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COEFFICIENT INEQUALITY FOR CERTAIN SUBCLASS OF
p-VALENT ANALYTIC FUNCTIONS WHOSE RECIPROCAL
DERIVATIVE HAS A POSITIVE REAL PART

D. Vamshee Krishna, B. Venkateswarlu and T. RamReddy

Abstract. The objective of this paper is to introduce certain new subclass of p-valent
analytic functions in the open unit disc £ = {z : |z| < 1} and obtain sharp upper bound for the
second Hankel determinant of functions belonging to this class, using Toeplitz determinants.

1. Introduction

Let A, (p is a fixed integer > 1) denote the class of functions f of the form
f(z) =2 +ap 2Pt +- -0 (1.1)

in the open unit disc £ = {z : |z| < 1} with p € N = {1,2,3,...}. Let S be the
subclass of A; = A, consisting of univalent functions. The Hankel determinant of
ffor ¢ > 1 and n > 1 was defined by Pommerenke [11] as follows, and has been
extensively studied by several authors in the literature. For example, Ehrenborg [2]
studied the Hankel determinant of exponential polynomials. Noonan and Thomas
[8] studied the second Hankel determinant of areally mean p-valent functions. Noor
[9] determined the rate of growth of H,(n) as n — oo for the functions in S with
bounded boundary rotation. The Hankel transform of an integer sequence and
some of its properties were discussed by Layman in [5].

[£2% Apy1 -0 Un+q—1
Ap+1 Ap+2 e an+q
Hy(n) =
Uptg—1 Oniyq Up42q—2

One can easily observe that the Fekete-Szego functional is Hs(1). Fekete-Szegd
then further generalized the estimate |as — pa3| with u real and f € S. Further
az asg

2
= asay — a5, when g = 2
as ay 2U4 3 q

sharp upper bound for the functional Hy(2) =
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and n = 2, known as the second Hankel determinant (functional) was obtained
for various subclasses of univalent and multivalent analytic functions by several
authors. Janteng et al. [4] considered the functional |azas — a3| and found a sharp
upper bound for functions f in the subclass RT of .S, consisting of functions whose
derivative has a positive real part (also called bounded turning functions), exten-
sively studied by Mac Gregor [7]. In their work, they have shown that if f € RT
then |agay — a3] < %. Similarly, the same coefficient inequality was calculated for
certain subclasses of univalent and multivalent analytic functions by many authors
in the literature.

Motivated by the above result, in the present paper, we introduce certain
new subclass of p-valent analytic functions and consider the Hankel determinant
Hy(p+ 1) in the case of ¢ =2 and n = p 4 1, given by

Gp+1  Gp42

Hy(p+1) = pra Gpis

— 2
= Op4+10p43 — Opyo

and we seek sharp upper bound to the functional |ay41ap+3 — af) 4o for function f
given in (1.1), when it belongs to the new subclass, defined as follows.

DEFINITION 1.1. A function f € A, is said to be in the class Efp with p € N,
consisting of p-valent analytic functions, whose reciprocal derivative has a positive
real part, if it satisfies the condition

p—1
Re {%] >0, VzeFE.

Some preliminary lemmas required for proving our result are given in the next
section.

2. Preliminary results

Let P denote the class of functions consisting of g, such that
o0
9(z) =1+ caz+ 2 +e2® +- =14 Y en2", (2.1)
n=1

which are regular in the open unit disc E and satisfy Reg(z) > 0 for any z € E.
Here g(z) is called a Caratheodory function [1].

LEMMA 2.1. [10, 12] If g € P, then |ck| < 2, for each k > 1 and the inequality

is sharp for the function ifz

LEMMA 2.2. [3] The power series for g given in (2.1) converges in the open
unit disc E to a function in P if and only if the Toeplitz determinants
2 c1 Co S Cn

Cc_1 2 C1 Cn—1
D, = . . . . . 5 n:1,2,3
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and c_, = Tk, are all non-negative. They are strictly positive except for p(z) =
S, pepo(exp(ity)z) with > poy p = 1, ty real and ty, # t;, for k # j, where

po(z) = %f‘z, in this case D,, > 0 forn < (m —1) and D,, =0 for n > m.

