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SET-VALUED PRESIC-CIRIC TYPE CONTRACTION
IN 0-COMPLETE PARTIAL METRIC SPACES

Satish Shukla

Abstract. The purpose of this paper is to introduce the set-valued Presi¢-Cirié type con-
traction in O-complete partial metric spaces and to prove some coincidence and common fixed
point theorems for such mappings in product spaces, in partial metric case. Results of this pa-
per extend, generalize and unify several known results in metric and partial metric spaces. An
example shows how the results of this paper can be used while the existing one cannot.

1. Introduction and preliminaries

There are a number of generalizations of Banach contraction principle. One
such generalization is given by S.B. Presi¢ [28,29] in 1965. Presié proved following
theorem.

THEOREM 1. Let (X,d) be a complete metric space, k a positive integer and
T: X* — X a mapping satisfying the following contractive type condition:

k
d(T(x1, 22, ... op), (w2, 23, ..., Tpg1)) < D qid(T5, Tig1) (1)
=1

for every x1,xa, ... ,xp11 € X, where q1,qo, ... ,qx are nonnegative constants such
that ¢ + q2 + -+ + qx < 1. Then there exists a unique point x € X such that
T(x,z,... ,x) = x. Moreover, if x1,x2,...,x are arbitrary points in X and for
neN, ¢, =T(Tn, Tnt1, -, Tntk-1), then the sequence {x,} is convergent and
limz, = T(limz,, imz,, ... limz,).

Note that condition (1) in the case k = 1 reduces to the well-known Banach
contraction mapping principle. So, Theorem 1 is a generalization of the Banach
fixed point theorem. Some generalizations and applications of Theorem 1 can be
seen in [11,13,16,19,20,25-27,33,35,36,38—-40].

2010 Mathematics Subject Classification: 4TH10, 54H25
Keywords and phrases: Set-valued mapping; partial metric space; fixed point; Presi¢ type
mapping.
178



Set-valued Presié-Cirié type contraction 179

Inspired by the results in Theorem 1, Ciri¢ and Presi¢ [13] proved following
theorem.

THEOREM 2. Let (X,d) be a complete metric space, k a positive integer and
T: X% — X a mapping satisfying the following contractive type condition;

d(T(x1,22,... o), T (2,23, ... ,2k+1)) < Amax{d(z;, x41) : 1 <1 < k},

where X € [0,1) is a constant and x1,a,. .. ,Tr41 are arbitrary points in X. Then
there exists a point x in X such that T'(z,x,... ,x) = x. Moreover, if t1,x2,... , T}
are arbitrary points in X and for n € N, xp1p = T(Tpn, Tpt1,- -« s Tntk—1), then
the sequence {x,} is convergent and limx, = T(limx,,limz,, ... limx,). If in
addition we suppose that on diagonal A C X*, d(T(u,u,... ,u),T(v,v,...,v)) <
d(u,v) holds for u,v € X, with u # v, then x is a unique fixed point satisfying
x=T(x,x,...,).

Nadler [24] generalized the Banach contraction mapping principle to set-valued
functions and proved the following fixed point theorem.

THEOREM 3. Let (X,d) be a complete metric space and let T be a mapping
from X into CB(X) (here CB(X) denotes the set of all nonempty closed bounded
subset of X ) such that for all z,y € X,

H(Tz,Ty) < Ad(z,y)
where, 0 < X < 1. Then T has a fized point.

After the work of Nadler, several authors proved fixed point results for set-
valued mappings (see, e.g., [5,6,8,10,12,15,23,39-41]).

Recently, in [39], the author introduced the notion of weak compatibility of
set-valued Presi¢ type mappings with a single-valued mapping and proved some
coincidence and common fixed point theorems for such mappings in product spaces.
The following theorem was one of the main results of [39].

THEOREM 4. Let (X,d) be any complete metric space, k a positive integer.
Let f: X* — CB(X) and g : X — X be two mappings such that g(X) is a closed
subspace of X and f(x1,x9,...,2%) C g(X) for all x1,29,... 2, € X. Suppose
that the following condition holds:

kS

H(f(xh‘r%“' 7xk)af(x27x3w” ,$k+1)) < aid(gxi»gxiJrl)v
i=1

for all xz1,29,... ;2,41 € X, where «; are monnegative constants such that
Zle a; < 1. Then f and g have a point of coincidence v € X.

