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UNIVARIATE FRACTIONAL POLYA TYPE
INTEGRAL INEQUALITIES

George A. Anastassiou

Abstract. Here we establish a series of various fractional Polya type integral inequalities
with the help of generalized right and left fractional derivatives. We give an application to complex
valued functions defined on the unit circle.

1. Introduction

We mention the following famous Polya’s integral inequality, see [12], [13,
p. 62], [14] and [15, p. 83].

THEOREM 1. Let f(x) be differentiable and not identically a constant on [a, b]
with f(a) = f(b) = 0. Then there exists at least one point & € [a,b] such that

4 b
! — dz. 1
71> G [ f@ds 1)
In [16], Feng Qi presents the following very interesting Polya type integral
inequality (2), which generalizes (1).

THEOREM 2. Let f(x) be differentiable and not identically constant on [a,b]
with f(a) = f(b) =0 and M = sup,c(yy | f'(z)|. Then

/abf(x)dx

2
where (b_f) in (2) is the best constant.

<=y )

The above motivate the current paper. In this article, we present univariate
fractional Polya type integral inequalities in various cases, similar to (2). For this
purpose we need the following fractional calculus background.
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Let « >0, m=1[a], =a-m,0< 8 <1, f e C(ab]), [a,b] C R,
a € [a,b]. The gamma function I is given by I'(a) = [, e~"t*~! dt. We define the
left Riemann-Liouville integral

[ e
o | -t an

a < x < b. We define the subspace CZ, ([a,b]) of C™([a,b]):

(Ja f)(z) =

Co(la,b]) = {f € O™ ([a, b)) : Ji2, £ € C'([a,0]) }-
For f € C¢, ([a,b]), we define the left generalized a-fractional derivative of f over
[a,b] as
(03 a m !
Doy f = (J1jﬁf( )),
see [1, p. 24]. Canavati in [5], first introduced the above over [0,1]. Notice that
Dg. f € C([a,b]).
We need the following left fractional Taylor’s formula, see [1, pp. 8-10], and in
[5] the same formula over [0, 1] that appeared first.

THEOREM 3. Let f € C¢, ([a,b]).
(i) If « > 1, then

) = fla)+ Faa =) + @ G i E
+ %a) /:(z — )oY D2, f)(t)dt, for all x € [a,b).
(ii) If0 < a < 1, we have
fla) = ﬁ /(x )N (DEL () dt, for all x € [a, .

Let again o > 0, m = [a], 8 = o —m, f € C([a,b]), call the right Riemann-
Liouville fractional integral operator by

b
I'a)

x € [a,b], see also [2, 8-10, 17]. Define the subspace of functions

b
(D) = e [ (=2 (0
Cs([a,b]) == {f € C™([a,b]) : =7 f) € C"([a, b))}
Define the right generalized a-fractional derivative of f over [a, b] as
Dy f= (=" (K M)

see [2]. We set DY_f = f. Notice that D¢ f € C([a,b]).
We need the following right Taylor fractional formula from [2].
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THEOREM 4. Let f € Cf* ([a,b]), o > 0, m := [a]. Then
(i) If a > 1, we get

< SP0)
k!

[y

(x —b)* 4+ (JO- D& f)(x), all x € [a,b].
k=0

(i) If0 < a < 1, we get

b
f@) = I Dy f@) = g [ =2 Dp Do), allz € fab)

DEFINITION 5. [3] Let f € C([
fe G ([#52,0) and f € Cgy([a,
fractional derivative by

Dy f(x), for“—er<x<b,
Daf(.’L‘) ::{ l();f( ) 2 — a—+b
Dg, f(x), fora<z< %32

]) x € [a,b], @« > 0, m := [a]. Assume that
+2]). We define the balanced Canavati type

In [4], we proved the following fractional Polya type integral inequality without
any boundary conditions.

THEOREM 6. Let 0 < a < 1, f € C([a,b]). Assume f € C,([a, “E]) and
feCr ([%£2,b]). Set

My () = mas{|DZ ll o ogey. 105 Flloo 22 }- (3)

/\f )l da <

HDa+f|| o, 22 T 1 D5 flloo peze 1) <b—a)a+1 < My(f) (b — a)>t?
T(a+2) 2 = T (a + 2)20
Inequalities (4) are sharp, namely they are attained by

(x—a)®, =€ [a, ]

f*(x):{(bx)a, sefe 0<a<l. (5)

Clearly here non zero constant functions f are excluded.

