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COMPOSITION OPERATORS AND THEIR PRODUCTS ON L2(X)

M. R. Jabbarzadeh and S. Karimi

Abstract. The paper gives measure-theoretic characterizations of classical properties of
composition operators and their products on L2(X) such as complex symmetric and semi-Kato
type operators.

1. Introduction and preliminaries

Let (X,X, ) be a complete sigma finite measure space. For any sub-sigma
finite algebra A C ¥, the L2-space L?(X,A,ul4) is abbreviated by L?(A), and
its norm is denoted by ||.]|]2. All comparisons between two functions or two sets
are to be interpreted as holding up to a p-null set. The support of a measurable
function f is defined by o(f) = {x € X : f(z) # 0}. We denote the linear
space of all complex-valued Y-measurable functions on X by L°(X). Let ¢ be a
nonsingular measurable transformation from X into X; that is, ro@ ! is absolutely
continuous with respect to x4 and write o ~! < u. Let h be the Radon-Nikodym
derivative dy o =1 /du. The pair (3, 1) is said to be normal invariant if o(X) C X
and pu < po =t The composition operator C, : L*(X) — L°(X) induced by
¢ is given by Cy,(f) = f o ¢, for each f € L?(X). Here, the non-singularity of
¢ guarantees that C, is well defined. It is well known fact that for u € L°(X),
the multiplication operator M, : L?(X) — L°(X) is bounded if and only if u €
L>(X), and in this case, | M, || = ||u||co. Now, by the change of variables formula;
Jx |foelPdu = [y blfPdu, |Cypfllz = M 4 fll2 for each f e L*(X). It follows
that C,, maps L?(X) boundedly into itself, if and only if h € L>(X), and in this

case, ||Cyll = ||h||<1></>2 Some other basic facts about composition operators can be
found in [8, 19, 22].

For each f in L?(X) there is a unique function in L?(A), denoted E(f), such
that, for every set A € A of finite measure, [, fdu = [, EA(f)du. EA(f) is called
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the conditional expectation of f with respect to A, and E* is the conditional ex-
pectation operator. As an operator on L?(X), E4 is the contractive orthogonal
projection onto L?(A). Take A = ¢~ 1(X). So for each function f in L?(X) there is
a ¥ measurable function F such that E¥ (&) f = F oy. Moreover, F is uniquely
determined in o(h) (see [ca]). Therefore, even though ¢ is not invertible the ex-
pression F' = (E*”_l(z)f) o ¢~ ! is well defined. Note that domain of £ contains
LA*(Z)U{f € L°(Z) : f > 0}. For further discussion of the conditional expectation
operator see [13] and [17]. A result of Hoover, Lambert and Quinn [9] shows that
the adjoint C}, of Cy, on L?(%) is given by Cy(f) = hE‘Pfl(E)(f)ogo_l. From this it
easily follows that C;C’W = M), and C’WC':, = Mhog,E‘f’_l(Z). The product M, o C,
of M, and C, is called a weighted composition operator.

Products of operators appear more often in the service of the study of other
operators. More precisely, for any operator T, there exists a decomposition T =
(U+K)S, where U is a partial isometry, K is a compact operator and S is a strongly
irreducible operator [20]. Composition operators and their products have been
used to provide examples and illustrations of many operator theoretic properties.
In several cases major conjectures in operator theory have been reduced to the
(weighted) composition operators. The purpose of this note is to find some new
characterizations of composition operators on L?(¥) and present a relationship
between Cy,, and their products.

2. On some classic properties of composition operators

Let H be the infinite dimensional complex Hilbert space and let B(H) be the
algebra of all bounded operators on H. For A € B(H), the range and the null-space
of A are denote by R(A) and N(A), respectively.

