MATEMATNYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
65, 3 (2013), 419-424 research paper
September 2013

TOTALLY BOUNDED ENDOMORPHISMS
ON A TOPOLOGICAL RING

Madjid Mirzavaziri and Omid Zabeti

Abstract. Let X be a topological ring. In this paper, we consider the three classes (btb-
bounded, tbtb-bounded, and tbb-bounded) of endomorphisms defined on X and denote these classes
by Byip(X), Bepen(X), and Bypp(X), respectively. We equip them with an appropriate topology
and we find some sufficient conditions under which, each class of these endomorphisms is complete.

1. Introduction

In [3], some different notions of boundedness has been introduced for group
homomorphisms on a topological ring. In this paper, using the notion of totally
boundedness in a topological ring, we present some different aspects for totally
bounded group homomorphisms on a topological ring. We endow these classes
of totally bounded group homomorphisms to an appropriate uniform convergence
topology. We deduce that each class of these group homomorphisms on a locally
bounded topological ring, with respect to the assumed topology, forms a topological
ring. Also, as the main result, we show that each class of totally bounded group
homomorphisms on a unitary topological ring X is complete if and only if so is X.
There are many examples of topological rings among which we are interested in
ring of scalar valued, ring of bounded linear operators on a topological vector space
and ring of continuous real-valued functions on some topological space (where the
topology is given by pointwise convergence). Let X be a topological ring. Recall
that a subset £ C X is said to be totally bounded if for each zero neighborhood
V C X there is a finite set ' C X such that £ C FF+ V. Also, B C X is
called bounded if for each zero neighborhood W C X there is a zero neighborhood
UCX with UBC W and BU C W. For more information about bounded group
homomorphisms on a topological ring and the related notions, the reader is referred
to [1-5].
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In this paper, every ring is supposed to be associative and every topological ring
R is assumed to be locally bounded which means there exists a zero neighborhood
U C R such that for each zero neighborhood W C R there is a zero neighborhood
VCRwithVUCW and UV CW.

2. Totally bounded group homomorphisms

DEFINITION 2.1. Let X and Y be two topological rings. A group homomor-
phism 7 : X — Y is said to be

(i) btb-bounded if for every bounded set B C X, T(B) is totally bounded in Y;

(ii) tbtb-bounded if for every totally bounded subset £ C X, T'(F) is totally bound-
ed in Y;

(iii) tbb-bounded if for every totally bounded subset E C X, T(E) is bounded in Y.

Since every totally bounded set is also bounded, then it is easy to see that
(i)—(ii)—(iil). But these concepts are not equivalent, in general. In prior to any-
thing, we show this.

ExAMPLE 2.2. Let X be ¢y, the space of all vanishing sequences, with the
pointwise product and the uniform norm topology. Consider the identity group
homomorphism I on X. Indeed, it is tbtb-bounded but it is not btb-bounded since

the open unit ball Nl(o) is not totally bounded.

EXAMPLE 2.3. Let X be ¢g, with the zero multiplication and the coordinate-
wise topology. Also, suppose Y is ¢y, with the zero multiplication and the uniform
norm topology. Consider the identity group homomorphism [ from X into Y. It is
easy to see that I is tbb-bounded but it is not tbtb-bounded. For, suppose (a,) C ¢y
is the sequence defined by a, = (1,2,...,n,0,...). Indeed, (a,) is totally bounded
in X but it is not totally bounded in Y. For, if € > 0 is arbitrary, there is no finite
set F' C ¢ with (a,) C F + NE(O).

In the rest of the paper, an endomorphism on a topological ring X means an
endomorphism of its additive group.

The class of all btb-bounded endomorphisms on a topological ring X is denoted
by Bup(X) and is equipped with the topology of uniform convergence on bound-
ed sets that means a net (S,) of btb-bounded endomorphisms converges uniformly
to zero on a bounded set B C X if for each zero neighborhood V' C X there is
an «ap such that S,(B) C V for each @ > ap. The class of all tbtb-bounded en-
domorphisms on X is denoted by By, (X) and is endowed with the topology of
uniform convergence on bounded sets, namely, a net (S,) of tbtb-bounded endo-
morphisms converges uniformly to zero on a bounded set B C X if for each zero
neighborhood V' C X there is an oy with S,(B) C V for each a > «p. Finally,
the class of all thb-bounded endomorphisms on X is denoted by By,(X) and is
also assigned with the topology of uniform convergence on bounded sets. It is not
difficult to see that By, (X), By (X), and By, (X) are nested subrings of the ring
of all endomorphisms on a topological ring X.
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3. Main results

In the following proposition, we show that each class of totally bounded endo-
morphisms, with respect to the topology of uniform convergence on bounded sets,
forms a topological ring. The proofs in the following proposition, follow the same
line. We give the details for the sake of completeness.

PROPOSITION 3.1.

