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FIXED POINT TECHNIQUES AND STABILITY IN NONLINEAR
NEUTRAL DIFFERENTIAL EQUATIONS WITH VARIABLE DELAYS

Abdelouaheb Ardjouni and Ahcene Djoudi

Abstract. In this paper we use fixed point techniques to obtain asymptotic stability re-
sults of the zero solution of a nonlinear neutral differential equation with variable delays. This
investigation uses new conditions which allow the coefficient functions to change sign and do not
require the boundedness of delays. An asymptotic stability theorem with a necessary and suffi-
cient condition is proved. The obtained results improve and extend those due to Burton, Zhang,
Raffoul, Jin and Luo, Ardjouni and Djoudi, and Djoudi and Khemis. Two examples are also given
to illustrate this work.

1. Introduction

For more than 100 years, stability properties of ordinary, functional, partial
differential equation have been mainly investigated by the ultimate Lyapunov direct
method. But the method has encountered serious obstacles and a number of prob-
lems remain unsolved. In recent years, investigators such as Burton, Furumochi,
Zhang and others began a project in the idea to overcome some of these difficulties.
Particularly, Burton and Furumochi considered, in a series of papers (see [3-10]),
specific examples and challenging problems for stability using Lyapunov’s method
and have presented solutions by means of various fixed point techniques. In the
same time, they pointed out that the fixed point method have other significant ad-
vantages over Lyapunov’s method. The former asks conditions of averaging nature
while the latter usually asks pointwise conditions (see [1-14,16]).

Having in mind the above ideas, we consider, here, the following nonlinear
neutral differential equation with variable delays

2'(t) = —a(t)x(t—71 (1)) +b(t)G (2(t—T2(t)) +e(t)' (t—72(t)) Q' (2(t—72(1))), (1.1)
with the initial condition
(t) = P(t) for ¢ € [mfto), to],
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where ¢ € C([m(to), to], R) and for each ¢ty > 0,
mj(to) = mf{t — Tj(t), t 2 t()}, m(to) = min{mj(to), ] = ].7 2}

Here C(S7,52) denotes the set of all continuous functions ¢ : S; — Sy with the
supremum norm || - ||. Throughout this paper we assume that a,b € C(R*,R),
c € CYR*,R) and 71,72 € C(RT,RT) with ¢t — 71(t) — oo and t — 7o(t) — oo as
t — oo. The functions @ and G are locally Lipschitz continuous. That is, there
are positive constants Ly and Ls so that if |z|, |y| < L for some positive constant
L then

1Q(z) = Qy)| < Liljz =y and Q(0) =0, (1.2)

and
|G(z) — G(y)| < Laf|z — yl| and G(0) = 0. (1.3)

Less general forms of equation (1.1) have been previously investigated by many
authors. For example, Burton in [5], and Zhang in [16] have studied the equation

' (t) = —a(t)z(t — 11 (1)), (1.4)
and proved the following.

THEOREM A. [5] Suppose that T1(t) = 7 and there exists a constant o < 1 such
that

t t + S
/ |a(s+7’)|ds—|—/ la(s + )]e - a<u+”d“(/ la(u+ 7)) du) ds < @, (L.5)
t—1 5—T

for allt > 0 and fo s)ds = oo. Then, for every continuous initial function
P [—71,0] = R, the solutwn x(t) = x(t,0,%) of (1.4) is bounded and tends to zero
as t — oo.

THEOREM B. [16] Suppose that 11 is differentiable, the inverse function g
of t — 11 (t) exists, and there exists a constant o € (0,1) such that for t > 0,

liminfy o fota (g9(s))ds > —oo and

t )| ds f a(g(w) du T ds
/m(t)u( ) +/ la(s)ll7(s)]

/ SISl [T Jatgl o ds <a. (1.6
s—71(s)

Then the zero solution of (1.4) is asymptotically stable if and only if fo (s))ds —
00, as t — oo.