Throughout this paper we assume that fori = 1,2, ¢; : X — X is a nonsingular
measurable transformation and ¢; '(X) is a relatively p-complete sub-sigma finite
algebra of . Put w3 = @100, h; = duogoi_l/du and F; = E®: () Then Mogogl
is absolutely continuous with respect to u, because the assumption u o ap;l < W
implies that for each A € ¥ with u(A) = 0 we have u(¢;*(A)) = 0, and so
oy (A) = u(ps (1 (A))) = 0. Tt follows that C,, is a well-defined operator.
Take hy = du o <p§1/du and F3 = E%s' () Note that if hy1 and ho are essentially
bounded, then for some M; > 0 and My > 0, u(pz'(A)) < Mau(py'(A) <
My My ju(A) for each A € X, Hence hs is essentially bounded and thus ¢3! (%) is a
sub-sigma finite algebra of 3.

PROPOSITION 2.1. For nonsingular measurable transformations p1 and @2,
let gog_l(E) be a sub-sigma finite algebra of .. Then the following assertions hold.

(a) Cpy = C,, 0Cy, € B(LA(X)) if and only if hy = hiEy(he) 0 o1t € L=(X)

and in this case ||Cy, || = |1 E1(ha) o o7 || 2%

(b) C,, is injective if and only if Cy,, is injective and o(Ey(h2)) = X.
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Proof. (a) Recall that Cy,, is bounded if and only if hg € L°°(X), and in this

case, ||Cy,ll = Hh3||<1,é2 Let A € ¥. By using of conditional expectation operator
and change of variables formula we have

/hsdu=/ duwg_lz/ Ei(h2)dp
A @71 (A) )

— [ By ogi duopit = [ mEi(ha)o i du.
A A

It follows that hs = hyEq(hg) o @fl. Note that Cy, is not necessarily bounded.

(b) Let f € L*(X). It is easy to check that [|Cy, fll2 = [M s fll2. SoN(Cy,) =
N (My,) = L*(A, YAy, ), where A = X\ o(h;) := (0(h;))® and Xy = {BNA:
B € ¥}. Thus, C,, is injective if and only if o(h;) = X. Now, let A = {z € X :
Ei(hy) = 0}. Then A = 7 !(B), for some B € X. If u(A) > 0, then u(B) > 0
because p o <p1_1 < . Hence

/ h1E1(ha) o o1t dp = / Ei(hg)dp =0,
B A

and so h; = 0 or Fy(hg) o gol_l = 0 on B. Therefore, hy > 0 and E;(hg) o gyl_l

0 implies that Ei(hy) > 0. Now, let Ej(hy) > 0. Since Ej(ho) is a ¢; ' (%)-
measurable, then there exists a unique g € L°(X), with o(g) C o(hy), such that
Ey(hy) = go 1 (see [[[Lemma 2]ca). It follows that 0 < [y g o pidu = [y higdp,
and so Fy(hy) o @' =g > 0on a(hy). We conclude that o(h3) = X if and only if
O’(hl) = O‘(El(hg)) =X.n

LEMMA 2.2. Let C,, € B(L*(X)) and ¢35 = @1 0 p2. Then the following
assertions hold.

(a) hg o o3 = (hy1 0 p3)E1(hs) o pa.

(b) C5, (f) = haEr(haEa(f) o 07 ot

(c) C5,Cps(f) = (h1E1(h2) o o1 )f-

(d) CpyC, (f) = (h1 0 3)Er(ha(E2f) 0 p3") 0 3.

(e) CF C§93C<p3(f) (hB1(h2) o9y t) f o ps.

(f) CpsCg,Cos(f) = ((h1 0 p3)E1(h2) 0 p2)f o 3.

Proof. Part (a) follows from Proposition 2.1(a). To prove (b), let f € L?(%).
Then

Cp,(f) = C,(C4, (1) = Cp, (haBa(f) 0 93 1) = h En(ha Ba(f) 0 03 1) 0 07

The remainder of the proof is left to the reader. m

Let [T,S] =TS—ST for T and S in B(H). An operator T' € B(H) is said to be
normal if [T, T*] = 0, quasinormal if [T, T*T] = 0 and hyponormal if [T, 7] > 0.

