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EXISTENCE OF POSITIVE SOLUTIONS FOR A CLASS OF
NONLOCAL ELLIPTIC SYSTEMS WITH MULTIPLE PARAMETERS

Nguyen Thanh Chung and Ghasem Alizadeh Afrouzi

Abstract. In this paper, we study the existence of positive solutions to the following
nonlocal elliptic systems

—M ([, IVul? dz) Apu = a1a(@)f1(v) + Bib@)g1 (), @ €,
—Ms ([, V0|9 dz) Agv = age(z) fa(u) + Bad(2)ga(v), = €Q,
u=v=0, z€dif,

where Q is a bounded domain in RN with smooth boundary 9Q, 1 < p,q < N, M; : RS’ — R,
i = 1,2, are continuous and nondecreasing functions, a,b,c,d € C’(ﬁ)7 and o, B, i = 1,2, are
positive parameters.

1. Introduction

In this paper, we study the existence of positive solutions to the following
nonlocal elliptic systems

—M, (fsz |Vul? d@’) Apu = aqa(x) fr(v) + Bib(z)g1(u), x€Q,
— My (fﬂ |Vl dw) Agv = agc(x) fa(u) + fad(z)g2(v), z€Q, (1.1)
u=v=0, z€oi,

where € is a bounded domain in RY with smooth boundary 99, 1 < p,q < N,
M; : Rar — R, ¢ = 1,2, are continuous and nondecreasing functions, where Rg =
[0,4+00), a,b,¢c,d € C(Q), and «ay, B, i = 1,2, are positive parameters.
We assume throughout this paper the following hypotheses
(H1) a,b,c,d € C(Q) and a(x) > ag > 0, b(z) > by > 0, c(x) > co > 0, d(x) > doy >
0 for all x € ;
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(H2) M; : Rg — RT, 4 = 1,2, are two continuous and increasing functions and
0 < m; < M;(t) <mj o forall t € RS
Since the first two equations in (1.1) contain an integral over €2, it is no longer
a pointwise identity; therefore it is often called nonlocal problem. This problem
models several physical and biological systems, where u describes a process which
depends on the average of itself, such as the population density, see [8]. Moreover,
problem (1.1) is related to the stationary version of the Kirchhoff equation

0%u Py E [Yloul? 9%u

h + 2L J,
presented by Kirchhoff in 1883, see [16]. This equation is an extension of the
classical d’Alembert’s wave equation by considering the effects of the changes in
the length of the string during the vibrations. The parameters in (1.2) have the
following meanings: L is the length of the string, h is the area of the cross-section,
E is the Young modulus of the material, p is the mass density, and Py is the initial
tension.

In the recent years, problems involving Kirchhoff type operators have been
studied in many papers, we refer to [2, 9, 11, 15, 17, 19, 20] in which the authors
have used variational method and topological method to get the existence of solu-
tions. In [1, 4, 10, 14], the authors studied the existence of solutions for Kirchhoff
type problems by using sub and supersolutions method. Motivated by the papers
mentioned above and the ideas in [3-5, 7, 10, 13, 18], in this note, we study the
existence of positive solutions for Kirchhoff type system (1.1). Our result improves
the previous one introduced by J. Ali et al. [3] in which M;(t) = Ma(t) = 1 and
h(z) = k(z) = 1 in Q. We emphasize that it is really necessary to impose the
boundedness of the Kirchhoff functions M;, ¢ = 1,2. The difference between this
work and the previous one [10] is that system (1.1) involves multiple parameters.

We make the following assumptions on the functions f;, g;, i = 1,2:

(H3) fi,gi € CY0,00) N C[0,00), i = 1,2, are monotone functions such that

limy o0 fi(t) = limy— o0 gi(t) = 005

(H4) limy—oc fi (L[ fz(t)]ﬁ) Jtr=1 = 0 for every L > 0;

(H5) limy—oo g1(£) /P71 = limy o0 g2(£)/t71 = 0.
Our main result in this paper is given by the following theorem.

THEOREM 1.1. Assume that the conditions (H1)-(H5) are satisfied. Then
system (1.1) has a positive weak solution provided agcy + b1 and coag + dofB2 are
large.

2. Preliminaries

In this paper, we denote by Wy () (1 < r < 00) the completion of C§°(Q),

with respect to the norm
1
lull- = (/ [Vul" da:) .
Q
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Let us consider the following eigenvalue problem for the r-Laplace operator —A,.u,
see [7, 12, 13]:

(2.1)
u=0 onzei

{ — Ayu=AMu[""?u  in Q,
Let ¢1, € C1(Q) be the eigenfunction corresponding to the first eigenvalue A1 ;- of
(2.1) such that ¢1, > 0in Q and ||¢1,||cc = 1. It can be shown that %ﬁf < 0on
0% and hence, depending on 2, there exist positive constants m, 7, o such that
|v¢1,r|7‘ - /\1,T¢71‘,1‘ >m on ﬁm
1, >0 onxz€Q\Q,,
where Q,, := {z € Q: d(z,0Q) < n}, see [6].