Obviously, Theorem B improves Theorem A. On the other hand, Raffoul in
[14], Jin and Luo in [13], and the authors in [1] considered the following linear
neutral differential equation

2/ (t) = —a(t)z(t) — b(t)z(t — m2(t)) + c(t)z' (t — T2(t)), (1.7)

and obtained the following.
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THEOREM C [14] Let 15 be twice differentiable and 75(t) # 1 for all t € RT.
Suppose that there exists a constant o € (0,1) such that fort > 0, fo s)ds — oo as

t — o0, and

C(t fau)du r s a,

O [ s) + 7 ()] ds < (1)

[e(t)a(t) + ¢/ (B)](1 = 75(t)) + c(t)75 (¢)
(1 —73(t))?

x(t,0,%) of (1.7) with a small continuous initial function ¢ is bounded and tends
to zero as t — 0.

where r1(t) = . Then every solution x(t) =

THEOREM D. [13] Let 72 be twice differentiable and 75(t) # 1 for all t € RT.
Suppose that there exists a constant o € (0,1) and a function h € C(R*,R) such

that for t > 0, liminf,_, . fo s)ds > —oo, and

L e —atolas

/ = LR _y5) 4 (s = 7a(5)) — als = 72(5))] = ra(s)| ds

f h(w) du ) h(u) —a(u)|du)ds < o, (1.9
/ I —e@ld s <o, (19)
[c(0h(0) + D1 = () + ()7t (1)

where ro(t) = . Then the zero solution of

(1-75(0)?

(1.7) is asymptotically stable if and only if fo s)ds — 00 as t — oo.

THEOREM E. [1] Suppose that Tois twice differentiable and 75(t) # 1for all
t € RT,and there exist continuous functions h; : [m;(to),00) — Rfor j = 1,2and a
constant o € (0, 1)such that fort >0
¢
liminf | H(s)ds > —o0,

t—oo 0

and

gl el

[ O ) 4 a0+ 8+ s = )1~ ) rls)) s
te_f:H(")duHs ’ hao(u)|du)ds < a, (1.10

+/ HEI il ds <o, (110

DR + )0 = 74(0) + O D)

(1 —73(8))?
the zero solution of (1.7)is asymptotically stable if and only if

where H(t) = 23:1 hj(t)and r(t) =

t
/ H(s)ds — o0 as t — oo.
0
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Obviously, Theorem FE improves Theorems C' and D. On the other hand,
the second author with Khemis in [11], considered the following nonlinear neutral
differential equation

2 (t) = —a(t)z(t) + b(t)G(z(t — 12(t))) + c(t)2' (t — T2(t)), (1.11)
and obtained the following.

THEOREM F. [14] Suppose (1.3)holds with Lo = 1. Let 1o be twice differentiable
and 74(t) # 1 for all t € R*. Suppose that there exists a constant o € (0,1) such

that fort > 0, fot a(s)ds — oo as t — oo, and

c(t) ¢ — ["a(u) du
Tl [ e L b)) ds <a (112

=m0 s
where r1is as in Theorem C. Then every solution x(t) = x(t,0,) of (1.11) with a
small continuous initial function v is bounded and tends to zero as t — oo.

Also, the second author with Khemis in [11] considered the following nonlinear
neutral differential equation

2 (t) = —a(t)x(t) — b(t)z?(t — 2(t)) + c(t)2' (t — 72 (t))z(t — (1)), (1.13)
and obtained the following.

THEOREM G. [11] Let mobe twice differentiable and 74(t) # 1for all t €

R*.Suppose that there exists a constant o € (0,1) such that fort > 0, fg a(s)ds —
o0 ast — 0o, and

L{|1_c(72(t) +/O e~ f: a(u) du|r1(s) +2b(s)| ds} < a, (1.14)

where ryis as in Theorem C. Then every solution x(t) = x(t,0,v¢) of (1.13) with a
small continuous initial function ¢ is bounded and tends to zero as t — oo.

Our purpose here is to give, by using a fixed point approach, asymptotic sta-
bility results of the zero solution of the nonlinear neutral differential equation with
variable delays (1.1). We provide, what we think, minimal conditions to reach these
objectives for a such general equation. An asymptotic stability theorem with a nec-
essary and sufficient condition is proved. It is worth pointing out that our results do
not ask for a fixed sign on the coefficient functions nor do they need boundedness of
delays. We end by giving two examples to illustrate our work. The results presented
in this paper improve and generalize the main results in [1,5,11, 13,14, 16].

2. Main results

For each (tg,1) € RT x C([m(to),to],R), a solution of (1.1) through (tg,)
is a continuous function z : [m(tp),to + @) — R for some positive constant o > 0
such that x satisfies (1.1) on [tg,to + @) and z = ¢ on [m(ty), ts]. We denote such
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a solution by z(t) = z(t,to,v). For each (to,v)) € RT x C([m(to),to],R), there
exists a unique solution x(t) = z(t,tg,v) of (1.1) defined on [tg, 00). For fixed to,
we define ||¢|| = max{|(t)] : m(to) <t < tp}. Stability definitions may be found
in [3], for example.