LEMMA 2.3. Let C, € B(L*(X)). Then the following assertions hold.
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(a) Cy, is normal if and only if ¢~ (X) =% and h = ho ¢ [22].
(b) Cy is quasinormal if and only if h = ho ¢ [22].
(¢) C, is hyponormal if and only if h > 0 and (ho cp)E”fl(E)(%) <1 [12].
LEMMA 2.4. Let 1 < i,j < 3, Cy, € B(L3(X)) and ¢3 = @1 0 pa2. Then
o(E;(hj)op;) =X and for each f € L*(X),
_ Ei(haBs(f) o3 t) o oo
Eq(h2) 0 @2 '

Es(f)

Proof. 1t is easy to see that o(E;(h;) o ¢;) = cpj_la(Ei(hj)) ) <pj_1cr(hj) =
a(hjopj)=X. Now, from Cp,C% = Mp,op, E3 and Lemma 2.2(c) we obtain

(hy 0 @3)E1(haEa(f)opyt) o P2

E =
() e
But, by Lemma 2.2(a) we get that
hl o @3 _ X(E1(h2)04.02) _ 1

hzops  Ei(ha)ops  Ei(hy)ows
This completes the proof. m
Assertion (a) of the following proposition is known (see [16]). However for
completeness, we provide a new proof.
PROPOSITION 2.5. Let Cy,, € B(L*(X)) with hy o w2 = hy and hy o o1 = ha.

(a) If Cy, and C,, are normal (quasinormal), then Cy,, is a normal (quasi-
normal) operator.

(b) If Cy, and Cy, are hyponormal and Ex(ha) o @y is a o1 '(2)-measurable
function, then Cy, is a hyponormal operator.

Proof. (a) Let C,, and C,,, are normal operators. Obviously ¢;'(X) = . By
hypotheses we get that

hio @z = (h10w1)ops=hyowpy=hy,
E1(hg) 0y = hy o @y = hy = E1(hg) o o7 .
Now, by Lemma 2.2(a), we get that
hs oz = (h1 0w3)E1(hs) o pa = hiEi(hs) o <p1_1 = hs.

(b) By hypotheses we have

1
(hio@)Ei(3-) <1, hi>0 (i=12),
Ey(hy) = h1 = Ea(h1) 0 o3,  Ey(ha) = hy = Ey(hs) o 7},

1 1
Ey(—)opyl=—"— € L% (D)),
) 0% = B e et € e )
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and by Proposition 2.1(b), o(h3) = X because o(h1) = X and o(F1(h2)) 2 o(ha) =
X. Then we have

1 1
h FE:(—) = (h FEi(hsBo(— St
(hs 0 @3) Bs(7-) = (71 © 3) Ev (s 2(h1E1(h2)o<p1_1)0</92 ) o2
1 1
=(h h E E -
(h10@3)(ha o p2) 1(E2(h1)o<p;1 2(E1<h2>o¢;1)0802 ) © 2

— (b 0 3)(ha 0 m)Ez(hiQ)El(hil) o 2

= {(hao @2>E2<hi2>}{<h1 o sol)El(hil)} cpy<lm

In [6], Douglas proved that when A, B € B(H), then AA* < ABB* for some
A > 0; if and only if A = BC for some C € B(H).

PROPOSITION 2.6. Let C,, € B(L*(X)). Then hy < Ahy and hz o p3 <
A2(hg 0 o) for some \; > 0.

Proof. Since Cp, = Cy, o Cy,, by Douglas’ theorem, there exists A; > 0 such
that C5. Cp, < MO, Cy, and Cy, C5 < \oC,,, O, Then for each f, g € L*(X) we

have (hs f, f) < (Aihif, f) and (h3ops E3(g), 9) < (A2(h20p2)E2(g), g). For A € X,

take f = x4 and g = X1 (4)- Since E3(g) = g = Ea(g), we get that [, hadp <

J4 Ahidp and fsa—l(A)(hg o w3)dp < fso—l(A) A2(hg o g)du. This completes the
3 3

proof. m

Write X = (UnEN An) UB, where {A,, }nen is a countable collection of pairwise
disjoint atoms and B, being disjoint from each A, is non-atomic (see [23]). In [4],
Chan proved that M, is compact on L?(X) if and only if for any & > 0, the set
{z € X : |u(x)| > €} consists of finitely many atoms. In the following, we give a
sufficient condition for the product of a composition operator C,, with the adjoint
of a composition operator C;, on L*(X) to be compact. The order of the product
gives rise to two different cases (see [5] and [21]).

