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GROUPS OF GENERALIZED ISOTOPIES AND GENERALIZED
G-SPACES

P.S. Gevorgyan and S.D. Iliadis

Abstract. The group of generalized isotopies of topological space is studied. A rela-
tionship of this group with the group of homeomorphisms is established in case of locally
compact and locally connected space. Notions of generalized G-spaces and there equivariant
maps are introduced. It is proved that a new category of generalized G-spaces is a natural
extension of the category of G-spaces.

1. Introduction

In [5] the first author has studied a group of invertible continuous binary operations
of a topological space X. The concepts of binary G-spaces and binary equivariant
maps have also been introduced and studied. The notions of binary G-space X and
group of invertible binary operations of a topological space X are interdependent.

In this article natural generalizations of these objects are considered. We intro-
duce the notion of generalized isotopy and study a group of generalized isotopies of
a topological space X. The relationship between this group and the group of homeo-
morphisms is established. We also introduced the notions of generalized G-spaces and
their equivariant maps related to generalized isotopies. So, we have a new category
which is a natural extension of the category of G-spaces and equivariant maps.

Now let us recall some notations, notions and auxiliary results that we need in
this article. Throughout this paper, all spaces are assumed to be Hausdorff. The
category of topological spaces and continuous maps is denoted by Top.

By C(X,Y) we denote the space of all continuous maps of X to Y endowed with
the compact-open topology, that is, the topology generated by the subbase consisting
of all sets of the form W(K,U) ={f: X = Y; f(K) C U}, where K is a compact
subset of X and U is an open subset of Y.
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If G is a topological group, then there is a natural group operation on C(X,G):
given any continuous maps f,g € C(X,G), their product fg € C(X, Q) is defined by
(fg)(x) = f(x)g(z) for all x € X. If G is a topological group, then so is C(X,G)
(see [7]).

The group of all self-homeomorphisms of X is denoted by H(X). This group is not
generally a topological group. However, if a space X is locally compact and locally
connected, then H(X) is a topological group (see [1]).

Let X be a topological space, and let G be a topological group G with identity
element e. Suppose given a continuous map 6 : G x X — X satisfying the conditions
0(g,0(h,x)) = 0(gh,z) and O(e,x) = x for g,h € G and x € X. Then X is called a
G-space, and the continuous map 6 : G x X — X is called the action of the group G
on the space X.

Let X and Y be G-spaces. A continuous map f: X — Y is said to be equivariant
if f(gx) = gf(zx) for any g € G and x € X. All G-spaces and their equivariant maps
form a category. This category is denoted by G-Top.

Details on these notions, as well as on all definitions, notions, and results used in
this paper without reference, can be found in [2—4, 6].

2. The group of generalized isotopies

Let T be a topological space. For any topological space X let us denote the topological
space of all continuous maps from 7" x X to X with the compact-open topology by
C(T x X, X). We define an operation “o” on C(T x X, X) by

(fog)t,x) = f(t g(t,x)) (1)
forallt € T and = € X.
Note that each map f : T x X — X can be considered as a family f = {f;},t € T,
of continuous maps f; : X — X defined by

fr(z) = f(t, ) (2)
for all z € X. Now the formula (1) can be written as (f o g):(z) = fi(g:(z)) =
(frog)(x), i.e. (fog):= fiog:, where f; o gy is an ordinary composition of maps
ftsg9: : X = X. So, fog is naturally called a composition of maps f,g € C(T x X, X).

PROPOSITION 2.1. The space C(T x X, X) under the operation “” is a semigroup
with identity, i.e. a monoid.

Proof. Let f,g,h € C(T x X, X) be continuous maps. Let us check the semigroup
axiom:

[f ° (g °© h)](t,l’) = f(tv (g ° h)(ta x)) = f(tag(tv h(t71')))
= (fog)(t h(t,x)) = [(f o g) o h](t, x).
The continuous map e : T'x X — X defined by e(t,z) =z forallt €e T and z € X

is the identity element of semigroup C(T x X, X), because foe =eo f = f. Indeed,
(foe)t,x) = f(t e(t,x)) = f(t,x) and (e o f)(t, z) = e(t, f(t, x)) = f(t,2). o
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DEFINITION 2.2. A map f = {f;} € C(T x X, X) is said to be invertible if there
exists a map f~' = {(f7'):} € O(T x X, X) such that

foft=fTof=e 3)

In this case, f and f~! are said to be mutually inverse maps.