We also consider the unique solution e, € Wy () of the boundary value
problem

(2.2)

{—Arerzl in Q,

e,=0 onxzed (2:3)

to discuss our result. It is known that e, > 0 in Q and %—enr < 0 on 09.

We will prove our results by using the method of sub- and supersolutions, we
refer the readers to recent papers [1, 4, 10, 14] on the topic. A pair of functions
(1h1,1b2) is said to be a subsolution of problem (1.1) if it is in Wy ?(Q) x Wy4()
such that

M </Q IVif? dx) /Q |Vip1 [PV - Vw da

<ag /Q a(x) f1(e)w dx + ﬁ1/ﬂb(ai)gl(z/}1)w dx, YweW,

and

M </Q V¢2|qdm) /Q [Vihe| T 2Vihy - Vw dz

< /Q () folebr Yw da + By /Q d(2)ga(b)wdz, Yw € W,

where W := {w € C§°(Q) : w >0 1in Q}. A pair of functions (21, 22) € Wy (Q) x
Wy () is said to be a supersolution if

M, </ |V 21|P d:c) / |V21|P~2V 2 - Vw de
Q Q
> a1 [ al@fizluds 5 [ b wds, o e W,
Q Q

and

M, (/ szqu)/ V2|92V 2, - Vw da
Q Q
2@1/ c(x)fg(zl)wdw—i—ﬁl/ d(x)g2(z2)wdx, Yw e W.
Q Q
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The following result plays an important role in our arguments, we refer the
interested readers to [1, 10, 14] for details.

LEMMA 2.1. Assume that M : Rg — RY is continuous and increasing, and
there exists mo > 0 such that M(t) > mq for all t € RE. If the functions u,v €
1,r -
Wy () satisfy

M(/ |Vu|rd:v> / |Vu|T2Vu~Vgod:c§M(/ |Vv|rd:v> / |Vo|""2Vv -V d
Q Q Q Q

for all o € Wy (), ¢ >0, then u < v in Q.

From Lemma 2.1 we can establish the basic principle of the sub- and super-
solutions method for nonlocal systems. Indeed, we consider the following nonlocal
system

- M, ( / Vul? dm) Ayu = h(z,u,v) in Q,
Q

([ 190 ) g0 = o 24
Q

u=v=0o0nz € I,

where  is a bounded smooth domain of RN and A,k : Q x R x R — R satisfy the
following conditions:

(HK1) h(z,s,t) and k(z, s,t) are Carathéodory functions and they are bounded if s, ¢
belong to bounded sets.

(KH2) There exists a funtion g : R — R being continuous, nondecreasing, with g(0) =
0, 0 < g(s) < C(1 + |s|™in{ra}=1) for some C' > 0, and applications s +
h(z,s,t)+ g(s) and t — k(x,s,t) + g(t) are nondecreasing, for a.e. x € .

If u,v € L*(Q), with u(z) < v(x) for a.e. x € Q, we denote by [u,v] the set
{w € L*(Q) : u(z) < w(z) < v(z) for a.e. z € Q}. Using Lemma 2.1 and the
method as in the proof of Theorem 2.4 of [18] (see also Section 4 of [5]), we can
establish a version of the abstract lower and upper-solution method for our class of
the operators as follows.

PROPOSITION 2.2. Let My, Ms : RS’ — RT be two functions satisfying the
condition (H2). Assume that the functions h,k satisfy the conditions (HK1) and
(HK2). Assume that (u,v), (,v), are respectively, a weak subsolution and a weak
supersolution of system (2.4) with u(x) < u(z) and v(z) < v(z) for a.e. z € Q.
Then there exists a minimal (ux,vx) (and, respectively, a maximal (u*,v*)) weak
solution for system (2.4) in the set [u, @] X [v,7]. In particular, every weak solution
(u,v) € [u,u] X [v,7] of system (2.4) satisfies u.(z) < u(x) < u*(z) and vi(z) <
v(z) < v*(z) for a.e. x € Q.
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3. Proof of the main results

Let A1, ¢1.-(r =p,q), and §,m, o, Q, be as described in Section 2. Let kg > 0
such that f;(t) > —ko and g;(t) > —kg for all t > 0, i = 1,2. We now construct our
positive subsolution.