PROPOSITION 2.7. Let C,, € B(L*(X)) for i = 1,2. Then the following
assertions hold.

(a) If for each e > 0, the set {x € X : ha(p1(x)) > €} consists of finitely many
atoms, then Cy,, C7, is compact.

(b) If for each e > 0, the set {x € X : hy(z)(E1(hgows)op; ) (z) > €} consists
of finitely many atoms, then C7 Cy, is compact.

Proof. For f € L*(X) it is seen that
Cp, O3, (f) = ha o p1(Ea(f) o @3 ") o p1;
C:,C0,(f) = haEa(f o p1) oy .
Using change of variable formula and inequality |Ea(f)[? < E2(]f|?), we obtain

||C%C;2(f)”2:/thogol‘Eg(f)OgOQ_lFO(pld,u:/Xh1h3|E2(f)o<p2_l|2du
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= [ mahalBa(NF o g3 duo gyt = [ (o ga)(hao ) Ba(DP di

< [ o ) a0 o0) Ba117) s = WM e 1

Similarly,
||O;220¢1<f)||2=/Xh§\E2<fosol>w;1|2du=/Xh2|E2(fosol)|%so51duos051
= [0 Ba(f o) du < [ (hao ) a1 o ) d
= [ Gao@lfFoidu= [ mBihop) o g1 dn

—_ 2
- ||M /hlEl(hQOapg)opflfH .

Now, the desired conclusions follows from the compactness criteria for multiplica-
tion operators. m

PROPOSITION 2.8. Let C,, € B(L*(X)) for i = 1,2. Then the following
assertions hold.

(a) If hs is bounded away from zero on o(hz) and o(Ey(hg) o ;') = X, then
R(Cy,) is closed.

(b) Let Cyp, and Cy, have closed range. If o(ho) = X or o(he)® = A;; U--- U
A;,, then Cy, has closed range.

Proof. (a) Let f € L*(X). Then M /- flla < [|Cp, |l [IM /57 fll2- Recall that
for u € L>*(X), R(M,,) is closed in L?(X) if and only if u is bounded away from
zero on o(u) [18]. Thus there exists A > 0 such that A||f|l2 < ||M s f|l2 for each
f € L*(o(h3)). Since o(Ey(he) o 91 ') = X, then o(hy) = o(h3), and so R(C,,) is
closed

(b) It is a classical fact that C,, has closed range if and only if N(C,,) +
L?(71(D)) is closed (see [15, Corollary 1]. Now, by assumptions, N'(C,,) = {0}
or N(Cy,) is a finite dimensional subspace of L?(X), and hence C,, has closed
range. m

3. Complex symmetric, semi-Kato type and polar decomposition
of composition operators

A conjugation on a Hilbert space H is an anti-linear operator S : H — H which
satisfies (S, Sy) = (y,z) for all z,y € H and S? = I. An operator T' € B(H) is said
to be complex symmetric if there exists a conjugation S on H such that T = ST*S.
The class of complex symmetric operators is unexpectedly large. We refer the
reader to [7, 10] for more details, including historical comments and references.

THEOREM 3.1. Let ©? = id, the identity transformation, and let 0 < h €
L>(p~Y(X)). Then the operator C, is complex symmetric.
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Proof. Put E = E¢ () and define S(f) := 9% Then for each f € L3(%)

we have Voo
o Ly (o QBSW) _ g r
e (For)aow) i
B op)gow) , [ hfg
s().800) = [ LRI g~ | M~ (g, ).
It follows that C, is a complex symmetric operator if and only if
S =128 e
(hop)(how?)