Let us denote the set of all invertible maps of C(T x X, X) by H(T x X, X). So,
H(T x X, X) is a group.

The following necessary condition of invertibility of continuous map f : Tx X — X
holds.

THEOREM 2.3 ( [5, Theorem 3]). If a map f = {fi} € C(T x X, X) is invertible, then
for any t € T the map f; : X — X is a homeomorphism and f~* = {f'}.

Proof. Suppose that a continuous map f : T'x X — X is invertible, i.e. there exists a
map f~1 = {(f71);} € C(T x X, X) satisfying relations (3). Take any element ¢t € T.
Let us prove that the continuous map f; : X — X is a homeomorphism.

The map f; is a injective. Indeed, suppose that fi(z) = fi(2'), i.e. f(t,z) =
f(t’x/)' Then z = e(t’x) = (f_l 0 f)(t,l‘) = f_l(t,f(t,l‘)) = f_l(t7f(t7xl)) =
(f~tof)(t,2") = e(t,a’) = a". Since (fro(f~1)e)(x) = fe(f1)e(2)) = fei(f 1 (t,2)) =
ft, f~ Yt 2)) = (fof~H(t,x) = e(t,z) = z, we have fyo (f~1); = 1x.

A similar argument proves that (f~'); o fy = 1x. Thus, the continuous map
(fY:: X = Xisinverseto f; : X — X, i.e. amap f; : X — X is a homeomorphism
and f; ' = (f""). -

Note that if T = [0,1] then, by Theorem 2.3, an invertible continuous map
f:[0,1] x X — X is an isotopy of a topological space X. So, we will call invert-
ible maps f : T x X — X generalized isotopies of topological space X over T and
H(T x X,X) — a group of generalized isotopies.

The converse of Theorem 2.3 is not true, i.e. if for any ¢t € T" the map f; : X — X
is a homeomorphism then f~' = {f; '} is not necessarily inverse to f = {f;}.

EXAMPLE 2.4. Let X be a subset of the plane consisting of the graph of function
2
y = sin —W, x € (0,1], and point O(0,0) (see Figure 1):
x
2
X = {(x,y) cR? x€(0,1], y= sinﬂ} U {(0,0) € R*}
x
2
We will denote the intersection points of y = sin —W, x € (0,1], and z-axis by aq, ag,
1 2
.y Qp, - .. It is obvi that agp,—1=(—,0), a2, = =———,0 |, n=1,2,...
, a is obvious that ag,_1 <n > as <2n—|—1 > n
The points by, ba, ..., b,, ... which represent the intersection of graph y = sin —ﬂ-,
x
4
x € (0,1], with line y = 1 have coordinates b, = (| ——,1), n=1,2,...
dn +1

™
Let ¢1, ¢a, ..., Cp, ... be the intersection points of graph of the function y = sin —
x

with y = —z and let &, be the z-coordinate of point co,—1, n =1,2,...
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2 1
We denote the intersection points of y = sin T With the line y = 3 by di, da,

x
..., dy, ...and suppose that 7, is the z-coordinate of point do,—1, n =1,2,.. ., i.e.,
1
d2n—1 = (77’”7 2) .
Y
b3 b2 b1
1_
1
2
0 x N ECREET
: 2n+1 4n+1 n
|
|
Coan—1
—14
Figure 1 Figure 2

Now let us define the isotopy f : [0, 1]x X — X, i.e. the family of homeomorphisms
fi: X = X, t €[0,1], in the following way.

For t = 0 let fy = 1x. Now we define the homeomorphism f; : X — X on each

‘e \/al s~ | - 1,27 5 as f()ll()WS
mter . .
1
If t —_—, - 1 P hel
S n, n 5 n 72, 5

. 2m 4
(pt(x),sm W) T € (fn, 4n—|—1] ,

(z,9); T ¢ (fmnn] )
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where
4dn(2n — 1 1 2
(2n -1-(1)(471—&)-1) (t_ 2n) Tonr1 S
dn+1 ~
dn(2n — 1) 1 2
= (2n+1)(4n+1) t_% +2n+1
Qt(m) = 4 (33 - nn) + M-
i = 4dn +1
Let t € ! Note that the interval L apped linearl
—_—, — | . mterv. —_— 1S m mear
m+1 2n ¢ I+ 1 2n| O HAPPC Y

the interval | —
)88 mrter —_—
on themervat 1o o 2n—1\2n

n 2n—1
1 1
o T 1 — T and o — o Now we define the homeomorphism f;(z,y) by

n
putting fi(z,y) = fv(x,y), where fp(z,y) is calculated by formula (4).

