MATEMATICKI VESNIK

MATEMATUYKUN BECHUK research paper
70, 2 (2018), 161-166 OPUTHHAIHE HAYYIHHU DaJl
June 2018

STRONG LINEAR PRESERVERS OF UT-TOEPLITZ WEAK
MAJORIZATION ON R"

Mina Jamshidi

Abstract. Let =,y € R", we say x is ut-Toeplitz weak majorized by y (written as
z <ur y) if there exists an upper triangular substochastic Toeplitz matrix A such that
x = Ay. In this paper, we characterize all linear functions that strongly preserve <,r
on R".

1. Introduction

Majorization is one of the interesting concepts in matrix analysis and there are special
researches on it and its linear preservers in recent years. Considering M, (R) as the
space of all real n x n matrices, D € M, (R) is called doubly (sub)stochastic if its
entries are all nonnegative and the sum of its entries in each row and column is (less
than or) equal to 1. Let R™ be the vector space of all real n x 1 vectors. For z,y € R",
it is said that x is (weak) majorized by y and denoted by (x <, y)z < y if there is
a doubly (sub)stochastic matrix D such that x = Dy. It is well known that « < y if

. k k n n
and only if 377, @y <370y, for k=1,2,...,n—1, and 30 2y = 35, yps
and z <,, y if and only if Z?:l rp < 2521 ypj), for k=1,2,...,n, where zj; is the
j* largest element of vector x. For more study see [8].

DEFINITION 1.1. A linear operator T : R™ — R™ is called a linear preserver of a
relation ~ on R™ if for all ,y € R © ~ y = Tax ~ Ty. and it is called a strongly
linear preserver of the relation if x ~ y < Tax ~ Ty.

There are some researches on characterization of linear or nonlinear preservers
of special kinds of (weak) majorization. For example, in [1, 3] authors have char-
acterized strong linear preservers and linear preservers of g-tridiagonal majorization
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respectively. In [10] authors have characterized strong linear preservers and linear pre-
servers of circulant majorization. In [9] authors have characterized nonlinear preserver
of some special weak majorization, and also in [2,4,5,7] authors have characterized
linear preservers of some other special majorizations.

In this paper we introduce ut-Toeplitz weak majorization and characterize all
linear maps that strongly preserve upper triangular Toeplitz weak majorization. Ac-
tually this kind of majorization is a particular case of that introduced by Ilkhanizadeh
Manesh in [6].

2. Preliminaries and notations

The k'" diagonal of a matrix A = [a, ;] is the collection of entries a; ; where j —i = k.
The 0 diagonal of a matrix is known as the main diagonal. A matrix A is called
Toeplitz if all entries of each diagonal are equal. We denote a Toeplitz matrix by
A=la_(n1)\ -+ \ao\ a1\ a,_1] where a; is the amount of the i’ diagonal, and
if the Toeplitz matrix is upper triangular we use the notation A = [ap\ a1 \ - - - ap_1].

DEFINITION 2.1. Let z,y € R™. We say that x is ut-Toeplitz weak majorized by y
(written as & <, y) if there exists an upper triangular substochastic Toeplitz matrix
D € M, (R) such that x = Dy.

For x € R™ we use the notation = > 0 if all entries of x are nonnegative. Obviously
if  is weak majorized by y and y > 0, then z > 0. Also if x <, 0, then z = 0.

We use ¢(x) for the vector space generated by {y € R" : y <, x}. Also the linear
operator T : R™ — R" is identified with its matrix representation under the canonical
basis, eq,...en, in R™.

In this paper we also use the following special upper triangular substochastic
Toeplitz matrices.

o1 - 0 O 0 0 0 1

0 1 0 0 0 0

UOZIa U1: ?"'7Un—1: .. :
0 0 1 0 0 0

0 0

n—1
Actually every upper triangular substochastic Toeplitz matrix is the form of Y ¢;U;,
i=0

n—1
where 0 <¢; <land Y ¢ <1.
i=0

3. Linear preservers of ut-Toeplitz majorization

We start this section by stating some preliminaries and properties of ut-Toeplitz weak
majorization on R™. We will use these properties to prove our main theorem. The
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following lemma describes vectors that are ut-Toeplitz weak majorized by some special
vectors in R"”.