Since by hypotheses p? = id and E(h) = h, then

_dpoy™?

dp
Thus, (ho@?)(hoy)=1andso S?=1.m

1 =hE(h)opt =h(hoyp™).

COROLLARY 3.2. Let ¢ be a measure preserving transformation, i.e.,
u(e™H(A)) = w(A) for all A € . Then C, is a complex symmetric operator on
L2(%) if and only if Cg = 1, the identity operator.

In [11], the authors obtain some necessary conditions for Cy, and C7, acting on
H? for which C;C, and Cp,+C7 commute. They prove that if ¢ is an automorphism
of the open unit disk D, then [C;C,, Cy, + C7] = 0 if and only if Cy, is normal. In
the following we obtain a similar result for C, € B(L?*(X)).

PROPOSITION 3.3. Let C, € B(L*(X)). If C, is quasinormal, then
[C3Cp, Cp + O3] = 0.

Proof. Let f € L*(X). Since h = h o ¢, then we have

(Co + CoNCECL(f)) = (ho@)(fop)+hE(hf)op™!
=h(fop)+hE((hop)f)op™ =h(fop)+h*E(f)op™!
=CyCu(Cy + CL) (),

and so [C3C,,Cy + CZ|(f) =0.m

DEFINITION 3.4. We say that A € B(H) is an operator of semi-Kato type, if

the null space of A is contained in NS R(A").

Recall that A € B(H) is said to be Kato if R(A) is closed and N (A) C
Mo~ R(A™). Any bounded operator that is either onto or bounded below is Kato
(see [14]). The set of all semi-Kato and Kato type operators will be denoted by
SK(H) and K(H) respectively. Obviously, K(H) C SK(H). Also, if A € SK(H)
and for each n € N; A" has closed range, then A € K(H).
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THEOREM 3.5. For i = 1,2,3, put X5 = (o, ¢; "(2) and let C,, €
B(L3(%)). Then the following assertions hold.

(a) If C,, € SK(L*(X)) if and only if N (o(h;))¢ C B.L.

(b) Cy,, € K(L3(X)) if and only if, for each n € N, h; ., is bounded away from
zero on o(h;n) and ¥N (o(h;))¢ C X L.

(c) If Cy, € SK(LA(X)), 0(E1(h2) o o7 ') = 0(E1(h2)) and 2L U2 C B2,
then Cy, € SK(L*(X)).

(d) If Cy, € SK(LA(X)) and @1 0 o2 = a0 1, then Cyp, € SK(LA(X)).

Proof. (a) Note that C,, € SK(L*(X)), if N(C,,)

R(Cop) = L*(p;"(%)) and N(Cy,) = L*(X N (o(hs))°),

SIC(L2(E)) then L*(2 N (o(h:))?) S M2y L2 (9 "(2)) = LN,y <P_"(E)) =
L2(2 L), and so X N (a(h;))¢ € B2. Conversely, if ¥ N (o(h;))¢ € XL then
N(Cy,) = L2(EN (0(h:))°) € L*(Bg) = Nnzy L2 " (8)) = Nazy R(CE,)-

(b) Let Cy, € K(L*(X)). Then for each n € N, R(CZ,) is closed and so
hin = dpo ;" /du is bounded away from zero on o (h; ). Also, we have L?(X N
(0(hi)) = N(Cyp,) € Moy R(CE,) = L*(£L). On the other hand, if for each
n € N, h;,, is bounded away from zero on its support and XN (o (h;))¢ C X %, then
R(C3,) = R(CL,) and M(Cy,) € 2 RICL):

(c) Fori = 1,2, let C,, € SK(L*(X)) and o(Fy(hs) ooy ') = o(F1(hg)). Then
we have (o(h3))*NE = {o(h1) No(E1(h))}*NE C {(o(h1))°U (a(h )¢ } ny c
YL U2 C X2 hence by (a), Cp, € SK(L?*(X)). Note that 3 C B} UX2,
because, in general, ¥ 3 C 3 2.