This necessary and sufficient condition found in [3] is due to Caratheddory and
Toeplitz. We may assume without restriction that ¢; > 0. On using Lemma 2.2,
for n = 2 and n = 3 respectively, for some complex valued z with |z| < 1 and for
some complex valued z with |z| < 1, we have

2 =2 4+ 24— ) (2.2)
and 4cz3 = 3 +2c1(4 —cD)x —c1(4 —eD)a? +2(4 — (A — |z)*)z. (2.3)

To obtain our result, we refer to the classical method initiated by Libera and
Zlotkiewicz [6], used by several authors in the literature.

3. Main result
THEOREM 3.1. If f(z) € ﬁfp with p € N, then
2p 2
2
lap+1ap43 — apyaf < [p—i—2}
and the inequality is sharp.

Proof. For the function f(z) = 2P + Zf;pﬂ an2™ € ﬁp, by virtue of Def-
inition 1.1, there exists an analytic function g € P in the open unit disc £ with
g(0) =1 and Reg(z) > 0 such that

PP = g(2)f' (2). (3.1)
Using the series representations for f/(z) and g(z) in (3.1), we have
pP~t = {1 + > cnz”}{pz”_1 + > nanz”_l}.
n=1 n=p+1
Upon simplification, we obtain
0={ep+ (p+Dap1} 27 + {eop +cr(p + Daper + (p+ 2)apia} 2P+
{esp+ ca(p+ Dapyr + c1(p+ Dapia + (p + Baprs} 2774

Equating the coefficients of like powers of 2P, zP*! and 2P*2 respectively in (3.2),
we can now write

—c1p. p(ci —ca). —p(c3 — 2c1c0 + ¢3)

:m, ap+2:pT7 ap+3: p+3

Substituting the values of apt1, apt2 and apys from (3.3) in the functional

api1 (3.3)
lapt1ap+s — (112, 4o for the function f € RT,,, upon simplification, we obtain

arranes | =P |(p +2)%c1c5 — 2¢iea — (p+ 1)(p + 3)3 + cf|
PP T Bt (p+1)(p+2)%(p +3) ’

(3.4)
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which is equivalent to
p? ’dlclcg + dQC%CQ + dgcg + d4c‘ﬂ

Pt D220 13 (3.5)

‘ap-i-lap-‘r?» - a12;+2| =

where

di=(p+2)% do=-2 d3=—(p+1)(p+3); ds =1. (3.6)
Substituting the values of c¢2 and ¢3 given in (2.2) and (2.3) respectively from
Lemma 2.2 on the right-hand side of (3.5), we have

|d16163 + dQC%CQ + dgcg + d40411‘
1
= |dic1 x Z{C‘;’ +2c1(4—A)r—c1(4—cA)x? +2(4 — )1 — |z[*) 2} +

doc? x %{c% +x(4—c))} +ds x i{cf + x4 -+ d4c‘1L|.
Using the triangle inequality and the fact |z| < 1, which simplifies to
4ldycres + doc?ey + dsc 4 dact] < |(dy + 2da + ds + 4dy)ct + 2dycq (4 — )+
2(dy + da + ds)ci (4 — )|z — {(d1 + ds)c} + 2d1cy — 4ds} (4 — c})|z?|. (3.7)
From (3.6), we can now write
dy+2dy +ds +4dy = 1; dy = (p+2)%; dy +do +ds = —1; .
(di +ds)ci + 2dye; — 4ds = i +2(p+2)%c; +4(p+ 1)(p+ 3). (3.9)
Consider
A +2(p+2)%c +4(p+1)(p+3)
= [fer+ @ +22) - p+2)' + 4+ D(p+3)]

- |:{cl +(p+ 2)2}2 — <\/p4 + 8p3 4 20p2 + 16p—|—4)1

= {Cl + {(p+2)2 + (\/p4—|—8p3 +20p% + 16p—|—4> H X

{01 + {(p+ 2)2 — (\/p4 T 8p% 1 2002 + 16p + 4) H .