The above theorem generalizes the results of Presi¢é and Nadler in product
spaces in metric case. A generalization of the above theorem can be seen in [40].

On the other hand, Matthews [22] introduced the notion of a partial metric
space as a part of the study of denotational semantics of dataflow networks, with
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the interesting property of “non-zero self distance” in the space. He showed that
the Banach contraction mapping theorem can be generalized to the partial metric
context for applications in program verification. Subsequently, several authors (see,

g., [1-4,6,7,9,14,17,18,30-32,34,37]) derived fixed point theorems in partial metric
spaces. Romaguera [30] introduced the notion of 0-Cauchy sequence, 0-complete
partial metric spaces and proved some characterizations of partial metric spaces in
terms of completeness and 0-completeness.

Recently, Aydi et al. [6] introduced the notion of partial Hausdorff metric and
extended the Nadler’s theorem to partial metric spaces.

In the present paper, we prove some coincidence and common fixed point
theorems for the mappings satisfying Presi¢-Ciri¢ type contractive conditions (see
[13]) in 0-complete partial metric spaces. Our results extend, generalize and unify
the results of Matthews [22], Presi¢ [28], Ciri¢ and Presi¢ [13], Nadler [24] and
recent results of Shukla et al. [39] and Aydi et al. [6] to O-complete partial metric
spaces.

Consistent with [4,6,18,22,30,32], the following definitions and results will be
needed in the sequel.

DEFINITION 1. A partial metric on a nonempty set X is a functionp : X x X —
R* (R stands for nonnegative reals) such that for all z,y, 2 € X:

Pl) 2=y & p(z,z) =p(z,y) = p(y,y),
P2) p(z,z) < p(z,y),
P3) p(z,y) = p(y,z),
P4) p(z,y) < p(z,2) +p(2,y) — p(z, 2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is
a partial metric on X.

(P1)
(P2)
(P3)
(P4)

It is clear that, if p(z,y) = 0, then from (P1) and (P2) x = y. But if x =y,
p(z,y) may not be 0. Also every metric space is a partial metric space, with zero
self distance.

EXAMPLE 1. If p: RT x RT — R™ is defined by p(z,y) = max{z,y}, for all
x,y € RT, then (RT,p) is a partial metric space.

Some more examples of partial metric space can be seen in [6,18,22].

Each partial metric on X generates a Tj topology 7, on X which has a base
the family of open p-balls {By(x,€) : € X, € > 0}, where By(z,e) = {y € X :
p(z,y) < p(z,z) + €} for all z € X and € > 0.

THEOREM 5. [22|For each partial metric p : X x X — RT the pair (X,d)
where, d(xz,y) = 2p(x,y) — p(x,x) — p(y,y) for all x,y € X, is a metric space.

Here (X,d) is called the induced metric space and d is the induced metric.
In further discussion until unless specified (X, d) will represent the induced metric
space.
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Let (X, p) be a partial metric space.

(1) A sequence {z,} in (X,p) converges to a point « € X if and only if p(z,z) =
limy, 00 P(Zp, ).

(2) A sequence {z,} in (X,p) is called Cauchy sequence if there exists (and is
finite) lim,, ;m— o0 P(Zn, Trm)-

(3) (X,p) is said to be complete if every Cauchy sequence {z,} in X converges
with respect to 7, to a point € X such that p(z, z) = lim,, m—co P(Tn, Tm)-

(4) A sequence {x,} in (X, p) is called 0-Cauchy sequence if lim,, ;00 P(Tr, Tm) =
0. The space (X, p) is said to be 0-complete if every 0-Cauchy sequence in X
converges with respect to 7, to a point € X such that p(z,z) = 0.

LEMMA 1. [22,30,32] Let (X,p) be a partial metric space and {x,} be any

sequence in X.

(1) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in
metric space (X,d).

(i) (X,p) is complete if and only if the metric space (X,d) is complete. Fur-
thermore, lim,, o d(z,,z) = 0 if and only if p(z,x) = lim, o p(zn,z) =
limy, m—soo P(Tn, T)-

(7i1) Every 0-Cauchy sequence in (X,p) is Cauchy in (X, d).

