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Hassan Zariouh

Abstract. In this paper we define new spectral properties (h), (gh), (ah) and (gah) as a
continuation of [H. Zariouh, Property (gz) for bounded linear operators, Mat. Vesnik, 65 (2013),
94-103], which are variants to the properties (z), (¢z) and (az) introduced in the mentioned
paper. The purpose of the paper is to study the relationship between these properties and other
Weyl-type theorems.

1. Introduction

This paper is a continuation of [9] where we introduced and studied the spectral
properties (z) and (az). We investigate the spectral properties (h), (gh), (ah) and
(gah) (see Definitions 2.1 and 2.8) for bounded linear operators as new versions
of properties (z) and (az). The results obtained are summarized in the diagram
presented at the end of this paper. For further definitions and symbols we refer the
reader to [9], and we also refer to [3, 4, 5, 6, 10] for more details. In addition, we
have the following usual notations that will be needed later.

E(T): eigenvalues of T that are isolated in the spectrum o(7T),

E°(T): eigenvalues of T of finite multiplicity that are isolated in o(7),

E,(T): eigenvalues of T' that are isolated in the approximate point spectrum o, (7"),
T): eigenvalues of T of finite multiplicity that are isolated in o, (T),

): poles of T,
(T'): poles of T of finite rank,

I1,(T): left poles of T,
(T): left poles of T of finite rank,
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The inclusion of the following table [2, 5, 8, 9] which contains the meaning of
some properties is motivated by having overview of the subject.

() | o) \ogr (1) = BAT) [ [ (92) | o(T) \ogpp (T) = EulT)
(@2) | o(1)\ogp (1) =TT | | (902) | o(T)\ rgpp (T) = (1)
() | 0u(D)\ ogp (1) = EAT) | | (qu) | 0u(D)\ ogp (T) = E(T)
1) | ou(T)\ogp (1) =TT) | | (9h) | 0u(T) \ gy (T) =TI(T)

2. Main results

DEFINITION 2.1. A bounded linear operator T' € L(X) is said to satisfy
property (h) if Ay (T) = E°(T) and is said to satisfy property (gh) if A% (T) =
E(T).

EXAMPLE 2.2. Let L be the unilateral left shift operator defined on ¢2(N). It
is well known that o(L) = D(0,1) is the closed unit disc in C, Tsr: (L) = D(0,1)
is the closed unit disk in C, E(L) = E°(L) = 0. Moreover, ogzp- (L) = D(0,1).
+
Hence the properties (h) and (gh) are satisfied by L.

PROPOSITION 2.3. Let T € L(X). Then T satisfies property (h) <= T
satisfies property (w) and o(T) = o,(T).

Proof. Assume that T satisfies property (h). If A € A,(T), then A € A, (T).
Therefore A € E°(T) and A,(T) C E°(T). Now if A € E°(T), then X\ € 0,(T) and
since T' satisfies property (h), it follows that A ¢ o, (7). Thus A € A,(T'). Hence

+

A,(T) = E°(T), i.e. T satisfies property (w). We then have o, (T) \ Tsr (T) =
E°(T) and O'(T)\USFJ: (T) = E°(T). This implies that o, (T) = isoo, (T)UUSF; (T)
and o(T) = isoo,(T) U Tsp- (T). So o(T) = 04(T). Conversely, assume that T
satisfies property (w) and o(T) = o,(T). Then A,(T) = E°(T) and o(T) = 0,(T).
So A4 (T) = E(T), i.e. T satisfies property (h). m

The next proposition gives a generalization of Proposition 2.3 to the context
of B-Fredholm theory.

PROPOSITION 2.4. Let T € L(X). Then T satisfies property (gh) <= T
satisfies property (gw) and o(T) = o,(T).

Proof. Assume that T satisfies property (gh). If A € AY(T'), then A € AY(T).
Thus A € E(T) and AY(T) C E(T). Now if A € E(T), then A € 0,(T) and since
T satisfies property (gh), A ¢ TsBE: (T) and so A € AY(T). Hence AI(T) =
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E(T) and T satisfies property (gw). We then have o,(T) \ TsBr; (T) = E(T)

and o(T) \ Tspr; (T) = E(T). Thus 0,(T) = isoo,(T) U Tspr: (T) and o(T) =

is004(T) U o gpp- (T') which entails that o(T") = 04(T"). Conversely, assume that T’
+

satisfies property (gw) and o(T') = 04(T). Then AY(T) = E(T) and o(T) = 04(T).