It is not difficult to see that the map f; : X — X is an identity except on arc X,
which consists of the points of X with z-coordinate belonging to (&,,7,] (see Figure
2). This arc is linearly mapped on itself by f; such that fﬁ (bp) = agp.

1 2 1/1
] by the formula t' = — + nt ( — t). Moreover,

One can easily verify that p,(z) = ¢:(z) = x fort = 5
(z,y) for alln =1,2,... and (z,y) € X.

The map f:[0,1] x X — X, f(t,x) = fi(z) is obviously continuous on X\{O}
and is fixed at O, i.e., f(t,0) = O for all t € [0,1]. It is readily seen that every

— Therefore, fﬁ (z,y) =

circular neighborhood of O of radius < 3 is mapped into itself by every f;. Hence

f:]0,1] x X — X is continuous at the point O, i.e. is an isotopy of X.
Now let us prove that the map f=% : [0,1] x X — X, f~' = {f7'}, is not
1

continuous at the point O. Indeed, the sequence ag, = ,n=1,2,..., converges

2n
to O. However, the sequence f;l (agzn) = bp, n=1,2,..., has no limit in X.
2n

However, the following statement is true.

THEOREM 2.5 ( [5, Theorem 4]). Let T be any topological space, X be a locally compact
and locally connected and f : TxX — X be a continuous map. If the map fr : X — X,
defined by (2), is a homeomorphism for each t € X, then the map f is a generalized
isotopy.

Proof. Consider the map f~! given by f~1(t,z) = f; ().
It is easy to show that f~! is inverse to f. Indeed,
(fo f N(tx) = ft, [ (@) = f(t, f (@) = folf () = =,

i.e. fof~! =e. The relation f~! o f = e is proved in a similar way.
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It remains to prove the continuity of map f=!: 7 x X — X.

Let (to,79) € Tx X be any point. Denote f~*(tg,z0) = ftgl(xo) = yo and consider
any open neighborhood W C X of yg such that the closure W is compact. Since the
map ftgl is a homeomorphism, there exists a compact connected neighborhood K of
xo for which

ftZI(K) cw. (5)
Denote the interior of K by K°. It is evident that
fto(yo) = o € K°. (6)
Inclusion (5) implies
frio(WENW) C K€, (7)

where W and K¢ are the complements of W and K, respectively.

Since f : T x X — X is a continuous map, {yo} and WS NW are compact subsets
of X, and K° and K¢ are open subsets, it follows from (6) and (7) that the point
to € T has an open neighborhood U C T such that, for any ¢t € U, we have

fe(yo) € K° (8)
and fi(WenW) c K€. (9)

Inclusion (9) implies that K C fy (W U Wc) for any t € U. Therefore, f;*(K) C
WU W, Since fi 1(K) is connected and W and W< are disjoint open sets, it
follows from the last inclusion that f{l(K ) is contained in one of the sets W and
we. However, by virtue of (8), we obviously have f,*(K) C W. Hence

frKS) W (10)
forallt € U.
Thus, given any open neighborhood W of yg = ftgl(xo), we have found open

neighborhoods U of ty and K° of g for which (10) holds. This proves the continuity
ofmap f71: T x X — X. d

Theorems 2.3 and 2.5 imply the following assertion.

THEOREM 2.6 ( [5, Theorem 5]). Let T be any topological space, X be a locally compact
and locally connected. A continuous map [ : T x X — X is a generalized isotopy if
and only if the continuous map f; : X — X defined by (2) is a homeomorphism for
anyt € X.

PROPOSITION 2.7. The group H(X) of all self-homeomorphisms of a topological space
X is isomorphic to a subgroup of the group H(T x X, X) of generalized isotopies.

Proof. To each f € H(X) we assign the continuous map f : T x X — X defined by

f(t,z) = f(x) for all t € T, x € X. Obviously, f~1 = fjl. Thus, f is a generalized
isotopy, i.e. f € H(Tx X, X). The correspondence f — f is the required isomorphism
between the group H(X) and a subgroup of H(T x X, X). t
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THEOREM 2.8 ( [5, Theorem 6]). Let T be any topological space and X be a locally
compact and locally connected. The group H(T x X, X) is isomorphic (algebraically
and topologically) to C(T, H(X)).