Our aim here is to improve and generalize Theorems A-G to (1.1).

THEOREM 1. Suppose (1.2) and (1.3) hold. Let 7 be differentiable and T2
be twice differentiable with T5(t) # 1 for all t € RT. Suppose that there exist
continuous functions hj : [m;(tg),00) — R for j = 1,2 and a constant o € (0,1)

such that fort >0
t

litm inf | H(s)ds > —o0, (2.1)
and
« | 5
L1"+ / |hj(s)]ds
1 _Té(t) J; t—7;(t) !

*Ae‘ﬁmwmu—wa+mw—nw»u—ﬁ@»
+ |ha(s — 7a(8)) (1 = 74(8))] + La|r(s)| + La|b(s)|} ds

+§:1/Ot e—fIH<“>d“|H(s)|</: hj(u)du) ds <a, (22)

—7;(s)

[c(®H () + D)L = 15(1)) + c(t)75/(1)

2
where H(t) = 3 5_; h;j(t) andr(t) = (-0 . Then
the zero solution of (1.1) is asymptotically stable if and only if

¢

/ H(s)ds — o0 as t — 0. (2.3)
0

Proof. First, suppose that (2.3) holds. For each ty > 0, we set
K = sup{e” Jo HEdsy, (2.4)

>0
Let ¢ € C([m(to), to], R) be fixed and define
Sy = {p € C([m(ty),0),R) : p(t) — 0 as t — oo, (t) =(t) for t € [m(toy), o]}
Then Sy is a complete metric space with metric p(,y) = sup,s,, {|z(t) — y(t)|}

Multiply both sides of (1.1) by efto Hw du

obtain

and then integrate from ¢y to t to

(u) du > ¢ —ftH(u)du
+ e Js hj(s)z(s)ds

j=1"to

2(t) = b(to)e o™

+ t e~ f.:H(“) d"{—a(s)x(s —71(8))

+c(s)a' (s = 72() Q' (x(s — m2(5))) + b(s) G (2(s — 72(s))) } ds.
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Performing an integration by parts, we have

o) = (wito) ~ 20wt - Tz(to))))e_f“’ e

c(t)

Q- +Z ! H<“>d“d(/;j(s)hﬂu)x(u)du)

+

+Z f H (u) duh](s_Tj(s))(l_T;(s))x(s—Tj(s))ds

+ / e*fiH(””“{—a(s)x(s—n(s))—r(s)@(m(s—m(s)))+b<s>G<x<s—rz<s>>>}ds

2 to - ¢ u U

= (¥(to) — _C(fg()to)@(«/»(to ~72(t0)))) —; / oy il ds)e Sy e d
i - T 3 t i\s)xr(s)as
+ QG 2<t))>+;/mt>hﬂ() (5)d

/ LD a(s) 1 ha(s — () (1 - H()als — ()
+ ha(s — 72(5))(1 = 75(s))a(s — m2(5)) } ds

e i d“{—r(s)Q(w(s — 72(8))) + b(s)G(x(s — 7a(s)))} ds

3 o [ H) du gy )</:Tj(s)hj(u)z(u)du> ds. (2.5)

Use (2.5) to define the operator P : Sy, — Sy by (Py)(t) = (t) for t € [m(to), to]
and

= — c(to) — T — ~ i(s)(s)ds
(Po)(0) = (v1t0) = 510000 ~ () 3 SNCCECE )
,f;o H(u)du C(t) _ 2 t )
‘e RGO CUEDS [ et ds

+ t e ff H(w) du{(—a(S) + hi(s —71(s)(1 — 71(5)))e(s — 11(s))
+ ha(s — 72(s))(1 — 15(5))p(s — 72(s)) } ds

/ L OB 9Q(p(s — 72(5))) + B G (s — 7a(s)))) ds

- Z f e duH( )(/95 o hj(uw)p(u) du) ds. (2.6)

J=1 f‘)
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for t > to. It is clear that (Py) € C([m(to), o), R). We now show that (Py)(t) — 0
as t — oo. Since p(t) — 0 and t —7;(t) — 00 as t — oo, for each € > 0, there exists
a T > to such that s > T3 implies that |z(s — 7;(s))| < € for j = 1,2. Thus, for
t > Ty, the last term Ig in (2.6) satisfies

Z ol tH(”)d“H(s>< / :,.(s) hj(u)go(u)du) ds

j=1

i / e ST s >|( / ST]_(S) |hj<u>||¢(u)|du> ds
+ Z du|H(5)| (/:Tj(s) |hj (w)]]p(w)] du) ds

2 T1 t S
< sw @y [ H<“”“|H<s>|( / |hj<u>|du)ds
o>m(to) —17to s—7;(s)

+EZ/ e_f:H(")d“H(s)|(/siTj(s) |hj(u)|du) ds.

y (2.3), there exists Tp > T such that ¢ > T, implies

— (u) du *
sup / L= |</ |h(u)|du) ds
o>m( to) Z s—T;(s) !