(i) If (X,p) is complete then it is 0-complete.

The converse assertions of (iii) and (iv) do not hold. Indeed the partial metric
space (Q N[0, 00),p), where Q denotes the set of rational numbers and the partial
metric p is given by p(x,y) = max{x, y}, provides an easy example of a 0-complete
partial metric space which is not complete. It is easy to see that every closed subset
of a 0-complete partial metric space is 0-complete.

Let (X, p) be a partial metric space. Let C BP(X) be the family of all nonempty,
closed and bounded subsets of the partial metric space (X, p), induced by the partial
metric p. Note that closedness is taken in the sense of (X, 7,) (7, is the topology
induced by p) and boundedness is given as follows: A is a bounded subset in (X, p)
if there exist zp € X and M > 0 such that for all a € A, we have a € By(z¢, M),
that is, p(xg,a) < p(a,a) + M.

For A,B € CBP(X) and x € X, define

p(z, A) = inf{p(x,a) : a € A}, 0p(A, B) = sup{p(a,B) : a € A}.

LEMMA 2. [4] Let (X,p) be a partial metric space, A C X. Then a € A if and
only z'fp(a, A) - p(aa a)'

PROPOSITION 1. [6] Let (X,p) be a partial metric space. For any A, B,C €
CBP(X), we have the following:
(1) 6p(A,A) = sup{p(a a):a€ Al
(i) 0p(A, A) < 6,(A, B);
j (A, B) =0 implies that A C B;
(A,B) < 6,(A,C) + 6,(C, B) — inf.ec p(e, c).

)
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Let (X, p) be a partial metric spaces. For A, B € CBP(X), define
H,(A, B) = max{d,(4, B),d,(B, A)}.

PROPOSITION 2. [6] Let (X,p) be a partial metric space. For A,B,C €
CBP(X), we have
(h1) Hy(A, A) < Hp(A, B);
(h2) Hy(A, B) = Hp(B, A);
(h8) H,(A,B) < H,(A,C)+ Hy(C,B) —inf.cc p(c, c).

COROLLARY 1. [6] Let (X,p) be a partial metric space. For A, B € CBP(X)

the following holds
H,(A,B) =0 implies that A= B.

In view of Proposition 2 and Corollary 1, we call the mapping H, : CBP(X) x
CBP(X) — [0,00), a partial Hausdorff metric induced by p.

LEMMA 3. [6] Let (X,p) be a partial metric space and A,B € CBP(X) and
h > 1. For any a € A there exists b= b(a) € B such that p(a,b) < hH,(A, B).

DEFINITION 2. [39] Let X be a nonempty set, k a positive integer, f : X* — 2%
and g : X — X be mappings.
a) If v € f(z,...,x), then z € X is called a fixed point of f.
b) An element z € X said to be a coincidence point of f and g if gz € f(x,... ,x).

d

(e) Mappings f and g are said to be commuting if g(f(z,... ,x)) = f(gz,...,gx)
for all x € X.

(
(b)
(¢c) fw=gxe€ f(x,...,z), then w is called a point of coincidence of f and g.
(d)

)

If © = gx € f(x,...,x), then z is called a common fixed point of f and g.

(f) Mappings f and g are said to be weakly compatible if gz € f(z,... ,z) implies
g(f(z7' b 71:)) g f(gx7 AR 7gx)'

2. Main results

THEOREM 6. Let (X,p) be a 0-complete partial metric space, k a positive
integer. Let f : X*¥ — CBP(X) and g : X — X be two mappings such that g(X)
is a closed subspace of X and f(x1,x9,...,2%) C g(X) for all x1,2a,... 21 € X.
Suppose following condition holds:

Hp(f(l'l,l‘g, R ,Ik),f(l'g,ﬂ?g, R axk-i-l)) < )‘max{p(gziagxi+1)71 < { < k} (2)

for all xy,x9,... ,xp+1 € X, where X € [0,1). Then f and g have a point of
coincidence v € X.

