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A NOTE ON GENERATING FUNCTIONS OF
CESARO POLYNOMIALS OF SEVERAL VARIABLES

Mohd Akhlaq Malik

Abstract. The present paper deals with certain generating functions of Cesaro polynomials
of several variables.

1. Introduction

Let the sequence of functions {S,(z) | n =0,1,2,...} be generated by Singal
and Srivastava [11]:

Z Am’”Sern(iU)tn = f($7t) S
n=0

W mlh(z,t)] (1.1)

where m is a nonnegative integer, the A, ,, are arbitrary constants and f, g, h are
suitable functions of x and ¢. The importance of a generating function of the form
(1.1) in obtaining the bilateral and trilateral generating relations for the functions
Sp(x) was realized by several authors.

In particular, the present work is based on the papers due to Agarwal and
Manocha [2], Chatterjea [6], Singal and Srivastava [11] and the book written by
Srivastava and Manocha [9].

The Pochhammer symbol (}),, is defined by

1, ifn=0
()\)n: . _
AA+1)---(A+n-=1), ifn=12,...

2. Cesaro polynomials

The Cesaro polynomials are denoted by gfLm ) (z) and is defined as (Chihara

[15])

(m) m+n ok
g (@) = o Fy T (2.1)

n
—m —n;
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which can also be written as

g™ (z) = (m +n)! i: (=n), (1)q2"

mlnl =7l (=m—n),

Agarwal and Manocha [2] defined the polynomials ¢7*(x) by the generating relation.

Z g\™ (z) (1—t)" 11 —at)" . (2.2)

which is easy to derive from (2.1).

Starting, as usual, from (2.2) one gets the following formula of the type (1.1)
for the polynomials g™ (z):

> (" )atmmn = 0ot ey (M)

xt
n=0

which provided them the basic tool to deduce the following theorem on trilateral
generating functions for the polynomials g (x).

THEOREM 1. Let

,M J) y’ Z a/n,;,ang gn+M(y)tn

be a bilateral generating function. Then the following trilateral generating relation
holds:

1—1t) t o\
(m) QTIL 1—¢)"™m1(1 = -1y .’1?( .
Zg y Z) ( t) ( .’I/'t) T lfl't 'Yy 2 17t

where, as well as throughout this paper,

[n/r]

n
052 = 3 () anpsen)s*

k=0

3. Cesaro polynomials of two variables

We define the Cesaro polynomials of two variables gT(Lm) (z,y) as follows:

- m4n —n: 1;1;
g @y) =" ) F .y (3.1)

-m—-n: —;—;

which can also be written as:

n n—r

g™ (z,y) = (m +n)! Z

RO —1)rs(1)r(1)s 2T
m!n!

—-m — rls!
r=0 5:0 T+€
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The following generating relation holds for (3.1).

THEOREM 2.

S g gt = (1— )71 = at) " (1 — ) (3.2
n=0

o non—r (m+n)( n)r+s(1)r(1)5mrystn

n=01=0 =0 mnl(—=m —n),44rls!
S T (mn)i(=1) ks o
- x"yst"
n2=:0 rz::() s=0 m'n'r's'(—m — n)r+s(n —r = s)
_ 5 E f: (m+n+r+s)(-1)*s p——

n=07r=0s= Om!n!(_m_n_r_s)TJrS

= % e S a3 (gt

n=0 r=0 s=0
X m! m)n 1n _
=% b g (1~ gt) (1 - yt) 7!

=1-t)y "1 —at) M1 —yt)"t. m

Starting, as usual, from (3.2) we get the the following formula of the type (1.1)
for the polynomials g/*(z,y).

THEOREM 3.

