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GLOBAL EXISTENCE AND BOUNDEDNESS OF SOLUTIONS
FOR A GENERAL ACTIVATOR-INHIBITOR MODEL

Said Kouachi

Abstract. The purpose of this paper is to prove global existence in time of solutions
for a class of multi-component reaction diffusion systems called multiple Gierer-Meinhardt type.
The system describes, following Gierer-Meinhardt’s scheme, “m” substances in interaction. The
nonlinearities present a difficulty since they are fractions. We prove the global existence by using
a series of Lyapunov functionals.

1. Introduction

We consider the reaction-diffusion system

Ou; .
;t—diAui:fi:I}:[luZ““, onRTxQ, i=1,...,m, (1)

where we assume that there is no flux through the boundary, i.e., we impose Neu-
mann boundary conditions

8ui
on

=0 on R" x09Q, i=1,...,m, (2)

the initial data
ui(0,2) =ud(z), nQ, i=1,...,m, (3)

1
are assumed to be nonnegative and in L (2). The open domain €2 is bounded and
of class C!, with boundary 99 and §/9n denotes the outward normal derivative
on 0f2. The positive constants d;, i = 1, ..., m, are the diffusion coefficients of the
system. We suppose that the reactions are fractions: for some [ = 1,...,m, the
exponents p; satisfy

pik > 0withpgr, > 1, k=1,...,0 andpy <0, k=1+1,....m,Vi=1,...,m,

(4)

2010 Mathematics Subject Classification: 35K45, 35K57, 35K45
Keywords and phrases: Reaction-diffusion system; global existence; Lyapunov functional.

274



Solutions for a general activator-inhibitor model 275

and that for all 1 = 1,...,[, there exists j =1+ 1,...,m, such that

i — 1
0< iz, (5)
Pji

() () <2 ®

If we have more then two equations (m > 2), we suppose

Pik <pjk,forallk=1,...,m, k#1i,j. (7)
pi—1  pji

In the case of Coupled Reaction-Diffusion equations (m = 2), problem (1)—(3) de-
scribes the pattern formation of spatial tissue structures of hydra in morphogenesis.
This mathematical model was proposed by A. Gierer and H. Meinhardt [3] following
an idea of A. Turing [14]. The system in the form considered in [5] is the following

aul
—d1Aug =0y (5'3) —aijul + p1 (Ul,uzvx) UI1)11UIQ)127 on RT x Q,

ot
8uQ (8)

ot
where u; and us are the unknowns representing the concentrations of two substances
called the activator and the inhibitor and a; and as are positive constants. The
functions o1 and o9 are positive and continuously differentiable on Q and p; and
p2 € C1 (RL x Q) NL> (RZ x ). Under the conditions (4)—(6) on the exponents
pi;(i,7 = 1,2) the authors in [2] and [5] later, proved global existence of solutions for
system (8) with homogenous Neumann boundary conditions and positive bounded
initial conditions.

— doAug = 09 (58) — aguz + P2 (Ul,uzvx) U11921U12)227 on RY x Q,

Earlier partial results of global existence were proved when N = 3, p1; = 2,
P21 = 2, p12 = —1, paa = 0 by F. Rothe [13] in 1984. In 1987, K. Masuda and K.
Takahashi [9] extended the result to 2.=1 < ~2-. On the other hand, when
P21 +2
pii —1
Pji

> 1,

it is shown in [10] that there exist initial values such that the solution blows up in
finite time. The equality case in the above inequality and (6) seems to be open.

