2 > 2. Here, we have from (2.13), R,,,. = (2 — 2). Then,

z

G(Tix, Toy, T3z) = 1

— - < —(2—2)=Rgy,..

N8
A~

Case 2. If £ < x. Here, we have from (2.13), Ry .. = 13—62. Then,

G(Thz,Toy, Tzz) =

o If £ > Y% By (2.14), we have G(T1z, Toy, T32) = § — 4.
Case 1. If 2 > 2. By (2.13), we have R, . = +(z — z), so

z

y 1
— < = — = .
4 4 = 4(2 x) Rmvyvz

G(Tll', Tgy, ng) =
Case 2. If £ <. From (2.13), we have R, ,, . = %z, o)

(T, Ty, Toz) = T = | < 762 = Ruye
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Note that in all cases, the inequality (2.12) holds for all z,y, 2 € X. The hypotheses
of Corollary 2.2 satisfied, and 0 is the unique common fixed point of the mappings
Tl, T2 and Tg.
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