(d) If 1 09a = 20y, then B2 C ¥}, Hence if Cy, € SK(L*(X)) and
102 = a0y, then Cyp, € SK(L?(X)) because o(h3) C o(hy). m

We recall that every operator T' € B(H) can be decomposed into T' = U|T|
with a partial isometry U, where |T| = (T*T)% . U is determined uniquely by
the kernel condition A (U) = N(|T]), then this decomposition is called the polar
decomposition. Notice that the parts of the polar decomposition V', |W| for W =
M, o C, are given by

C N, R(Cypmy ny. Since
it follows that if Cy,, €

V= Mxoon W, W| =M,

Jop

where J = hE?" & (|u|2) 0 =1 (see [3]). Hence by Proposition 2.1(a) the parts of
the polar decomposition Cy,, = U, |Cy,| are given by

|Cs|(f) = \/ M1 E1(h2) 0 o7 " f,

— fosos
Ups(f) = V(1o w3)Br(ha) oy

Since h3z o 3 > 0, then N (U,,) = N(Cyy) = L?((0(h3))¢) = N(|Cpsl). It is easy

to see that Uy, Ug Uy, U%, and so U,, is a partial isometry. Also, the second
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part of O = U,,|C7, | is given by

1C25.1(f) = v/ (h1 0 3)E1(h2) o o2 E3(f).

Recall that the Aluthge transform of T' = U|T| € B(H) is the operator T' given
by T = |T|zU|T|%. For 0 <r <1, put T := [T|"U|T|*~" (see [1]). Then Ty =T
Now, take T' = C,,. Then we have

Tof = T U(hs™ f) = |T]"(( VEf o) = ( )£ o 3.

hs o @3 hs o 3

Put w, = (;1:273;93)”2- Then T, f = w,.f o 3 is a weighted composition operator.

The parts of the polar decomposition V;., |T,.| for T, are given by

T |(f) = \/haEs(w?) o 3" f;
Xo(Bs(w2) Trf

V(hs 0 3)E3(w?)

EXAMPLE 3.6. Let X = N, ¥ = 2V and let 1 be the counting measure. Define

Vif =

1, n=1,2
n—1, n2>3,

ertn) = {

It follows that the injectivity condition for C,, in Proposition 2.1 is not necessary.
Moreover, since ¢3 is the identity function, by Corollary 3.2, C,, is a complex
symmetric operator but neither Cy,, nor Cy, is a complex symmetric operator.

EXAMPLE 3.7. (a) Let X = [0, 1], du = dz and X be the Lebesgue sets. Define
the non-singular transformations ¢; : X — X by

2z, z€[0,3]
20 —1, z€(3,1],

1-2z, z€l0,4]
20 -1, z€(3,1].

erta) = { o) = {

Then

1—4dz, z€]0,7)
2—4r, zelil)
p3(z) = ;1 3
4.’E—2, x € [5,1)
qr—3, we[21],
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and so hy(z) = ha(z) = hs(x) = 1. Moreover, we can obtain from direct computa-

tions that
Bi(D)@) = 7@+ 12w + 5 17

(@) = 51/@) + 71 - 2)),

)+ F(@) X115

. 059+ 50-20), 0
o 1) ra- > <24w>, reldd)
f(4w ) (21‘71)3 QSE[%,H,

for all f € L?(X). Note that for each i = 1,2,3and 0 < r < 1, (Cy,), = Cp, = CA';
Furthermore, Cy, is injective, quasinormal and has closed range but not normal
operator.

(b) Let X = N, ¥ = 2Y and let u({n}) = m,, where w := {m,}, C (0,00).
Let f = {fn} € [*(w). Then for i = 1,2 we have

) =o [ hdu= o [ = 3w,
-1
k J{k} k Jo ({k}) kjegai’l({k})

1 1
hiEi o ,L-_l k)= — Ez dy = — ;.
mEesthw = [ EOm= s S

m
F " jeer (k)

Now, by these computations we obtain

hg(k)zmi Z hz(j)mjzmik > > om

¥ jeor (k) Jeor (kD) gy L ()
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