Proof. We define a sequence {y, } = {gz,} in X as follows: let x1,z2,... 21 €
X be arbitrary and y, = gz, for n = 1,2,... k. As f(z1,...,25) € CBP(X)
and f(x1,...,2x) C g(X), we can assume ygp41 = gap+1 € f(z1,...,xzk), for
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some 41 € X also, A < 1 so using Lemma 3 with h = 1/4/), there exists
Ykto = 9Tky2 € f(x2,... ,2k41) such that

P(Wkt1; Yrr2) = P(9Tk11, 9Tht2)
1
S ﬁHp(f(xlv oo ,.’L'k),f(l'z, v u‘rk+1))

< Vamax{p(gz;, gri11),1 <i < k}

= VAmax{p(yi, yis1),1 <i < k}.
Similarly, there exists yx13 = grr+3 € f(xs,...,Tr42) such that

P(Ykt2, Yr+3) = P(gTrr2, 9Tr+3)
1
< \f)\Hp(f(xmm Trg1), f(@3, -0 Trgz))

< VAmax{p(yi,yi+1),2 < i < k+ 1}.

Continuing this procedure we obtain a sequence {y,} such that y, = gz, for
n=12,... . kand ypir = gTnik € f(Tn,... ,Tntr—1) for n =1,2,... with
PWhtns Yk tn1) < VAmax{p(ys, yit1),n <i <n+k—1}. (3)
for all n € N.
Set pn, = p(9%n, 9Tn+1) = P(Yn, Yn+1) for all n € N and
= max[POTL0%2) PloT2 g2s) - PloTk, 9Tk11)
0 62 ok
max(PL P2 PRy
§ o2 gk

where § = A/2*_ By the method of mathematical induction we shall prove that

P < pd™ for all n € N. (4)
By the definition of p it is clear that (4) is true for n = 1,2,... k. Let the
Ek inequalities p, < pé™, ppr1 < pé™ . ppyr—1 < pé™tF71 be the induction

hypothesis. Using (3) we obtain
Prtk = P(Yn-t+ks Ynth+1)
< VAmax{py;,yis1);n <i<n+k—1}
= VAmax{p;,n <i<n+k-1}
= VAmax{pn, Prst,--- > Pnik—1}
< VAmax{pd™, pd"tt, . psn TRy
= Vuo" (as 0 =A%k <1)
— pontk,
Thus, inductive proof of (4) is complete. Now we shall show that the sequence

{yn} = {gx,} is a Cauchy sequence in g(X). Let m,n € N with m > n, then using
(4) we obtain

PYn, Ym) < PWns Ynt1) + PUnt1, Yns2) + -+ P(Um—1,Ym)
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= [P(Yn+1:Yn+1) + PWn+2, Ynt2) + -+ P(Ym—1,Ym—1)]
Spn +pn+1 + "'+pm71
< u(sn +ILL5’I’L+1 4 +u5m’1
571
<L A4S+ 4] = 1“ <.
As § = Y2k < 1, therefore % — 0asn — o0. So, it follows from above inequality
that

lim  p(Yn,Ym) = 0.

Therefore {y,} = {gx,} is a 0-Cauchy sequence in g(X). As g(X) is closed, there
exists u,v € X such that v = gu and

i p(yn,v) = Hm p(yn, ym) = plgu, gu) = p(v,v) = 0. ()
We shall show that u is a coincidence point of f and g.
Note that, gzp+k = Yn+k € [(Tns Tntl, .-+ s Tnyr—1) S0, for any n € N we have
p(v, f(u,...,u)) < pv,ynik) + p(Yntk, f(u, ... ,u))
< P, Yntn) + Hp(f(@n, - Bngr—1), fu, .. w))
< P, Yntn) + Hp(f(@n, - Zngk—1), f(@ns1, oo Tngr—1,1))
+ H,(f(nt1s - s Togk—1, ), f(Tnt2s oo s Tngk—1,U, 1))
+- -+ Hy(f(ngk—1,u,...,u), f(u,...,u)),
and using (2) in the above inequality we obtain
p(o; f(u, - w) < pv, Ynik) + Amax{pn, ..., Poir—2, P(9Tntk-1,9u)}
+ Amax{pni1, .. Poik-2,P(9Tnsr-1, 9u), P(gu, gu)}
+ -+ Amax{p(grnik—1, gu), plgu, gu), ..., p(gu, gu)}
= P(v, Ynk) + Amax{pn, ... Prik—2,P(Yn+r-1,0)}
+ Amax{Pnt1s--- s Prntk—2,2(YUntk—1,v),p(v,0)}
+ -+ Amax{pYnik-1,v),p(v,v),... ,p(v,v)}.
In view of (5), it follows from the above inequality that p(v, f(u,... ,u)) =0 =
p(v,v). As f(u,...,u) € CBP(X), by Lemma 2 we have v = gu € f(u,...,u) i.e.
u is a coincidence point and v is a point of coincidence of f and g. m