To get a more general form of system (1) and for reasons of biological appli-
cations (especially when m = 2 and 3), the reaction terms in (1) are perturbed
(following K. Masuda and K. Takahashi [9]) by linear terms to become

m
fl_al a’luz+pl uk; y = L1,..., M,
k=1

where a;, 0;, p; are positive constants. As an example of biological applications of
system (1) with more then three equations, we cite the extended secretion model



276 S. Kouachi

in the case of multiple Gierer-Meinhardt systems described by R. Bauer and al. [1]
as follows:

Oa; 2a; S pa? S ra
—LYa—7 5 = Pa — Halyg 7 'R
ob; 02b;
55~ Dogoz = o — Hobi + pa;,

where a; and b; indicate the activator and inhibitor substance concentrations re-
spectively, i =1,...,m.

In this paper, we generalize these results, concerning global existence of solu-
tions to reaction diffusion systems with m equations by using a series of Lyapunov
functionals for coupled components of (uq,...,u,,) analogous to that considered
by the authors in [2] and [5] for (u1,us) (see R. D. Parshad, S. Kouachi and J. B.
Gutierrez [11] and S. Kouachi [6,7,8]).

2. Notations and preliminaries

The usual norms in the spaces L?(2), p > 1, L>°(Q) and C (ﬁ) are respectively
denoted by :

1
Il = 7 / fu(z) P de,

|u|| o, = ess.sup |u(z)].
e
In order to show global existence in time of a solution, we start with the follow-
ing standard local existence and uniqueness result which follows from the basic
existence theory for abstract semilinear differential equations (see D. Henry [4]).

PROPOSITION 1. If the initial conditions are positive and uniformly bounded
in §2, then the problem (1)—(3) admits a unique classical and positive solution u =
(Ugy ..y tm) o [0, Tiax| X Q. If Tryax < 00 then

lim |lu(t,.)||, = oo.

t /" Tmax

The proof of the local existence of a solution to a multi-component reaction-
diffusion system such as (1) with certain regularity requirement is not a trivial issue.
The arguments of the proof are classical applied in L?(Q) (see also A. Pazy [12,
Th.6.1.4], except that we need additional L°>° growth estimates and positivity con-
trol. Thus we combine the local Lipschitz continuity of f; which is in C?! (RT, R+),
i =1,...,m, the Gronwall inequality, and the following non-expansiveness property
of the semigroup S; (t) associated to the operator d; A in L>°(2)

Vp € [1,+00] |[ISi () ¢ll, < llell, forallt € [0,T] and p € L>=(Q), i=1,...,m.

The Banach fixed-point theorem gives the following unique local solution (called
mild solution) with values in L*°(Q):

wilt, ) :Si(t)u?—&—/o it — 8) fi(ua(5,.), - um(s,)) ds, t € [0,T[, i=1,....m,
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for some positive T. We verify by standard arguments that this solution belongs
to the space H} ((O,T) ;]L2(Q)) NncC ([O,T) ;LQ(Q)) and satisfies, in the classical
sense, the problem (1)—(3). Finally, the continuation principle is used to get the

solution on a maximal interval [0, Tiax|.

Also, we can show by comparison arguments for parabolic equations (D. Henry
[4] and F. Rothe [13]) that if the initial data are nonnegative, then the solutions are
nonnegative on [0, Tinax[ X 2. Moreover, from similar arguments using the maximum
principle, we have

ui(t,z) > ud >0, on 0, Tpax[ X Q, i=1,...,m, (10)
where u? = mingu{ > 0. To see this, since the solutions are nonnegative, we have
Ou; dy;
L diAu > Y on [0, T X Q, i=1,...,m,

ot Tt at
where y; are the solutions of the following ordinary differential system
dyi
dt

=0, on [0,Thax[, i=1,...,m,
with initial data
v ()=, i=1,...,m,
then by comparison arguments using the maximum prlnciple, we have
ui(t,z) >y; >0, on 0, Thax[ X Q, i=1,...,m,
and since the solutions of the corresponding ordinary differential system are y; =

w), i=1,...,m, this gives (10).

79
3. Global existence

It is well known that to prove global existence of solutions to (1)—(3) (see
Henry [4]), it suffices, thanks to the LP-regularity theory for the heat operator, to
derive a uniform estimate of [/ f; ||, on [0, Tmax[ for some p > N/2.

