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UNIVALENCE CONDITIONS OF GENERAL INTEGRAL OPERATOR

B. A. Frasin and D. Breaz

Abstract. In this paper, we obtain new univalence conditions for the integral operator

z a B1 f (o7 n Bn %
1§‘i’5i<f1,...,fn>(z>:{€/o o)™ (B2) T (o)™ (B2) dt}

of analytic functions defined in the open unit disc.

1. Introduction

Let A denote the class of functions of the form

flz)=z+ i apz®
k=2

which are analytic in the open unit disc 4 ={z : |z| < 1}. Further, by S we shall
denote the class of all functions in A which are univalent in .

Very recently, Frasin [13] introduced and studied the following general integral
operator

DErFINITION 1.1. Let «;,3; € C for all i = 1,... ,n, n € N. We let Ig”’ﬁi :
A" — A to be the integral operator defined by

Iy Fa) ) [fs [t (4 lt(t))mm(f;(t))“" (2 )ﬁ" dt] R
(1)

=

where £ € C\{0} and f; € Aforalli=1,... n.

Here and throughout in the sequel every many-valued function is taken with
the principal branch.

2010 Mathematics Subject Classification: 30C45
Keywords and phrases: Analytic function; univalent function; integral operator.

394



Univalence conditions of general integral operator 395

REMARK 1.2. Note that the integral operator Ig"“ﬁi (f1s- -+, fn)(2) generalizes
the following operators introduced and studied by several authors:

(1) For £ =1, we obtain the integral operator

TP (fr o ) (2) = /Oz (fi()™ (flt(t))ﬁl ()™ (fnt(t))ﬁ" “

introduced and studied by Frasin [14].

(2) For ¢ =1 and a; =0 for all i = 1,... ,n, we obtain the integral operator

Re- [ (20)" . (50)"

introduced and studied by Breaz and Breaz [3].
(3) For ¢ =1and 3; =0 for all i = 1,... ,n, we obtain the integral operator

Focl,... ,Qn, (Z) = /OZ (f{(t))al T (f'r/z(t))an dt

introduced and studied by Breaz et al. [6].

4)For =1, n=1 o =«, B/ = and f; = f, we obtain the integral
operator

Fase) = [ (7/0)° (f(“)ﬁ it (wBER)

t
studied in [9] (see also [10]).
(5)For ¢ =1, n=1 a =0, 1 = B and f; = f, we obtain the integral

operator
Fy(z) = /0 (ff))ﬁ dt

studied in [7]. In particular, for 8 = 1, we obtain Alexander integral operator

introduced in [1]
I(z) = /0 @ dt

(6) For ¢ =1, n=1, 04 =0, s = « and f; = f, we obtain the integral
operator

studied in [21] (see also [25]).

Many authors studied the problem of integral operators which preserve the
class S (see, for example, [2, 4, 5, 7, 8, 12, 19, 22, 23, 24, 27]).
In particular, Pfaltzgraff [25] and Kim and Merkes [16], have obtained the

following univalence conditions for the functions [ (f(¢))* dt and [; (@) dt,

respectively.
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THEOREM 1.3. [25] If f € A and o € C with |a| < 1/4, then the function
Jo (f'@)™ dt is in the class S.
THEOREM 1.4. [16] If f € A and o € C with |a| < 1/4, then the function

fOZ (@)a dt is in the class S.

In the present paper, we obtain univalence conditions for the integral operator
I8 Pi(fr, . fa)(2) defined by (1.1).

In order to derive our main results, we have to recall here the following lemmas.

LEMMA 1.5. [18] If f € A satisfies

2f"(2)| _ 5 |2f'(2)
1+ 7o | <170 (z ell), (1.2)
then f is univalent and starlike in U.
LEMMA 1.6. [15, 26] If f € A satisfies
L) )] 1 y s
Sl eew 3
then %g)—l‘ <1 (zelU).
LEMMA 1.7. [11] If f € S then
2f'(z)| _ 1+
e =1 (z €el). (1.4)
LEMMA 1.8. [20] Let § € C with Re(d) > 0. If f € A satisfies
(N B ©)
Re@) | /() | ="

for all z € U, then, for any complex number &, with Re(§) > Re(d), the integral

operator
1

R = {e [ al

2. Main results

18 in the class S.

We begin by proving the following theorem.

THEOREM 2.1. Let a;,3; € C for alli = 1,... ,n and each f; € A satisfies
the condition (1.2). If
4Re §, if Red € (0,1)

29 |os| + 16 |8i]) <
2, (29 Jas| +16]5]) {4, if Re § € [1,00),

then, for any complex number &, with Re(§) > Re(d) > 0, the integral operator
I Bilfi, ..., fo)(2) defined by (1.1) is in the class S.

(2.1)
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Proof. Define a regular function h(z) by

9= :f[lu;(t»“i (ff))ﬁ .