B u) du 2 Ty 1
= s fplo)le TS [ L)

o>m(to)
X (/ hj(u)du) ds < e.
5=7;(s)

Apply (2.2) to obtain |Ig| < € + ae < 2¢. Thus, Is — 0 as ¢ — oo. Similarly,
we can show that the rest of the terms in (2.6) approach zero as t — oo. This
yields (Py)(t) — 0 as t — oo, and hence Py € Sy. Also, by (2.2), P is a
contraction mapping with contraction constant «. By the contraction mapping
principle (Smart [15, p. 2]), P has a unique fixed point  in Sy which is a solution
of (1.1) with x(t) = ¢(t) on [m(ty), to] and x(t) = z(t,t9,%) — 0 as t — co.

To obtain the asymptotic stability, we need to show that the zero solution
of (1.1) is stable. Let & > 0 be given and choose § > 0 (6 < ¢) satisfying
25K edo WM L o o o T w(t) = a(t, to, ) is a solution of (1.1) with [[v] < ,
then z(t) = (Pz)(t) defined in (2.6). We claim that |z(t)| < ¢ for all ¢ > to. Notice

that |z(s)| < € on [m(to),to]. If there exists t* > ¢y such that |z(¢*)] = e and
|z(s)| < € for m(tg) < s < t*, then it follows from (2.6) that

t*Hu du
e < ol (1 L4l =0 Z/ solds)e o
to— T](to)

[Is| =

j=1"to
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2 t*

v [ molds

j=17t—7(t")

c(t*)

Ly |—
B D

+e/ e H@ G ) (s — m(s)(1 = 7(s)

+|ha(s = m2(s))(1 — 75(s))| + La|r(s)| + La[b(s)|} ds
2 +* * s
€ e_fst Hw)du) g hi(uw)| du | ds
+;L ([ imolan)

to
< 25Kefo Hlwydu | e < €,

which contradicts the definition of ¢*. Thus, |z(t)| < ¢ for all t > to, and the zero so-
lution of (1.1) is stable. This shows that the zero solution of (1.1) is asymptotically
stable if (2.3) holds.

Conversely, suppose (2.3) fails. Then by (2.1) there exists a sequence {t,},

t, — 00 as n — oo such that lim,_. . fot" H(u)du =1 for some [ € R. We may
also choose a positive constant J satisfying

tn
—J S/ H(u)du < J,
0
for all n > 1. To simplify our expressions, we define

w(s) =[—a(s) + hu(s —71(s))(1 = 71(s))] + [ha(s = m2(5)) (1 = 73(s))]

2 s
FLrE)+ Lalb(o)| + [HEI Y [ i) du,
j=175=

i (s)
for all s > 0. By (2.2), we have
tn tn
/ e Jo duw(s) ds < a.
0
This yields

tn s tn
/ efo H(w) duw(s) ds < ozefo H(u) du <J
0

The sequence {fot efo H(u) duw(s) ds} is bounded, so there exists a convergent sub-
sequence. For brevity of notation, we may assume that

o ) d
lim eJo H “w(s)ds =1,

n—oo 0

for some v € RT and choose a positive integer m so large that
tn s
/ efo Hu) duw(s) ds < do/4K,
tm

for all n > m, where §y > 0 satisfies 26oKe” +a < 1.
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By (2.1), K in (2.4) is well defined. We now consider the solution z(t) =
x(t, tm, 1) of (1.1) with ¢ (t,,) = d and [¢(s)| < & for s < t,,,. We may choose 1
so that |z(t)] <1 for t > t,, and

%Q(Wt — 7ot Z/ . )(s)ds > 60

It follows from (2.6) with z(t) = (Pz)(t) that for n>m

w(tm) -

e(tn) — —) o, Z / " )z (s) ds
n) — — — T

1_T2/(t7l) 2 tn—7;(t

1 _ [tn w) du tn _ [tn W) du
25506 ffm Hlu)d —/ e Jo w(s)ds
t
tn n
7%5 f H(u)du _ft H(u)d / f H(u) du w(s) ds