(i) The operations of addition and product in By,(X) are continuous with respect
to the topology of uniform convergence on bounded sets;

(ii) The operations of addition and product in By (X) are continuous with respect
to the topology of uniform convergence on bounded sets;

(iii) The operations of addition and product in By (X) are continuous with respect
to the topology of uniform convergence on bounded sets.

Proof. (i) Suppose two nets (T,) and (S,) of btb-bounded endomorphisms
converge uniformly to zero on bounded sets. Fix a bounded set B C X. Let W
be an arbitrary zero neighborhood in X. Find a zero neighborhood V such that
V +V C W. There are some «y and a3 with T,(B) C V for each a@ > « and
Sa(B) C V for each o« > ;. Take an as such that as > ag and ay > . If
a > ag then (T, + So)(B) C To(B) + So(B) CV +V C W. So, the addition is
continuous. Now, we show the continuity of the product. Suppose U C X is a zero
neighborhood which is bounded. Since the net (S,) converges to zero uniformly
on B, there is an a3 such that E = Uy>qa,S54(B) C U, so that it is bounded. Find
an «y with T, (E) C W for each o > 4. Choose an a5 such that a5 > a3 and
as > ay4. Thus, for all @ > as, ToSo(B) C T, (E) C W, as we wanted.

(i) Suppose two nets (T,,) and (S,,) of tbtb-bounded endomorphisms converge
uniformly to zero on bounded sets. Fix a bounded set B C X. Let W be an
arbitrary zero neighborhood in X. Find a zero neighborhood V such that V +V C
W. There are some o and oy with T, (B) C V for each o > ag and S,(B) CV
for each @ > 7. Take an a9 such that as > ag and as > a1. If o > a9 then
(To+54)(B) CTu(B)+S.(B) CV+V C W. So, the addition is continuous. Now,
we show the continuity of the product. Suppose U C X is a zero neighborhood
which is bounded. Since the net (S,) converges to zero uniformly on B, there is
an ag such that F = Uy>4a,5.(B) C U, so that it is bounded. Find an oy with
T,(E) CW for each a > ay. Choose an a5 such that as > ag and as > ay4. Thus,
for all & > a5, T So(B) CTo(E) CW.

(iii) Suppose two nets (T,) and (S, ) of thb-bounded endomorphisms converge
uniformly to zero on bounded sets. Fix a bounded set B C X. Let W be an
arbitrary zero neighborhood in X. Find a zero neighborhood V such that V +V C
W. There are some o and oy with T, (B) C V for each o > ag and S,(B) CV
for each o > «7. Take an a9 such that as > ag and as > a1. If o > a9 then
(To+S0)(B) CTo(B)+S.(B) CV+V C W. So, the addition is continuous. Now,
we show the continuity of the product. Suppose U C X is a zero neighborhood
which is bounded. Since the net (S,) converges to zero uniformly on B, there is



422 M. Mirzavaziri, O. Zabeti

an ag such that F = Uy>a,5,(B) C U, so that it is bounded. Find an oy with
T,(E) C W for each a > y. Choose an a5 such that a5 > ag and as > ay4. Thus,
for all & > as, ToSa(B) C T, (E) C W, as desired. m

Now, we start our main work with this observation that each class of totally
bounded endomorphisms on a topological ring X, with respect to the topology
of uniform convergence on bounded sets , is a closed subring of the ring of all
endomorphisms on X, as shown by the following propositions.

PROPOSITION 3.2. Suppose a net (hy) of btb-bounded endomorphisms con-

verges uniformly on bounded sets to an endomorphism h. Then h is also btb-
bounded.

Proof. Fix a bounded set B C X. Let W be an arbitrary zero neighborhood
in X. There is a zero neighborhood V with V +V C W. Find an «g such that
(ho — h)(B) C V for each a > . Fix an a > «ap. Take a finite set F' C X with
ha(B) C F 4+ V. Therefore

h(B) Cha(B)+V CF+V +V CF+W.
Thus, h is also btb-bounded. m

PROPOSITION 3.3. Suppose a net (hy) of tbtb-bounded endomorphisms con-
verges uniformly on bounded sets to an endomorphism h. Then h is also tbtb-
bounded.

Proof. Fix a totally bounded set E C X. Let W be an arbitrary zero neigh-
borhood in X. Choose a zero neighborhood V with V' 4+ V C W. Since E is also
bounded, there is an ag such that (h, —h)(E) C V for each oo > . Fix an a > «p.
Find a finite set F' C X with h,(F) C F+ V. Thus

WME)Cho(E)+VCF+V4+VCF4+W.
It follows that A is also tbtb-bounded. m

PROPOSITION 3.4. Suppose a net (hy) of tbb-bounded endomorphisms con-

verges uniformly on bounded sets to an endomorphism h. Then h is also tbb-
bounded.