Then

x)dr| <

(4)

The last result also motivates this work.

REMARK 7. ([4]) When « > 1, thus m = [a] > 1, and by assuming that
f®(a) = f®(b) =0, k =0,1,...,m — 1, we can prove the same statements (4),
(5) as in Theorem 6. If we set there o = 1 we derive exactly Theorem 2. So we
have generalized Theorem 2. Again here f(™) cannot be a constant different than
zero, equivalently, f cannot be a non-trivial polynomial of degree m.

We continue here with other interesting univariate fractional Polya type in-
equalities.
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2. Main results
We present our first main result.

THEOREM 8. Let o > 1, m = [a], f € C([a,b]). Assume f € C2, ([a, “E2])

and f € C’l?_([‘%“b,b]), such that f®)(a) = f®(b) =0, k=0,1,...,m — 1. Set

Ms(f) = maX{HDngfHLl([a’agb])a HDl?ffHLl([aT“’,b])}- (6)
Then
b
1 b—a\e, . M (f) o
< - (=== <2 ),
[ 1@ de] < 5 (5 10 s < g =)

Here f cannot be a non-trivial polynomial of degree m.

Proof. By the assumption and Theorem 3, we have

f(z) = ﬁ /;(96 —)* N (DY f)(t)dt, forallze [a,

Also it holds, by the assumption and Theorem 4, that

a—i—b] (1)

b
fla) = 7/ (t— )~ YD f)(t)dt, for all z € {G—Hb] 8)

2
1 ¢ a—1 feY
@)1 < g7 [ @ =0 D2 o)

(x —a)*! s

I'a) /a |(Dgy f)(t)]dt, forall z € [a,

a+b}.

By (8) we derive

b
@)1 < 5 [ =2 D5 D0t
(b—x)2t
I'(a)
Consequently we have

2 1 2 _ o
[ @l < s ([ @0 e )08 s
1 b—a\>, .,
(557) 1D AL, (o, 9)

/b (D f)(t)| dt, forall z € [“T“’b]

a+b
2

T T(a+1)
and

b b
]‘ a—1 «
/ e < s ([0 0 o) IDEFl ooy

2

1 b—a\e, .,
= = () 1Dy gt - (10)
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Therefore we obtain by adding (9) and (10) that
b 1 b—a\*r ., o
. |f(z)dz < W(T) [||Da+f||L1([a,“T+b]) + HDbff”Ll([“T“’,b])]

1 b—a\>,
Zm(7> 1D flzy ([a,8])

« «a (b_ a)a
< max{|| D fll, (q, 222))- ||Db7f||L1([“T+b,b])}W7

proving the claim. m

We continue with

THEOREM 9. Let p,g > 1 : %—I—% =1, a > %, m = [a], f € C([a,b]).
Assume f € C2 ([a, “EL]) and f € Cg ([¢F2,b]), such that f*)(a) = f®)(b) = 0,
k=0,1,...,m—1. When % < a < 1, the last boundary conditions are void. Set

Ms(f) = maX{HDS‘_‘_fHLq([a’a b1y HD?—JC||LQ(["'T%,1,])}~ (11)

2

Then

b 1 b—a\ots
dz < .
G xr(a)(p(a—l)ﬂ)p(w;)( )
X [HD&-JEHLQ([Q, atby) + ||Dl?—fHLq([aT“’,b])]
< Ms(f
F(a)(pla—1)+1)

1

(b—a)**7.

g -

(a+ %)20‘_%
Again here f cannot be a non-trivial polynomial of degree m.

Proof. By Theorem 3 we have

|f(z)] < 1“(104)/(1x(x—t)a_1|(D3+ o

1 z L = 1

<ty ([ @ vrea) ( [Tz nopa)
U (m—a)" -

S F(Oé) (p(a _ 1) + 1)% HDaJrf“Lq([a’aT*b]), fOI‘ all xr e |:a/7 T:| .