= n—+ k m n
> ( , >gfl+3€(x,y)f

n=0
=ﬂ—ﬂ%**ﬂ—m*u—m*£mCFQ?%L;» (3.3)
Proof.
;:3020 (”Z"“)gfm(x y)tok = ki": 20 (nnJ'r;) o) (a, )tk
B 7:0 kio (n n;i;)lkygf(Lm)( )Rk

n=0 k=0
= 2 ey )"
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—(1=(t+0) "1 -2t +0)" (1 =yt +v)"!
= (1= —a) T 1y T ) T (-
Yyv |1
x (1— = yt)
=1-t)"'""1—at) A —yt) (1 -

> (1 _ y’U(l — t) )—l
(1—yt)(1—1)
1 _ 1—1¢) y(1—1t) vk
==t (L —at) T (1 -yt {m) el :
A-n7 e 0= S o (T ) o
Equating the coefficient of v* we get (3.3), which provides us with the basic tool

to deduce the following theorem on mixed trilateral generating functions for the
polynomials gi"™ (z,y). w

v
1—uxt

)—1

v
1-t¢

zv(l —t)

R (DA

THEOREM 4. Let

=)
K‘,#[zlax%yat] = Z an,ugﬁw)(‘TleQ)gn-ﬁ-T(y)tn
n=0

be a mized bilateral generating function involving Cesdro polynomials of two vari-
ables and another one variable polynomials gn4,(y). Then the following mized
trilateral generating relation holds:

S g (@, wa) QT (y, )t
=0

= — eyt — 2t Yo (1 —1t) xo(1 —t) ( t )T] .

L—ait 1—mot 5 \1 ¢
(3.4)
Proof.

> g5 (@, w2) U (y, 2)t"

n=0

X (m) i n S
=Zgn (x1,22)( > ok Ak Jerp(y) 2" |t

k=0
o [n/1] (n)!

nZO kZ g ($1»$2)mak,ugk+u(y)zktn

_ (Tl + T’k) kin+rk
nZO kX_: gn+rk(z1a LUQ) (Tk)' (n) ak,pgk-i-u(y)z t

X m+7rk\ (m n
- onsatiser £ (7 Yoo
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= 3 G ()21 =)7L = 2 t) (L - @)
k=0

(m) l‘l(l—t) .Ig(l—t)

rk 17‘%115’ 17I2t

=(1—t)"™ 1 —2t) " (1 —aot) !

(o)
(m) (T1(1—t) 22(1—1)
2%%#%k(1_x¢71_xﬂ OIED

= )= et [:cl(l —t) zo(1—1t) yox ( t )r:|

1—ax1t’ 1—a9t 7 1—t¢

X9

which proves (3.4). m

4. Cesaro polynomials of three variables

We define the Cesaro polynomials of three variables g%m) (z,y, z) as follows:
m4+n —n o ———: ;11
9 (2,y,2) = ( ) F z,Y, % (4.1)
" Mmoo

which can also be written as

m m+n)!
9™ (2, y,2) = gz

i i (_n)r+s+k(1)r(1)8(1)kxryszk
(—m —n)ppsrxr!slk! '
The following generating relation holds for (4.1)
> o @ = (1= 1) - AT @)

Starting, as usual, from (4.2) we get the following formula of the type (1.1) for the
(m)

polynomials gy, ' (z,y, 2):
o~ (RN ) n_ —m—1—k —1 -1
Yo, )o@yt =01 -1 (1—at)" (1 —yt)

n=0
~ (1_Zt)—1gl(€m) (x(l_t) y(l_t) Z(l_t)> (43)

1—at’ 1—yt’  1—2zt

which provides us with the basic tool to deduce the following theorem on mixed

trilateral generating functions for the polynomials gﬁbm) (z,9,2).

THEOREM 5. Let

o
}/’r,# [1‘1, x2,Y, t] = Z an,ugy(ﬂzl) (xh $2)gn+r (y)tn
n=0
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be a mized bilateral generating function involving Cesdro polynomials of three vari-
ables and another one variable polynomials gy, (y). Then the following mized
trilateral generating relation holds:

0
S 00 (s, ) U 2 = (1= )7 (1= 2at) (1~ at)
n=0

_ r1(1—1) 22(1 —t) z3(1—1) t o\
1—z3t)" Y, . (44
X)W\ T T T (4.4)

The proof of (4.2), (4.3) and (4.4) are similar to those (3.2), (3.3) and (3.4)

respectively.

CONCLUDING REMARK. Cesaro polynomials can be extended up to n-variables

and analogous results of this paper can be obtained.
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