Then it is easy to see that

e = [T (22)” (2.2

and h(0) = A'(0) — 1 = 0. Differentiating both sides of (2.2) logarithmically, we

obtain § i »
o - ne (T e (e
and so
o s (Fg ) - Ber Ba (T )
From Lemma 1.5, it follows that
T <3 Sl [P 8216 |HE 1)
<38 il |22 - ' }+2|@| 7(())—1’+Z| |
<% [(| 7|+|@> H+ 5 o
Multiplying both sides of (2.3) b % from (1.4), we get
L |2 |20 (2)
Res | W(2)
= fLJZMé (Z o] + ﬂi) (1 —2|z|) + 20 |Z|2;?5Z?_1 - (2.4)

Suppose that Red € (0,1). Define a function @ : (0,1) — R by
O(z)=1—a* (0<a<1).
Then @ is an increasing function and consequently for |z| = a; 2 € U, we obtain

|Z|2R65

1— <1—|2 (2.5)

forall z e U.
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We thus find from (2.4) and (2.5) that

1 _ ‘Z|2Re5

Zh”(Z)‘ _ l; (5|O‘7l|+4|ﬁz|) 912:1‘0%'

Red h(z) Red + 4Red
. 1(29 |ai| + 16 |5i])
B 4Red
for all z e U.

Using the hypothesis (2.1) for Red € (0, 1), we readily get
1 — |Z|2Re5

Red

zh'(2)
W)

Now if Red € [1,00), we define a function ¥ : [1,00) — R by

<1

1_a2x

U(z) = - (0<a<l).

We observe that the function ¥ is decreasing and consequently for |z| = a; z € U,
we have

ﬂ 1— ‘z|2 (2.6)
Red '
for all z € Y. Tt follows from (2.4) and (2.6) that
1— 2R | 20" (2)

Red

29
< SO o] + 418:)).
| < 5 lad +415)
Using once again the hypothesis (2.1) when Red € [1,00), we easily get
1 _ |Z|2R65

Red

zh"(2)
h'(z)

Finally by applying Lemma 1.8, we conclude that the integral operator
Ig"’ Bi(fl, .y fn)(2) defined by (1.2) is in the class S. m

Lettingn =1, a3 =, f; = and f; = f in Theorem 2.1, we have

<1

COROLLARY 2.2. Let o, 8 € C and f € A salisfy the condition (1.2). If

4Red, if Red € (0,1)
29 |af +16(8| < .
4, if Red € [1,00),
then, for any complex number £, with Re(§) > Re(d) > 0, the integral operator

I8P () = [f / 0L (P ()" (F1)° de|

s in the class S.
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Letting 8 = 0 in Corollary 2.2, we have

COROLLARY 2.3. Let « € C and f € A satisfy the condition (1.2). If

| |<{ ABed - if Red € (0,1)
ol =

5 if Red € [1,00),

then, for any complex number &, with Re(§) > Re(d) > 0, the integral operator

1
z €
e = [T (o a
is in the class S.
Letting a = 0 in Corollary 2.2, we have

COROLLARY 2.4. Let € C and f € A satisfy the condition (1.2). If

|ﬁ|<{ Red ' if Red € (0,1)
- %, if Red € [1, 00),

then, for any complex number &, with Re(§) > Re(d) > 0, the integral operator
1
Fen (10 ]
IJ(z) = lg/o -1 (t dt

Letting £ = 9 = 1 in Corollary 2.3, we have

18 in the class S.

COROLLARY 2.5. If f € A and a € C with |a| < 4/29 ~ 0.137, then the
function [ (f'(t))" dt is in the class S.

REMARK 2.6. If we let £ = 0 =1 in Corollary 2.4, then we have Theorem 1.4.

Next, we obtain the following univalence condition for the integral operator
I8 % (f1,..., fa)(2) defined by (1.1) when 3; =1—q; foralli=1,... ,n.

THEOREM 2.7. Let a;, 3; € C for alli=1,... ,n and each f; € A satisfy the
condition (1.3). If Red >n, n € N, § € C with

S

K2

|ai] < 2Red — 2n (2.7)
1

then, for any complex number £, with Re(§) > Re(d) > 0, the integral operator

19 (fur s fa)(2) = lg/o tf—lf[l (tmy (filft)) dtr (2.8)

s in the class S.
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Proof. Define a regular function G(z) by

6= [ T (ff)> dt. (2.9)

i=1

. Then it follows from (2.9) that
2G"(z) _ & ( z2fi'(2) _Zf{(2)> i (Zf{(Z) _ )
o AT we ) TE e Y Y
Using Lemma 1.6, from (2.10), we have
2G"(2)

G'(2)

1
Ll +n (2.11)
2=

Multiply both sides of (2.11) by 1_@2;85, we obtain

1 _ |Z|2Re6
Red

2G"(z)
G'(2)

1 _ |Z‘2R€6

1 n
rer— (35100 +7)

1 n
which, in the light of the hypothesis (2.7) yields
1—|z| 2G" (2)
Red G'(z)

Finally by applying Lemma 1.8, we conclude that the integral operator
Ig*(f1s- .., fa)(2) defined by (2.8) is in the class S. m

Letting n =1, a3 = a and f; = f in Theorem 2.7, we have

2Re é

<1.

COROLLARY 2.8. Let f € A satisfies the condition (1.3), a,d € C and Red >
1. If
|a] < 2Red —2

then, for any complex number &, with Re(§) > Re(d), the integral operator

z « — E
126 = [¢ [ e (o) o) a
0
is in the class S.
Letting a = 0 in Corollary 2.8, we have

COROLLARY 2.9. Let f € A satisfies the condition (1.3). If § € C, Red > 1
then, for any complex number £, with Re(§) > Re(d), the integral operator

Ie(z) = [5 | e dt} %

0

s in the class S.
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Letting a = 1 in Corollary 2.8, we have

COROLLARY 2.10. Let f € A satisfies the condition (1.3). If6 € C, Red > 3/2
then, for any complex number &, with Re(§) > Re(d), the integral operator

: :
R = [e [t al
0
18 in the class S.
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