REMARK 1. If we take p = d, i.e., if we replace partial metric by metric in the
above theorem, we obtain a generalization of the result of [35] in metric spaces.

Taking g = Ix in Theorem 6, we obtain the following fixed point result for
set-valued Presi¢-Ciri¢ type contraction.

COROLLARY 2. Let (X,p) be a 0-complete metric space, k a positive integer.
Let f : Xk — CBP(X) be a set-valued Presié-Cirié type contraction, i.e., let it
satisfy the following contractive type condition
H,(f(z1,22,...,2k), f(z2,23, ... ,2k+1)) < Amax{p(z;, 2i41),1 <i <k} (6)
for all x1, 29, ... 2541 € X, where A € [0,1). Then f has a fized point v € X.
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REMARK 2. The above corollary is a set-valued version and generalization of
the result of Presi¢ and Ciri¢ [13] for set-valued mappings in 0-complete partial
metric spaces. Note that for £k = 1 the above corollary reduces to the of result of
Aydi et al. (see Theorem 3.2 of [6]), therefore it is a generalization of the result
of Aydi et al. Also, it generalizes the result of Presi¢ (Theorem 1) for set-valued
mappings.

The following theorem provides some sufficient conditions for the uniqueness
of point of coincidence of mappings f and g.

THEOREM 7. Let (X,p) be a 0-complete partial metric space, k a positive
integer. Let f: X* — CBP(X) and g : X — X be two mappings such that, all the
conditions of Theorem 6 are satisfied and for any coincidence point u of f and g
we have f(u,... ,u) ={gu}. If
(i) on the diagonal A C X*,

Hy(f(z,... 2), f(y;- - ,y)) < plgz, gy)

holds for all x,y € X with x # vy, or
(ii) in condition (2) the constant A € (0, 7).

Then, there exists a unique point of coincidence of f and g. Suppose in addition
that f and g are weakly compatible, then f and g have a unique common fized point.

Proof. The existence of coincidence point v and point of coincidence v = gu
follows from Theorem 6.

First, suppose that (i) is satisfied. We shall show that the point of coincidence
v is unique. If v’ is another point of coincidence with coincidence point u’ of f and
g, then f(u',... ') = {gu'} = {v'} and we have

p(v,v") = Hp({v}, {v'})
= H,(f(u,... ,u), f(u,... u))
< plgu, gu') = p(v,v"),
a contradiction. So, the point of coincidence of f and g is unique.
Suppose (ii) is satisfied, then using (2) we obtain
p(o,v') = Hy({v}, {v'})
= Hy(f(u,...,u), f(u,... u))
< H,(f(u,y...,u), flu,... ,u,u))+ Hy(f(u, ... uu’), flu,... uu’,u’))
+ o+ Hy(f(u, oy, f(d, .o )
< Amax{p(gu, gu), ..., p(gu, gu), p(gu, gu’)}
+ Amax{p(gu, gu),... ,p(gu, gu), p(gu, gu’), p(gu’, gu’)}
+ o+ Amax{p(gu, gu'), p(gu’, gu') ..., p(gu’, gu’)}
= kAp(gu, gu’) = kAp(v,v") < p(v,v'),

again a contradiction. So, the point of coincidence of f and g is unique.
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Suppose that f and g are weakly compatible. Then we have
g(f(u,...,u)) C flgu,...,gu) = f(v,...,v) ie. {gv} C f(v,...,v).

Therefore gv € f(v,...,v), which shows that gv is another point of coincidence
of f and g and by uniqueness we have v = gv € f(v,...,v). Thus v is a unique
common fixed point of f and g. m

The following is a simple example of set-valued Presi¢-Cirié¢ contraction which
illustrate the case when the results of this paper can be used while the existing one
cannot.