So AY(T) = E(T) and T satisfies property (gh). m

REMARK 2.5. The equality o,(T) = o(T) which establishes a link between
property (gh) [resp. property (h)] and property (gw) [resp. property (w)] is satisfied
if T* has the SVEP at every p ¢ ogp-(T"), which in turn implies that properties

+
(w) and (h) are equivalent, and properties (gh) and (gw) are equivalent. Of course,
in this case it is easily seen that ow (T) = Tsp: (T). Thus if A ¢ 0,(T), then
T — A is injective and A ¢ ow (T). Therefore T — AI is surjective, which implies
that A ¢ o(T). Hence o(T) = o,(T).

From Proposition 2.3 and Proposition 2.4, if T € L(X) satisfies property (h)
[resp. property (gh)] then it satisfies property (w) [resp. property (gw)]. However,
the converses do not hold in general as seen by the following example.

EXAMPLE 2.6. Let T = R@® S defined on the Banach space ¢?(N) @& ¢2(N),
where R is the unilateral right shift operator defined on ¢?(N) and S is defined
on (*(N) by S(x1,22,%3,...) = (5%2,323,...). Then o(T) = D(0,1) which is
the closed unit disc in C, 0,(T) = C(0,1) U {0} where C(0,1) is the unit circle
of C, Tsp; (T) = C(0,1) U {0}, E%T) = 0. Therefore A (T) = E°(T) and T
satisfies property (w). Moreover, we have TsBE; (T) =C(0,1)U{0} and E(T) = 0.
So AY(T) = E(T) and T satisfies property (gw). But T does not satisfy either
property (h) nor property (gh), since Ay (T) # E°(T) and A% (T) # E(T). Here
0a(T) # o(T).

THEOREM 2.7. Let T € L(X). Then the following statements hold.
(i) T satisfies property (gh) <= T satisfies property (gz).
(i) T satisfies property (h) <= T satisfies property (z).

Proof. (i) If T satisfies (gh), that is A (T) = E(T), then from Proposition
2.4, we have 0(T) = 04(T). So E(T) = E,(T). Therefore AY(T) = E,(T) and
T satisfies property (gz). Conversely, if T' satisfies property (gz) that is A (T) =
E,(T), then from [9, Theorem 2.4] we have o(T) = 04,(T). So E(T) = E.(T).
Thus A% (T) = E(T), i.e. T satisfies property (gh).

(73) Follows directly by Proposition 2.3 and [9, Theorem 2.4]. m
DEFINITION 2.8. A bounded linear operator T' € L(X) is said to satisfy

property (ah) if Ay (T) =TI°(T) and is said to satisfy property (gah) if A% (T) =
(7).

EXAMPLE 2.9. Recall that the Volterra operator V on L?([0,1]) is defined
by V(f)(t) = fot f(s)ds, for f € L?[0,1]. It is well known that (V) = {0},
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Tsp; (T) = {0}, (V) = I(V) = () and TsBr; (V) = {0}. Hence the Volterra

operator is an example satisfying the two properties (ah) and (gah).

THEOREM 2.10. Let T € L(X). Then T satisfies property (gah) <= T
satisfies property (ah).

Proof. Assume that T satisfies property (gah). If X € A, (T), then A €
A (T) =1I(T). Since T — X is an upper semi-Fredholm operator, then o(7 — XI)
is finite. Thus A € II°(T) and A, (T) C II°(T). As we always have that A (T) D
°(T), then A, (T = T1°(T) and T satisfies property (ah). Conversely, assume that
T satisfies property (ah). Let X € A9 (T) be arbitrary. We can assume without
loss of generality that A = 0. Then T is an upper semi-B-Fredholm operator with
ind(7T") < 0 and in particular is an operator of topological uniform descent [4]. From
the punctured neighborhood theorem for semi-B-Fredholm operators [4, Corollary
3.2], there exists € > 0 such that if 0 < |u| < ¢, then T'— uI is an upper semi-
Fredholm operator with ind(7 — pJ) = ind(T). Let |p| < € and pu ¢ o(T). Then
a(T — pl) = 6(T — pI) = 0. The second possibility is that u € o(T), then
we o(T) \JSF; (T) = TI°(T), since T satisfies property (ah). Thus a(T — ul) =
(T — pl) < oo. In the two cases, we have a(T — pul) = §(T — pl) < 0. By [7,
Corollary 4.8] we then deduce that a(T) = 6(T) < oo and since 0 € o(T') then
0 € II(T'). Hence A% (T) C II(T'), and since the opposite inclusion holds for every
operator, it then follows that property (gah) is satisfied by 7. m

PROPOSITION 2.11. Let T € L(X). Then T satisfies property (gah) <= T
satisfies property (gb) and o(T) = o,(T).