That is
‘f($)| < 1 (Z‘ — a)a71+l1 HDa f” b for all z € [a7 a+ b] (12)
o) (pla—1)+1)* at+J l1Lg([a,%57])
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Similarly, from Theorem 4 we get

b
F@)] < = / (t — 2)"Y(Dg_f)(t)] dt

< i ([a-spen a) : (f |(D;?_f><t>|th)é
(

b—z) @ a+b

< 1Dy fll; (jate .y, for all z € |——,b].
]_"(a) (p(a . 1) + 1)% b Lq([%5=,0]) |: 2 }
That is
1 (b—x)a_H'% a+b
|f(x)] < 1Dy fll; (ratb 4y, forallze |—— b|. (13)
F(a) (p(a _ 1) + 1)% b Lq([#57,0]) |: 2 ]

Consequently we obtain by (12) that
atb
2

/()] dz

a
a+b
2

IN

([
T (x —a)* "o dx )| DL fIl, (g ase
D(a)(pla—1) + 1) \Ja o(a, 2521
1 b—a\ots
- 3 D3+ fll L, ([0, 2x2))- (14)
F(a)(p(a1)+1)p(a+;)( 2 ) Lq(la, %$2)

Similarly it holds by (13) that

[

1
I(e)(pla—1)+1)
1

- 1 (b_a>a+%”Dl?—f”L (1t )y (15)
F((l)(p(a—l)+1)p(a+%) 2 (72>

<

b s
(/1+b (b-2)*""% dx) (S S P

2

Sl

Adding (14) and (15) we have

b 1 b—a\ots
x)|dx < -
/aw ! _F<a)(p<a—1>+1)p(a+;)( )

X U|Dg+f||Lq([a7 ate)) + ||D1§Y—fHLq([aT“,b])]

2

< maX{HDngfHLq([a’Hb])a HDl?—f||Lq([a—+b,b])}

2

D(a)(pla—1) +1)7 (a+ L)2073

(b - a)a—i_%a

proving the claim. m
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Combining Theorem 6, Remark 7, Theorem 8 and Theorem 9, we obtain

THEOREM 10. Let any p,q > 1 : %—i—% =1L a>1, m=]qa], f € C(a,b]).
Assume f € C2 ([a, “E2]) and f € Cg ([“42,b]), such that f®(a) = fR(b) =0,
k=0,1,....,m—1. Then

Lﬁﬂ@Mz

< min (HD f|| a,2tt] T D5 fll oo [a;b,b]) (b — a)a‘H
- F( +2) 2 ’
1

war (550 1P ey o
[HDa f”L a(la, 2F8]) + ||D?—f||Lq([“T“’,b])] (b - a>a+;1;}
D(a)(pla—1) +1)7 (a+ L) 2
—a a+1 5
< mln{Ml(f)I(’IZa+)2)2a F(Oé]\j- 802)@_1
M3(f) _(b—a)t }7
D(a)(pla—1) + 1) (o + )2a_7

where Mi(f) as in (3), Ma(f) as in (6) and Ms(f) as in (11). Here f cannot be
a non-trivial polynomial of degree m.

(bi a)av

COROLLARY 11. Under the assumptions of Theorem 10, we have

’—a/f dx_b_a/|f )| dx

(105 o o3ty + 1DF Sl o)
= min r(a+2)2a+1 a)®,
1
- b— a—1 Da
20&F(a+ 1)( CL) || fHLl([a,b])7

DG ey o, oo + 1P SN, gt )] b a)a+;_1}
1 a+L
T(a)(pla —1) + 17 (a+ 3)2°"%
(b—a)* Ms(f)

= min{Ml(f) T(a+2)2%" T(a+ 1)20-1 (b=a)*™,
M3(f) (b—a)aJrzl)l},
L(a)(pla —1) +1)F(a+ 5)2%7s

In 1938, A. Ostrowski [11] proved the following important inequality.