_ e_ft H(u) du (250 e fo’m H(u) du 6f0‘ H(u) duw(s) dS)
tm

_ [t wydu [ 1 tn ° u) du
> ¢ S B0 (50 —K/ eJo HW 4 w(s)ds)
t7n

1 () du 1
> 1606 L H(u)d > 160.9‘2" > 0. (2.7)

On the other hand, if the zero solution of (1.1) is asymptotically stable, then x(t) =
x(t,tm,?) — 0 as t — oo. Since t,, — 7;(t,) — 00 as n — oo and (2.2) holds, we
have

z(tn) — %Q(m(t — 7ot Z/t _Tj(tn) )z(s)ds — 0 as n — oo,

which contradicts (2.7). Hence condition (2.3) is necessary for the asymptotic
stability of the zero solution of (1.1). The proof is complete. m

REMARK 1. It follows from the first part of the proof of Theorem 1 that the
zero solution of (1.1) is stable under (2.1) and (2.2). Moreover, Theorem 1 still
holds if (2.2) is satisfied for ¢t > t, for some t, € RT.

For the special case b =0 and ¢ = 0, we get

COROLLARY 1. Let T be differentiable, and suppose that there exist continuous
function hy : [ma(to),00) — R for and a constant o € (0,1) such that for t >0

t
litminf/ hi(s)ds > —o0,
— 00 0

and

/ |ha(s)] ds + / ¢ SOt () - ha(s - () (1~ ()] ds
t—71(t) 0

t t s
+/ e . h1<“>d“|h1(s)</ |h1(u)du) ds < a. (2.8)
0 s—11(8)
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Then the zero solution of (1.4) is asymptotically stable if and only if

t
/ hi(s)ds — oo as t — oo.
0

REMARK 2. When 7(s) = 7, a constant, h1(s) = a(s+7), Corollary 1 contains
Theorem A. When h1(s) = a(g(s)), where g(s) is the inverse function of s — 7 (s),
Corollary 1 reduces to Theorem B.

REMARK 3. When 71 = 0, G(z) = —z and Q(x) = x, Theorem F is a corollary
of Theorem 1.

For the special case 71 = 0 and Q(z) = x, we get
COROLLARY 2. Suppose (1.3) holds with Ly = 1. Let T be twice differentiable

and T5(t) # 1 for all t € RT. Suppose that there exist continuous functions h; :
[m;(to),0) = R for j =1,2 and a constant o € (0,1) such that fort >0
t—o0

t
liminf/ H(s)ds > —o0,
0

and

%\+/ has)] ds

1—m —72(t)

[T ) (5] + s = o)L = 74(6) — ()] + b)) s
te_f-:H(u)du s ) u)ldu | ds < «
- ([ mtla)as<a, @)

—72(s)
[c(t)H () + /()] (1 — 75(t)) + e(t) 75/ (1)

(1 —73(t))?
the zero solution of (1.11) is asymptotically stable if and only if

where H(t) = 22 hj(t) and r(t) =

i1 . Then

¢
/H(s)dseoo as t — oo.
0

For the special case 71 = 0, G(r) = —x? and Q(x) = %xQ, we get

COROLLARY 3. Let 75 be twice differentiable with 75(t) # 1 for all t € RT.
Suppose that there exist continuous functions h; : [m;(tg),00) — R for j =1,2 and
a constant o € (0,1) such that fort >0

¢
liminf/ H(s)ds > —o0,
0

t—o0

and

L{‘l_‘:(jjwh tef:H(u)du|2b(s)+r(s)|ds}+/tt Iho(s)| ds

0 77’2(75)
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‘ " H(u)d
b [ ) 4 ()] + hals = ra(s)(1 = )]} ds
0

t t S
—|—/ e HW I H(s)| </ |ha(u)] du) ds < a, (2.10)
0 s—72(s)
[c(@)H () + /()] (1 — 3(t)) + c(t) 5 (2)
(1 —73(t))?
the zero solution of (1.13) is asymptotically stable if and only if

where H(t) = 2 hj(t) andr(t) = . Then

Jj=1

t
/H(s)ds—>oo as t — oo.
0

REMARK 4. When hi(s) = a(s) and ha(s) = 0, then Corollaries 2 and 3
contain Theorems F' and G, respectively.

3. Two examples
In this section, we give two examples to illustrate the applications of Corollary

2 and Theorem 1.