LEMMA 3.1. Let z,y € R" and © <y7 y. If y > 0 and k is the largest index such that
yr # 0, then:
(i) 2 =0, Vi>k; (i) X,z <3y V1<I<k.

Proof. Since © <,r y there is a substochastic upper triangular Toeplitz matrix
T =[to\t1\ " tn_1] such that x = Ty.

Obviously x; = 0 for each ¢ > k and z; = Zf;f“ ti—1Yi+j—1. Considering
S tion <1, we have

k
in =toy+ - +te—1yk + -+ loYk—1 + LYk + toyk
i=l

k=41 k
= toyr + (fo + t )y +-+ (D ti)ye < D4 [
i=1 i=l

LEMMA 3.2. Let x = (x1,...,2,) € R™. Then k is the largest index that x; # 0 if
and only if ¢(x) = (e1,...,ex).

Proof. Let k be the largest index such that z;, # 0. We know U;z <7 x. Since x; =0

foreach j > k, Upx = z1e1+- - -+xpeg, ..., Up_ox = xp_161+x)e2, U102 = T1€1 and
Ujz = 0,Vj > k. Hence ¢(z) contains eq,...,ex, which means (e,...,ex) C ¢(z).
On the other hand by part (i) of Lemma 3.1 if y <,7 z, then y; = 0 for each
1 > k, which means that each y € ¢(x) is a linear combination of ey, ...,e;. Hence
o(x) = (e1,...,ex). Proof of the converse is obvious. O

LEMMA 3.3. Let T : R™ — R”™ be a linear map strongly preserves <,r. Then T is an
tnvertible upper triangular matrix.

Proof. First we prove that T is invertible. Let Tz = 0. Since T is a linear operator
T(0) = 0 = T(z). Considering that T strongly preserves <,r, implies <, 0.
Hence x = 0.

To prove that T is an upper triangular matrix we apply the induction principle.
By Lemma 3.2 we know that ¢(e;) = (e1). Since T is invertible, dimT¢(e1) =
dimT (e1) = 1. Since T strongly preserves <, r, we have

Toler) = {Tr:x <ure1}) = {Tx:Tax <,r Ter}) = ¢T((e1)).

Hence considering dimT'¢(e;) = 1 and Lemma 3.2, we have Te; = (a; 1,0,---,0)".
Suppose that Te; = (ay,...,a;;,0,...,0)", for each i < k. Now we prove for
k. By lemma 3.2 we have ¢(er) = (e1,...,ex). Since T is invertible, dimT¢(ex) =
dimT (e, -+ ,ex) = k. Obviously e; <, ek, for each i < k, hence ey,...,ex—1 €
o(ex), that means T'(e1,...,ex—1) C To(ex).
Considering the hypothesis of induction, we have Te; = (a14,...,a;;,0,...,0)%,
for each ¢ < k, which means T(e1,...,ex—1) = (e1,...,ex—1). Now if the index

of the largest nonzero entry of Tey is less than k, then Te, € T{ey,...,ex—1) and
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consequently dimT'¢(er) < k that is not true. On the other hand let the index of
the largest nonzero entry of T'e; be greater than k. Since T strongly preserves <7,
Tolep) = (T : x <ur ex}) = {Tz : Tx <ur Ter}) = ¢(T(e)) which implies
dimT ¢(ex) > k that is impossible.

Hence Tex, = (a1 ,--.,akk,0,...,0)" for each 1 < k < n, that means T is an
upper triangular matrix. O

THEOREM 3.4. Let T : R™ — R™ be a linear operator. If T is an upper triangular
Toeplitz matriz then T preserves <,1. Moreover T strongly preserves <, if and only
if T is an invertible upper triangular Toeplitz matriz.