THEOREM 12. Let f: [a,b] — R be continuous on [a,b] and differentiable
n (a,b) whose derivative f': (a,b) — R is bounded on (a,b), i.e., ||f'|loc =
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SUP¢e(a,b) ‘f/(t)| < +00. Then

(CE _ a+b)2

2

(b—a)?

for any x € [a,b]. The constant % is the best possible.

b
ﬁ/ f&ydt — f(z)| < i+ ]'(b_a)|f/||w7 (16)

In (16), for z = %% we get

o [ roa- ()| < (T

We have proved the following

THEOREM 13. Let f € C'([a,b]), with f(252) =0. Then

/:f(w dt] <Oy

a
4

where the constant i 18 the best possible.

So we have proved once again (2) with only one initial condition.

3. Application

Inequalities for complex valued functions defined on the unit circle were studied
extensively by S. Dragomir, see [6, 7]. We give here our version for these functions
involved in a Polya type inequality, by applying a result of this article.

Let t € [a,b] C [0,27), the unit circle arc A= {z € C: 2z =¢%, t € [a,b]}, and
f: A — C be a continuous function. Clearly here there exist functions u,v: A — R
continuous, the real and the complex part of f, respectively, such that
F(e™®) = u(e™) +iv(e™).
So that f is continuous, iff u,v are continuous.
Call g(t) = f(e™), l1(t) = u(e®), la(t) = v(e), t € [a,b]; so that g: [a,b] — C
and l1,l5: [a,b] — R are continuous functions in ¢.

If g has a derivative with respect to ¢, then [y, ls have also derivatives with
respect to t. In that case

F(€) = ug(e™) + iy (),
(i.e. ¢'(t) =15(t) +il4(t)), which means
fi(cost +isint) = ug(cost + isint) + iv(cost + isint).
Let us call x = cost, y = sint. Then
ug(e™) = ug(cost +isint) = uy(x + iy) = us(x,y)
_ Oudx N dudy _ du(et) du(et)
Ox Ot Oy ot or dy

cost.

(—sint) +




Univariate fractional Polya type integral inequalities 395

Similarly we find that

it it
8@8(2 (—sint) + dv(e

vi(e) = cost.

Since g is continuous on [a, b], then f: f(e) dt exists. Furthermore it holds

/abf(e”)dt - /abu(e“)dt—l—i/abv(e“)dt.

b b b b
[ setyarl < [seniaes [ [ ear
b b

:/a |ll(t)\dt+/a 11a()] dt.

We give the following application of Theorem 10.

We have here that

THEOREM 14. Let f € C(A,C), [a,b] C [0,27); any p,q > 1 : %4—% =1,
a>1,m=[a]. Assume ly,ly € C& ([a, %F1]) and 1,15 € CF_([“£2, b)), such that

Il

() = 189(a) =17 0) = 18P (v) = 0, &

/ bf(e“mt] </ e at

< min (HDngh”oo,[a,“Zb] + ||Dl?—lllloo,[a7+b,b]) (b — a)aﬂ
- Ia+2) 2 ’

0,1,...,m—1. Then

1 b—a\>,
Fagz ) 1Pl e,
DGl (o, 22y + 105l qog o) (b—a)aﬂi}
1
L(a)(pla—1) + 17 (a+3) 2

+ min (|‘Dg+l2||oo,[a,“2b] + ||D1?—12Hoo,[“7+b,b]) (b—a)aﬂ
INa+2) 2 ’

1 (b— a

Fa+1)\ 2

[1DG L2z, (a0, 22y + 105 L2z, qogt o)) (b—a)aﬂi}
o) (pla — 1)+1)%(a+%) 2

) ID% L]l o

(b — a)a‘H Mg(h)
T(a 1 2)2% T(a + 1)20-1

MS(llz - — (b—a)a+71’}
(o) (pla—1)+1)7 (a+ 1;)2 a

Smin{Ml(h) (b_a)av
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(b—a)** M(l2)
I(a+2)22" T'(a+ 1)20-1

Mg(bz Tvoa_1 (b— a)a-&-;}’
I(a)(pla—1) + )7 (a+ ;)2 7

+ min{Ml(lg) (b —a),

where My (1;) as in (3), M2(l;) as in (6) and M5(l;) asin (11), i =1,2.

Here 11, ly cannot be non-trivial polynomials of degree m.
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