ExAaMPLE 1. Consider the following nonlinear neutral differential equation
() = —a(t)z(t) + b(t)G(x(t — 72(1))) + c(t)a’(t — (1)), (3.1)

where 72(t) = 0.066¢t, a(t) = 1/(t + 1), b(t) = 0.55/(t + 1), ¢(t) = 0.32 and G(x) =
sinz. Then the zero solution of (3.1) is asymptotically stable.

Proof. Choosing hq(t) = 1/(t+ 1) and ha(t) = 0.25/(¢t + 1) in Corollary 2, we
have H(t) = 1.25/(t + 1),

c(t) 0.32
= < 0.3427
= () 1= 0931 )
t t
0.25 t+1
/ |ha(s)| ds = / ds =0.25 ln(é) < 0.0171,
t—Ta(t) 0.934¢ S+ 1 0.934t + 1

t + s

to_e u v 1.2
</ o i/ iy au 1250 00 < 0.0171,
0 s+ 1

and
/o e LB ) 4 (8)] + ha(s — 7a(8)(1 — 7h()) — (5] + [b(s)]} ds

_ /t - [f2s/uryae (102530934 1.25 032 | 0.55
Jo 0.934s+1  0.934(s+1)|  s+1

032 0.25 0.55

<0031 125 125 - 0082
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It is easy to see that all the conditions of Corollary 2 hold for oo = 0.342740.0171+
0.5827 4+ 0.0171 = 0.9596 < 1. Thus, Corollary 2 implies that the zero solution of
(3.1) is asymptotically stable.

However, Theorem F' cannot be used to verify that the zero solution of (3.1)
is asymptotically stable. Obviously,

f a(u) du 032(2t+1) 0.55¢
‘ / ()l + I (s ds = 00340+ 1) 1+ 1

’ 1—my(t
Thus, we have

- c(t) L a(w du 0.64
1 —_— s b d 0.55 ~ 1.2352.
H?zsollp{‘lré(t)’—’—/o € ([b(s)| +|r1(s)]) ds 0934+

In addition, the left-hand side of the following inequality is increasing in ¢ > 0,
then there exists some tg > 0 such that for ¢ > ¢,

’ / . W (b(s)| + |1 (s)]) ds > 1.23.

‘ 1—7y(t
This implies that condition (1.12) does not hold. Thus, Theorem F cannot be
applied to equation (3.1). m

EXAMPLE 2. Consider the following nonlinear neutral differential equation

2'(t) = —a(t)x(t—71(t) +b(t)G(2(t—T2(t)) +e(t)a' (t—72(t)) Q' (z(t—72(1))), (3.2)

where 71 (t) = 0.068, 72(t) = 0.074¢, a(t) = 0.932/(0.932¢t 4+ 1), b(t) = 0.082/(t + 1),
c(t) =0.44, Q(x) = 0.52(1 — cos(z)), G(x) = 1.22sin(x). Then the zero solution of
(3.2) is asymptotically stable.

Proof. Choosing hi(t) = 1/(t 4+ 1) and hza(¢t) = 0.31/(t + 1) in Theorem 1, we
have H(t) = 1.31/(t + 1),

Ly =052, Ly =1.22,

c(t) 0.44
L —2Y =052
= " 0.926

t to t031
21/ \Wﬂ%Z/ @+/ ds
—1 /=i (t) 0.932¢ 5 +1 0.926¢ S+ 1

—1n( t+1 t+1
“N0.932t + 1 0.926t + 1

< 0.2471,

) + 0.311n( ) < 0.0943,

t
o w1 du 1.31
</ oL 81/ wr1)) d i 0.0943 < 0.0943,
0 S



and

/

) /te_ f:<1,31/<u+1>>du<0-31 x 0926  0.52 x 1.31 x 0.44  1.22 x 0.082) n

Stability in neutral differential equation 283

/O e~ @ oy b (s = (s))(1 = 7(s)) ds = 0,

e ST HO B (5 — () (1 = T5(5)] + Lalr(s)] + Lolb(s)]} ds

0 09265 1 | 0926(s+1) | st1
031  0.52x0.44  1.22 x 0.082

< + + < 0.5601.

1.31 0.926 1.31

It is easy to see that all the conditions of Theorem 1 hold for o = 0.2471 +0.0943 +
0.5601 4 0.0943 = 0.9958 < 1. Thus, Theorem 1 implies that the zero solution of
(3.2) is asymptotically stable. m
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