We shall verify that (i71,15) is a subsolution of (1.1) for agay + by and
coae + do o large, where

) 14) ’

R
ko(cooa + doﬂz } (q - 1)
l,q N
w >

ko(agaq + bO/Bl
mm

e[z

mm

Let the test function w € W := {w € C§(Q) : 0 in Q}. We have

/ |Vap1 P72V, - Vo da
Q

_ Fo(aoan + bof)
o mmy
:’Woal—wm V V1P Vo1, - V(b1 pw) de — / lwlppwdw}

mm

_ tnlagon + 1) [ Dty = IVor, 7] wda. (31)
Q

mim;i

/ V1P ?P1 , V1, - Vwda

Similarly, we have

/Q [Veha |92V - Vo da = ko(Coaz-ﬁ-doﬁz)/Q P\Lq(biq _ |v¢1)q|q} wdr (3.2)

mmeo

for all function w € W :={w € C§°(Q) : w > 0in Q}.
Now, by (2.2), we have in Q,, A\ ,¢}  — [Vo1,[P < —m and A\ 6], —
|V1,4]7 < —m. Tt follows that in Q,,

ko(aoon +bof) </Q [V dx) Prpdty = [Vorsl]

< —ko(apor + bof31)
< ara(z) fi(Y2) + Bib(x)g1 (1) (3.3)

and

ko(coaa + dof32)
roteots LR ugy ([ 19al"d ) [As gt = Vo]
< —ko(coaa + dof2)

< age(x) fo(¥1) + B2d(x)g2(12). (3.4)
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Next, in Q\Q,, we have ¢;, > o > 0 and ¢1, > o > 0. By the hypotheses
(H1)-(H3), for agay + boB1 and coaa + do 2 large we deduce that
ko(aoar + boﬁl)Ml

p— (/Q [Vipy [P de) Mpdl, — Vo1 ,/7]
< ko(aoar + bof1)

= ml,oo>\1,p
mmiy

< apaq fi(2) + boBig (1)
< ara(x) f1(Y2) + Bib(z)g1 (1) (3.5)

and

ko(cooa + dof32)
folcute * Q) py, /Q V4ol dz ) [Mgl, — [V1,417]

< ko(coaa + dof32)
- mmso

< cooz f2(¥1) + doB2g2(¥2)

< age(x) f2 (1) + Bad(2)g2(v2) (3.6)
for all z € Q. From (3.1)—(3.6), it follows that (11,12) is a subsolution of system
(1.1).

Next, we construct a supersolution (z1, z3) of system (1.1). Let

m2,oo>\1,q

lefloocz + [l oo B2

ma

m=@w@=( ) (Fa(Cleglloc)) ™ e,

where e, e, are given by (2.3) and C' > 0 is large and to be chosen later. We shall
verify that (z1,22) is a supersolution of system (1.1). To this end, let w € W :=
{we C°(Q): w>0in Q}. Then we obtain from (2.3) and the condition (H2)

that
M, </ |Vzl|de)/ V21 |P~2V 2 - Vo da
Q Q

= Cp71M1 (/ |v21|pd17> / wdzr
Q Q

zmle_l/wdx.
Q

By (H4) and (H5), we can choose C' large enough so that

lelloocr + lld]loo B2
m

7mC“42aNWmﬁ[( ) el ™ el

+ b Hblloog1(0||€pHoo)
> ara() f1(22) + Bi1b(x)g1(21)
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for all z € Q. Hence,

M, </Q |V21|pdx>/Q|Vzl|p_2V21-dex
Z041/QCL(JJ)ﬁ(Zg)wda:—&—&/ﬂb(x)gl(zl)wdx.

Also,
M, (/ VZqux)/ V22|72V 2y - Vo da
Q Q
> ([lelloots + dlloof2) / F2(Cleploo)w da

> as / e(z) fa(z1)w dz + B / A2 fo(Clleploc)wds.  (3.7)

Again by (H3) and (H5), for C large enough we have

0o d| oo 1 1
o(Clleple) 2 o | (1122 =2 T ey ) eyl

ma
From (3.7) and (3.8) we have

My </szzqd9€>/Q|V22|q2V22~dex
> Oég/glc(x)fz(zﬂwcm+ﬁ2/9d($)92(22)wm’

and thus (z1,22) is a supersolution of system (1.1). Obviously, we have ¢;(z) <
zi(x) in Q with large C for ¢ = 1,2. Thus, by the comparison principle, there exists
a solution (u,v) of (1.1) with /1 < u < z; and ¥s < v < z5. This completes the
proof of Theorem 1.1.
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