Proof. Assume that T satisfies property (gah). If X € AY(T), then A € A% (T).
Therefore A € TI(T) and AY(T) C II(T). As AY(T) D II(T), then AY(T) = II(T),
i.e. T satisfies property (gb). We then have AY (T) = II(T'), A4(T) = II(T). Hence
0a(T) = isoo,(T) U TsBr; (T) and o(T) = isoo,(T) U TsBr; (T). So o(T) =
04(T). Conversely, assume that T satisfies property (gb) and o(T") = 0,(T). Then
AI(T) = II(T) and o(T) = 04(T). So AY(T) = II(T), i.e. T satisfies property
gah). m

—~

COROLLARY 2.12. Let T € L(X). Then T satisfies property (ah) < T
satisfies property (b) and o(T) = 04(T).

Proof. Assume that T satisfies property (ah), then from Theorem 2.10, T sat-
isfies property (gah), which implies from Proposition 2.11 that T satisfies property
(gb) and o(T') = 04(T). By [5, Theorem 2.3], T satisfies property (b). Conversely,
assume that T satisfies property (b) and o(T) = 0, (T). Then A,(T) = °(T) and
o(T) = 0,(T). So Ay (T) =°(T), i.e. T satisfies property (ah). m

REMARK 2.13. 1) From Corollary 2.12, if T € L(X) satisfies (ah) then it
satisfies property (b). But the converse is not true in general: for example, let
T = 0® R be defined on the Banach space ¢*(N) @ ¢?(N), where R is the unilateral
right shift operator. Then o,(T) = C(0,1) U {0}, o(T) = D(0,1), II°(T) = 0,
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Tsp; (T) = C(0,1) U{0}. So A,(T) = T1°(T), i.e. T satisfies property (b). But it
does not satisfy property (ah), since A (T) # HY(T). Here 0,(T) # o(T).

2) From Proposition 2.11, if T' € L(X) satisfies property (gah) then it satisfies
property (gb). However, the converse does not hold in general. For this, if we
consider the operator T'= R® S defined as in Example 2.6 then T satisfies property
(gb), because AY(T) = II(T) = P. But it does not satisfy property (gah), because
A(T) # I(T). Here 0,(T) # o(T).

THEOREM 2.14. Let T € L(X). Then T satisfies property (ah) <= T satisfies
property (az).

Proof. Assume that T satisfies property (ah), that is A (T) = 1°(T). As the
inclusion I1°(T) € IY(T)) is always true then A (T) C II%(T). If A € I19(T), then
T — A is upper semi-Fredholm operator with ind(7"— AI) < 0 and A € o(T), so
that A € Ay (T). Hence A (T) = IY(T), i.e. T satisfies property (az). Conversely,
assume that 7T satisfies property (az), that is Ay (T) = H(T). Let A € A (T),
then A € isoo,(T) and this implies from [9, Theorem 3.2] that A € isoo(T). Since
T — I is an upper semi-Fredholm of negative index, from [1, Theorem 3.77] we have
A € II%T). Thus A (T) c TI%T). As A (T) D T%T) holds for every operator
then A (T) =TI1°(T), i.e. T satisfies property (ah). m

The next corollary gives a similar result to Theorem 2.14 in the case of property
(gah).

COROLLARY 2.15. Let T € L(X). Then T satisfies property (gah) <= T
satisfies property (gaz).

Proof. Assume that T satisfies property (gah), then T satisfies property (ah).
By Theorem 2.14, T satisfies property (az). This is equivalent from [9, Corollary
3.5] to saying that T satisfies property (gaz). Conversely, assume that T satisfies
property (gaz), then T satisfies property (az). This implies that T satisfies property
(ah). Hence T satisfies property (gah). m

() s ) 2 ey
far g7 g
(gh) (h) (gaz) N (92)
l24 12.3 D215
() () (gah)  — (gb)
{210 I
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As a conclusion, we give a summary of the results obtained in this paper. In
the previous diagram, arrows signify implications between the properties studied
in this paper and other Weyl type theorems. The numbers near the arrows are
references to the results in the present paper (numbers without brackets) or to the
bibliography therein (numbers in square brackets).
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