Proof. Consider the map p : C(T,H(X)) - H(T x X,X) defined by p(f)(t,z) =
f@®)(z) for f € C(T,H(X)), t € T and x € X. The map f(¢t) : X — X is a
homeomorphism for each ¢ € X. Therefore, by virtue of Theorem 2.6, p(f) : T'x X —
X is a generalized isotopy, i.e. p(f) € H(T x X, X).

Let us prove that p is injective. Take f,g € C(T,H(X)), f # g. There exists
a point ¢o € T such that f(tg) # g(to). Since f(to),g(to) € H(X), it follows that
f(to)(zo) # g(to)(zo) for some xg € X. Thus, p(f)(to,x0) # p(g)(to, zo), and hence
p(f) # p(9)-

The map p is also surjective. Indeed, let ¢ € H(T x X, X) be any generalized
isotopy. By virtue of Theorem 2.6, the map ¢; : X — X defined by ¢:(x) = (t, ) is
a homeomorphism for any ¢ € T. Tt is easy to see that the element f € C(T, H(X))
determined by the condition f(t) = ¢; is the preimage of . Indeed, we have
p(f)(t z) = f(t)(z) = ¢u(x) = o(t, z).

Thus, the map p~! : H(T x X,X) — C(T,H(X)) defined by p~1(p)(t)(z) =
o(t,x) for ¢ € H(T x X, X) is inverse to p: C(T, H(X)) = H(T x X, X).

The map p is a homomorphism, that is, p(f o g) = p(f) o p(g). Indeed, for any
teT, e X we have

p(fog)(t,z) = (fog)t)(x) = (f(t)og(t)(x) = f(t)(g(t)(x))
= fO)(p(9)t, x)) = p(f)(t, p(9)(t, ) = (p(f) o p(g))(t, x).

Let us prove the continuity of p. Take any element W (K x K', U) of the subbase of
the compact-open topology on H(T x X, X), where U C X openand K C T, K’ C X
are compact subsets. Let us show that the preimage of W (K x K’ U) is the set
W (K,W(K',U)), which is an element of the subbase of the compact-open topology
on C(T, H(X)). Indeed, for any ¢ € W(K x K',U) and f = p~Y(¢) € C(T, H(X)),
we have

peW(K xK'\U) <= o(t,x) eU <= p(f)(t,x)eU
— f(t)(x) eU <= feW(K,W(K'U)),
where t € K and x € K’ are arbitrary elements.

The continuity of the inverse map p~! : H(T x X, X) — C(T, H(X)) is proved in
precisely the same way. g

COROLLARY 2.9. If T is any topological space and X is locally compact and locally
connected, then H(T x X, X) is a topological group.

Proof. Tt is known that H(X) is a topological group (see [1]). Therefore, C(T, H(X))
is a topological group as well (see [7]). According to Theorem 2.8, H(T x X, X) is a
topological group. O
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3. Generalized actions of groups and the category of generalized
G-Spaces

The idea to introduce the notion of action of a group on a finite set is related to the
permutation group of this set. The rule, by which the elements of the permutation
group permute the elements of the set is called its group action.

The same applies when set X is infinite and we consider a symmetric group S(X)
of set X. Elements of S(X), that are bijections of set X, also permute the elements
of X. They satisfy the following conditions:

(gh)x = g(hz), ex =z, (11)
where g,h € S(X), and e — identity mapping of X.

These conditions are the basis of definition of abstract action of group G on X: a
map a: Gx X = X, a(g,z) = gx or (9,z) = gx, is called an action of group G on
X if it satisfies condition (11) for every g,h € G and identity element e of group G.

Let’s note that the map g — o4, where ay(z) = a(g, ), is a homomorphism from
G to the symmetric group S(X).

When we consider a topological space X, we assume that all maps are continuous

and so we get homomorphism from group G to the group H(X) of all homeomorphisms
of X.

REMARK 3.1. Note that an action a : G x X — X of group G on X is a general-
ized isotopy. Indeed, the continuous map a~! : G x X — X given by the formula
a"Yg,z) = a(g~!,x) is inverse to « in the sense of Definition 2.2: (a0 a~1)(g,2) =
alg,a (g, 7)) = alg,a(g !, 7)) = algg™!,2) = ale,z) = x. Clearly,a ! : Gx X —
X is the right action of group G on X. Hence, the set of all actions of group G on
the topological space X is a subset of group H(G x X, X) of all generalized isotopies
of X over G.