Since ¢; € [0, 2], noting that (¢; + a)(cy +b) > (¢1 — a)(c1 — b), where a,b > 0, on
the right-hand side of the above expression, we get

—{d+20+2)7c +4p+1)(p+3)} <
—{d-20p+2)>%c +4p+1)(p+3)}. (3.10)

From the relations (3.9) and (3.10), we have
—{(dy + d3)ct + 2dycy —4d3} < —{ci —2(p+2)%c1 +4(p+1)(p+3)}. (3.11)

Substituting the calculated values from (3.8) and (3.11) on the right-hand side of
(3.7), we have

4|dyeres + dQC%CQ + dgcg + d4c‘11| < |c‘11 +2(p+ 2)201(4 — c%)—
214 — )|zl — {cf —2(p+2)’c1 +4(p+ 1)(p+ 3)} (4 — &})|z[?|.
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Choosing ¢; = ¢ € [0, 2], applying triangle inequality and replacing |z| by u on the
right-hand side of the above inequality, we obtain
4|dicics + docico 4 dsch + dact| < [04 +2(p+2)%c(4 — A+
274 =)+ {c? =200+ 2)%c+4(p+ D(p+3)} (4 — )’
=Fle,p), 0<pu=|z|<land 0<c<2, (3.12)
where
Fe,p) = [c4 +2(p+2)%c(4 — ) + 2% (4 — A+
{=20+2%c+4p+1)(p+3)} (4—)p?]. (3.13)
We next maximize the function F(c, i) on the closed region [0,2] x [0, 1]. Differen-
tiating F'(c, ) given in (3.13) partially with respect to u, we obtain
g—i =2[+{*-2(p+2°%c+4p+1)(p+3)} u] (4—2). (3.14)
For 0 < p < 1, for fixed ¢ with 0 < ¢ < 2 and p € N, from (3.14), we observe
that g—‘; > 0. Therefore, F(c, ) becomes an increasing function of p and hence

it cannot have a maximum value at any point in the interior of the closed region
[0,2] x [0, 1]. Moreover, for fixed ¢ € [0, 2], we have

(ax, F(e,p) = F(c,1) = G(e). (3.15)

Therefore, replacing p by 1 in F(c, i), which simplifies to give
Glc) = —2¢* —4p(p+4) +16(p + 1) (p + 3), (3.16)
G'(c)=—-8c{c®+p(p+4)}. (3.17)
From (3.17), we observe that G'(¢) < 0, for every ¢ € [0,2] with p € N. Therefore,

G(c) is a decreasing function of ¢ in the interval [0, 2], whose maximum value occurs
at ¢ = 0 only, from (3.16), it is given by

Gras = G(O) = 16(p + 1)(p =+ 3) (318)
Simplifying the expressions (3.7) and (3.18), we get
|dicics + dacica + dsc3 + dact] < 4(p+ 1)(p + 3). (3.19)
From the relations (3.5) and (3.19), we obtain
2
2p
|lapt1apts — a;z%+2| < [M] . (3:20)

By setting ¢; = ¢ = 0 and selecting z = 1 in the expressions (2.2) and (2.3), we find
that co = 2 and ¢35 = 0 respectively. Substituting these values in (3.19) together
with the values in (3.6), we observe that equality is attained, which shows that our
result is sharp. For these values, from (2.1), we can derive the extremal function,
given by . ,
2P~ 1+2
%:1+2z2+224+-~: Tt

This completes the proof of our theorem. m
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REMARK 3.2. It is observed that the sharp upper bound to the second Hankel
determinant of a function whose derivative has a positive real part and a function
whose reciprocal derivative has a positive real part for a p-valent function is the
same.

REMARK 3.3. Choosing p = 1 in (3.20), we get |azas — a3| < %, it coincides

with that of Janteng et al. [7]. From this, we conclude that the sharp upper bound
to the second Hankel determinant of a function whose derivative has a positive real
part and a function whose reciprocal derivative has a positive real part is the same.
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