EXAMPLE 2. Let X = QNI0, 1] be endowed with the partial metricp : X x X —
R+ defined by
p(z,y) = |z — y| + max{z,y} forall z,y € X.
First, we shall show that the space (X,p) is O-complete. If {x,} is any 0-Cauchy

sequence in X, then limy, ,,— 00 P(@n, Tm) = 0, i€,

lim [z, — @] + max{z,,z,}] = 0. (7)
n,m— o0

Note that the partial metric space (X, p;) is 0-complete, where p; (z,y) = max{z,y}
for all z,y € X (see [30]). Therefore it follows from (7) that lim, o p1(zn,0) =
0 = p1(0,0) and lim, . |2, — 0] = 0. So we have lim,,_,o p(z,,0) = 0 = p(0,0).
As 0 € X, the space (X, p) is 0-complete.
Note that, the metric d induced by p is given by
d(z,y) =2z —y| + 2max{z,y} —x —y =3z —y| forall z,y € X,

and the metric space (X, d) is not complete, and so the partial metric space (X, p)
is not complete. Note that, if z € X then the singleton subset {} of X is a closed
subset with respect to p. Indeed, for any y € X, we have
y € {a} < ply,y) = p(y, {=})
< p(y,y) =ply,z)
<y =y — z| + max{y,x}
Sy =z
Thus {2} is closed. Now, for k = 2, define a mapping 7' : X — X by
0, ife=y=1;
7(0.5) = { Yo,
0 °
and a mapping f : X? — CBP(X) by
f(z,y) = {T(z,y)} U{0} for all z,y € [0,1].
We shall show that f satisfies condition (6) of Corollary 2 with A € [2,1).
If 21, 29,23 € [0,1) with 217 < 29 < x5 then

Hp(f(xhl?)vf(l'%xfi)) :HP({ 70}7{

otherwise,

To + I3
10

1+ 2o
10

,0})
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2!173 + X0 — 27 2(E1 +2.’E2

10 10
23+ x9 — 11 229 + 223
10 ’ 10

= max{inf{

inf{ H
203 4+ 19 — 11 1

= 170 = TO(2$3_$2+2:E2_$1)

|3

1
< £ max{2xy — x1,223 — T2}

1
= 5 maX{P($1,fC2)aP(%27$3)}-

Therefore (6) is satisfied with A € [2,1).
If 21, 29,23 € [0,1) with z3 < 21 < x5 then

Hy(f(@1,22), f(22,23)) = Hy({=E2, 0}, {72252, 0

201 + 19 — 3 211 + 229

= 1 f
max{inf{ 10 , 10 I3
2 — 2 2
inf{ T+ T2 3337 To + xs}}
10 10
2w+ 22 — 13
N 10

and max{p(x1,x2),p(x2,x3)} = max{2xs — x1,2x9 — x3} = 229 — x3. Therefore,
(6) is satisfied with A € [2,1).

Similarly, if x1,z2,23 € [0,1) with 2o < 23 < x; or any one of x1,za, 23 is
equal to 1, then with a similar process one can verify (6).

If any two of x1, 29, x5 is equal to 1, e.g., let 21 =29 = 1 and z3 € [0,1), then

Hy(f(1,22), £ 02,0)) = Hy({0}, {12, 0)
242 2+2
= max{0, +10x3}: +10x3

and max{p(z1,z2),p(x2, 3)} = max{1,2 —x3} = 2 — x3. Therefore, (6) is satisfied
with A € [2,1). Similarly, (6) is satisfied in all possible cases with A € [2,1). Thus,
all the conditions of Corollary 2 are satisfied and f has a fixed point 0 € X.

On the other hand, as (X,d,) and (X,d) (where d,, is usual and d is the
induced metric on X') are not complete spaces, we cannot conclude the existence of
fixed point of f with the metric version of Corollary 2. Also, it is easy to see that
f is not a Pregié-Ciri¢ contraction in both the spaces (X, d,) and (X,d). Indeed,
at 1 = 29 = 1,23 = % the mapping f fails to be a Presi¢-Ciri¢ contraction in
these metric spaces. Thus we can say that the class of Presi¢-Ciri¢ contractions in
partial metric spaces is wider than that in metric spaces.
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