Now let us consider the group H(T x X, X) of generalized isotopies of topological
space X over T. Since elements of the group H(T x X, X) satisfy condition (1), we
can define the notion of generalized action of group G on X over T and generalized
G-space in the following way.

DEFINITION 3.2. A continuous map a: G X T x X — X is called a generalized action
of group G on X over T, if
a(gh,t,x) = a(g,t,a(h,t,x)), (12)
ale,t,x) = x, (13)
where e is the identity element of G, g,h € G, t € T and z € X.

In the notation «(g,t,z) = g(t, x) relations (12) and (13) take the form gh(t,z) =
g(t, h(t,x)), e(t,z) = .
DEFINITION 3.3. A topological space X with a fixed generalized action of group G

on X over T, that is, a quadruple (G, X, T, «) is called a generalized G-space or a
G-space over T'.
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Let a be a generalized action of a topological group G on space X over T. For
each g € G, we define a continuous map oy : T x X — X as a4(t,z) = a(g, t, x).
The following proposition is valid.

PROPOSITION 3.4. The map g — a4 5 a continuous homomorphism from G to the
group H(T x X, X) of generalized isotopies of topological space X over T.

It is not difficult to note that for any ¢ € T the continuous map a; : G x X — X
defined by a(g,x) = a(g,t,x) is an action of group G on X. Hence, a generalized
action a of group G on space X over T induces the family {c;}, t € T, of “ordinary”
actions of G on X.

Now, let (G, X, ) be a G-space. It is evident that one can define a generalized
action & of G on X over T by formula

a(g,t,x) = alg, x) (14)
for all t € T and x € X. This is a trivial generalized action induced by “ordinary”
action of a group G on X.

The following example shows that there is a nontrivial generalized action induced
by “ordinary” action of group G on X.

EXAMPLE 3.5. Let (G, X, ) be a G-space. The continuous map &: G xGx X — X
defined by a(g, h,z) = a(hgh™t,z), or g(h,x) = hgh™lz, is a generalized action
of the topological group G on X over G.

Indeed, conditions (12) and (13) in Definition 3.2 are satisfied: we have &(gg, h, z) =
hggh~'z = hgh=*hgh~'z = a(g,h,hgh~'z) = alg,h,a(g,h,r)) and ale, h,x) =
heh 'z =ex=xforall g,§,h € G and = € X.

Now, let us consider two generalized G-spaces (G, X, a) and (G,Y, ). One can
define the notion of equivariant map between two generalized G-spaces in the following
way.

DEFINITION 3.6. A continuous map f : X — Y is called an equivariant map if
fla(g,t,2)) = B(g,t, f(2)), or, equivalently, f(g(t,x)) = g(t, f(x)), for all g € G,
teT and x € X.

An equivariant map f : X — Y of generalized G-spaces (G, X, «) and (G,Y, 3)
which is also a homeomorphism is called an equivalence of generalized G-spaces.

The following assertion is valid.
THEOREM 3.7. Generalized G-spaces and equivariant maps form a category.

We denote this category by G-Topr. It is evident that if T = {x} is a singleton
then G-Top, = G-Top.

Note that if X and Y are G-spaces, then any equivariant map f : X — Y is also
equivariant as a map between generalized G spaces with trivial generalized actions
defined by (14). Thus, the category G-T'op can be regarded as a subcategory of the
category G-Topr. So, we have the following chain of natural extensions of categories:
Top C G-Top C G-Topr.
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There is a natural covariant functor from the category G-Topr to the category G-
Top. Indeed, if (G, T, X, «) is a generalized G-space then we can consider the G-space
(G, T x X, &) on which group G acts as

&(g,t,x) = (t,a(g,t,a;)) (15)
forallge G, te€T and x € X.
It remains to note that if X and Y are generalized G-spaces, then any equivariant
map f: X — Y generates the equivariant map f: 7T x X — T x Y defined by

f(ta Q?) = <t7 f(l')), (16)
where t € T and = € X.

Thus, the formulas (15) and (16) determine an isomorphism of G-Topr onto a
subcategory of G-Top whose objects are G-spaces of the form T' x X with actions &
over T while morphisms are equivariant maps (i.e. G-maps) f: T x X — T x Y over
T. Clearly, “over T” means that the diagrams

GxTxX—% - 7TxX T><X4>T><Y

~., N,

commute, where the maps with the codomain T are natural projections. In other
words, the established functor G-Topr — G-Top is injective on objects and faithful.
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