The main result of this paper is the following theorem.

THEOREM. Let u(t,.) = (u1(t,.),...,um(t,.)) be any solution of the problem
(1)—(3); then under conditions (4)—(7) the functzonal

t— Lt / Huz’“ dx, (11)
Q

k=1
is bounded on [0, Tmax[ for alla; > 1, j=1,...,l and all o; <0, j=14+1,...,m

For the proof of the Theorem, we need the following Lemma

LEMMA 1. Let a > 0 and 8 < 0 be two numbers; then for all positive numbers
Wpy. oy Uy, (W =0) and all pip, and pjk, 1 < k < m, satisfying (4)—~(7), there exist
0(x) €(0,1) and a positive constant Cl( ) such that

= (uzus) H < ( ) H a4 O (ugul) (12)

forallukZQk,k:L...,m.
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Proof. Relation (12) is equivalent to

m 6—1
- Pik 6 Pik u®uP B
— upt < — Hu u; , forall up >wuy, k=1,...,m. (13)
Uu;
b k=1
We have
m m Pii—1 m pii—1 pii—1
1T e BT o) P ()N pis = (-1 (2557)
— u,t = Ch| —— H Uy, Uy, u;
Uu; U
Y k=1 k=1 ki, j
i1
m — te m o pii—1Y) )
=Cy Z Hupjk o " e Pji )—epin
" k k
7 k=1 k#i,j

Pig—1

.. Pij (pjj 1)( — ) €Pjj
€ P

X (ul p]lu]- I

-1 -

L) e ([
u; il

X (“p” [-(3557) (557)] +€(§PN—PM)>

)

where C5 is a positive constant. As p;; < 0 and u; > u; > 0, then under condition
(6) and for e sufficiently small, we have
[ (PiiztY (Paizt B
u;’” [1 ( JI’]ij )( Pji )]J"e(a;”” p”) < Cs,
where Cj3 is a positive constant. Since p;; > 1 and ug > v, >0, k=1,...,m, and
k # 1,7, then under condition (7) and for € sufficiently small, we have
. Dik—Dik (p;‘fil)*ﬁpgk,
H Uy, a < 047
k#i,j
where Cy is a positive constant. This implies that

Pij—

m L
(6% Pi Dik Pji a B p”
— up* < Cs H uy,” (u u’; ) , (14)
Wi 2y Uik
for all ug, > uy, kK =1,...,m, where C5 is a positive constant. Now, under condition
(5), Young’s inequality in the form
ab < ea” + C(€)b, % + % =1,
for
I_pizl
D Dji

where € is sufficiently small, is applicable to the right-hand side of inequality (14)
to deduce (13) with
()
S P
1— Dii — €
DPji
This completes the proof of the Lemma. m
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The proof of the above Lemma can be found in [2].
Proof of the Theorem. Put

L;i(t) = / ug g d,
Q

Differentiating L;; with respect to ¢ yields

o; Ou; o Ous )
Li.(t) = Sty I ) %y d
ZJ() /Q(U, ot +Uj 8t)ul U] v

= / <diaiAui + djajAuj> uflujaj dx
Q Usi uj

m m

a; oy . Cas
+ JHu’é"‘-ﬁ-fJHuzﬂ“ usius? dx
Q\% ;5 Ui t

J k=1
=1+ J

By a simple use of Green’s formula, we get

oy Vu; |2
I=— iyt d; (—ay 2 ‘
/Qul u; < ( o +a1) ”
Vu; Vu;
+ (di + dj) ey u.ZTj +d; (—a; +aF)

i Uy
Therefore, I <0, if

[(dl —+ dJ) aiaj]Q — 4dldj (70&1' -+ 0412) (7ij + 0[3) < 0,

that is

O[i—l O[j—]. > (dz+dj)2
(67 Oéj 4didj '

If for all o; > 1, we choose «; < 0 sufficiently close to zero, we get I < 0.