Proof. Fix a totally bounded set £ C X. Let W be an arbitrary zero neigh-
borhood in X. Take a zero neighborhood V such that V 4+ VV C W. Since FE is
bounded, there exists an ag with (hy, —h)(E) C V for each @ > «p. Fix an a > «p.
Choose a zero neighborhood V3 C V such that Vih(E) C V and h(E)V; C V.
Therefore

Vih(E) CViho(E)+ VWV CV +VV CW.

Similarly, h(E)Vy € W. This shows that A is also tbb-bounded. m

In what follows, we show that each class of totally bounded endomorphisms,
with respect to the topology of uniform convergence on bounded sets, on a topo-
logical ring X with unity, is complete if and only if X is complete.
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THEOREM 3.5.
(i) Butp(X) is complete if and only if so is X ;
(il) Buwtn(X) is complete if and only if so is X;
(iii) Bup(X) is complete if and only if so is X.

Proof. (i) Let X be complete and (T,,) be a Cauchy net of btb-bounded endo-
morphisms on X. Suppose W is an arbitrary zero neighborhood in X. Since every
singleton is bounded, for each x € X there is an «aq such that (T, — Tg)(z) € W
for each « > o and for each 8 > agp. So, (T, (x)) is a Cauchy net in X, so that it
converges. Thus there is an endomorphism 7' on X with T'(z) = lim T, (z). Since
this convergence is in By, (X), by Proposition 3.2, T' is also btb-bounded.

For the converse, let By (X) be complete and (z,) be a Cauchy net in X.
For each «, define endomorphism T" on X by T, (z) = xz,z. It is easy to see that
each T, is btb-bounded. Fix a bounded set B C X. There is a zero neighborhood
V C X such that VB C W. Also, choose an o with (z, —x3) € V for each o > o
and for each 3 > «y. Thus for each x € B,

(To —Tp)(x) = To(z) — Tp(x) = (xq —28)zr € Ve C VB C W.

So, (To, — Tp)(B) € W. Therefore, (T,) is a Cauchy net in By, (X), so that it
converges. It follows that there is a btb-bounded endomorphism 7" such that (73,)
converges to 7' uniformly on bounded sets. Therefore, T, (1) — T(1), so that
o — T(1), as we wanted.

(ii) Suppose X is complete and (T,) is a Cauchy net of tbtb-bounded endo-
morphisms on X. Assume W C X is an arbitrary zero neighborhood. Since every
singleton is bounded, there is an ag with (T, — T3)(z) € W for each a > o and
each 0 > ag. So, (T, (x)) is a Cauchy net in X, so that it converges. Thus, there
is an endomorphism 7" on X such that T'(x) = lim T, (x). Since this convergence is
in Bypy(X), by Proposition 3.3, T is also tbtb-bounded.

For the converse, assume By (X) is complete and (z,,) is a Cauchy net in X.
For each «, define endomorphism T on X by T, (x) = x,z. It is easy to see that
each Ty, is tbtb-bounded. Fix a bounded set B C X. There is a zero neighborhood
V C X with VB C W. Also, find an oy such that (zo —23) € V for all @ > oy
and for all > «y. Therefore, for any = € B, we have

(To, —T3)(x) =To(x) —Tp(x) = (xq —x3)x € Ve C VB CW.

Thus, (T, —T3)(B) € W. This means that (Ty,) is a Cauchy net in By (X), so that
it converges. So, there is a tbtb-bounded endomorphism 7" such that (T, ) converges
to T uniformly on bounded sets. Therefore, T,,(1) — T'(1), so that x, — T(1), as
desired.

(iii) Let X be complete and (T,) be a Cauchy net of tbb-bounded endomor-
phisms on it. Suppose W is an arbitrary zero neighborhood in X. Since every
singleton is bounded, there is an ag such that (T, — T3)(xz) € W for any o > g
and for any 8 > «g. So, (T, (z)) is a Cauchy net in X, so that it converges. Thus,
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there is an endomorphism 7" on X with T'(z) = lim T,,(z). Since this convergence
is in Byp(X), by Proposition 3.4, T is also tbb-bounded.

For the converse, let By, (X) be complete and (z,,) be a Cauchy net in X. For
each «, define endomorphism T on X by T, (z) = x,2. It is easy to see that each
T, is tbb-bounded. Fix a bounded set B C X. Find a zero neighborhood V' C X
with VB C W. Also, take an oy such that (z, —xg) € V for each @ > oy and for
each B > ay. Thus, for each z € B,

(To —Tp)(z) = To(x) — Tp(z) = (xq —xg)xr € V2 C VB C W.

So, (T, — Tp)(B) € W. It follows that (T,) is a Cauchy net in By (X), so that
it converges. Therefore, there is a tbb-bounded endomorphism 7' such that (73,)
converges to T uniformly on bounded sets. Thus, T,,(1) — T'(1), so that z, — T'(1),
as we claimed. m
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