For the integral J given by (16), we use (12) to get

J < 01/ (uf‘u?’)e dx.
Q

Since 0 < 6 < 1, by application of Holder’s inequality, we get

)
J < Cq (/ uf‘u?” dz) ,
Q

where Cj is a positive constant. Since I < 0, we get

Lj; < CsL?:, on [0, Tax|-

R
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(15)

(16)

(19)

If Thax < +00, a simple integration gives the boundedness of the functional L;;
on the interval [0, Tinax[- As u; is bounded below, we get the boundedness of the

functional L;; on the interval [0, Tiax| -
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Since for each a; > 1,7 =1,...,[, there exists an a; < 0, j = [+1,...,m, such
that the functional L;; is bounded on the interval [0, Tihax[, we have ! functionals
L1j,, Laj,, ..., L of the form (15) which are bounded on [0, Trax| -

By application of Holder’s inequality to the functional L; defined by

l
Li(t) = / Huf‘lu?jl dx, (20)

Qi1

we get
! 1
o< 1] ooy o]
i=1L/%

where the exponents p; > 1, ¢ = 1,...,[, satisfy Zi’:l p% = 1. As the functionals
Lij,,i=1,...,l are bounded on [0, Tyyax[, for all a; > land all a;, < 0,4 =1,...,1,
the functional L; given by (20) is bounded on [0, Tyax[- For the remaining non-
positive exponents ;, intervening in the expression of the functional L given by (11)
and which are not present in the expression of the functional L; (if they exist), we
use the fact that the corresponding components w;, of the solution u are uniformly
bounded below on [0, Timax| by a positive constant. This gives the boundedness of
the functional L and ends the proof of the theorem. m

COROLLARY 1. Under conditions (5)—(7), all solutions of problem (1)—(3) with
positive initial data in L=°(Q) are global.

Proof. Using the Theorem, all reaction terms f; = [[—, ui*, i = 1,...,m,

are in L™(0, Tmax; LP(Q)) for all p > 1. We take p > N/2 to derive a uniform
estimate of || f;|] pon [0, Tinax[. This gives, from the preliminary observations, that
the solution will never blow up in L*>°(Q2) at any finite time Ti,ax, hence it exists
globally (Tiax = +00). m

COROLLARY 2. The solution of problem (1)—(3) remains global when the reac-
tion terms are perturbed by linear terms to get the following form

fz-zai(x)—aiui—l—pi(x,u)Hui“‘, i=1,...,m, (21)
k=1

where a; are positive constants, o; € C1(Q), ;> 0, p; € CHOXR])NL®(QxRY),
with p; >0,i=1,...,m.

it Proof. In this case the integral I remains non-positive and

J = /Q (aiai + ajgj) utul de + (a; + ay) /Q ug sy da

U; Uj

m m
a; . o " oy
+/ (pil H upt + pj% H uz“)u?‘u?’ dz. (22)
e\ Wio Y k=1
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Using the fact that the w; respectively the o; are uniformly bounded below on
[0, Timax| by a positive constant, respectively uniformly bounded on 2, we get for
the first integral in (22)

[ (5 % ) i o < Cotig on 0T
Q

Uy U

where C7 is a positive constant. Finally, since p;/p; are uniformly bounded on
Q x RT, using the Lemma, we obtain an analogous differential inequality to (19).
Following the same reasoning as in the Theorem, we deduce the global existence of
solutions to problem (1)—(3) with the reaction terms (21). m

REMARK 1. In the case when p;; = 0 forsome¢ =1,...,land j =1+1,...,m,
condition (6) is replaced by
pii — 1
s () 0
(pjj i

REMARK 2. Condition (6) can be replaced by the following simpler but
stronger condition
pjj — 1
Pij
which, together with (5), implies the condition (6).
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