Proof. Let T be an upper triangular Toeplitz matrix and 7, be the set of all nonsingu-
lar, upper triangular Toeplitz matrices of size n. It is well known that 7, is an Abelian
group. Let T € T, and z,y € R™ be such that x+ <,7 y. Then x = Dy for some
substochastic matrix D € 7,. We obtain Tx = T Dy = DTy so that Tz <,r Ty,
that is T is a linear preserver of <, 7.

Now let T be an invertible upper triangular Toeplitz matrix. To prove T strongly
preserves <,r, it suffices to show that if Tx <,r Ty, then x <,7 y. Tx <7 Ty
implies Tz = DTy for some substochastic matrix D € 7,, hence Tx = T Dy. Since T
is invertible we have x = Dy, hence x <, y, and the proof is complete.

To prove the converse of the theorem, let T strongly preserves <,r. Then by
Theorem 3.3, T is an invertible upper triangular matrix. To show T is Toeplitz, first
we show that all entries on the main diagonal are equal. Since T is an invertible
upper triangular matrix a; ; # 0, for each 1 < i < n. We assume that a,, , > 0 (proof
for the case a, < 0 is similar). Consider an arbitrary natural number 1 < k < n.
Obviously ey <, en, hence Teg <, Te, that means there is an upper triangular
substochastic Toeplitz matrix W = [wg \ - - - \ w,—1] such that Tep = WTe,.

t
Tey, = (al,k, A2 ks - -y Ok ks o,..., 0)
n—k+1

n
= (ij—laj,n7~-~7 Z wj—laj+k'—1,ny~-~;w0an,n)t (1)
j=1 j=1

We have woay, , = 0. Since a,, # 0, we obtain wy = 0. Considering the (n — 1)th
entry of WTe,, i.e. woan—1n + Wian,n = Wiy, = 0, implies w; = 0. Continuing
this process we have w;_1 = 0 for each 1 < i < n — k. Consequently the kth entry
of TWe,, is equal to wy,_an . Hence by the equation (1) we have agr, = Wp—gann
which implies that ay r < an p.

Since T is onto, there is y € R™ such that Ty = UpTe,. Also since T strongly
preserves <, and Ty <, Te,, we have y <,1 e,. Hence there is an upper triangular
substochastic Toeplitz matrix W = [wg \ - - - \ wp_1] such that y = We,, which implies
that UpTe, = Ty = TWe,. We have the following equation:

n n
t
(@kms -y Ann,0,...,0)" = ( E a1, jWn—j, -, E Ak, jWn—j, - s 0nnWo)
J=1 j=Fk

Like the above argument we have w;_; = 0 for each 1 < ¢ < n — k and hence
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Qn,n = Wp—k0k, Which implies that a, , < ari. Hence we proved ap i = ay,, for
each 1 <k <n.

Suppose that the entries of ith diagonal for each 1 < i < k are all equal to a con-
stant number a;. We show that the entries of (k 4+ 1)th diagonal are equal. To reach
this aim we show that a,_r, = aj_ ; foreach k4+1 < j <n—1. We know Te; <1

Te,, hence (a1, yQj—kjs Q- a1,0,...,0)" <ur (a1 Ankons Gk, - -5 01)"
for 5 > kK + 1. Hence we have wga; = 0. Since T is invertible, a; # 0 and
this implies wy = 0. In a similar way we have wgas + wia; = 0 which implies
w; = 0 and continuing this process we have w;_1 = 0 for 1 < i < n — j. Now we
have woajn + W1Qj41,n + o+ Wp—j—-1G42 + Wnp—ja1 = a1 hence Wp—j; = 1. Also
Wohj—1,n + WiGjpn + -+ + Wp_jas + Wp_j41a1 = ap which implies wy,_;4; = 0.
Again continuing this process we have w,—; = -+ = wp—j4x—1 = 0. Hence W =

O\---\NO\NI\NO\ ---\O\ wp—jyr \ wp—1], where 1 is in (n — j)th position. Now

we have WoAj—kpn + -+ Wp—jOn—kp + Wp—j+10k + -+ Wp—j1kQ1 = Gj—k ;- Hence
Qn—f;n + Wn—j+kG1 = aj—k ;, Which implies

Un—kn < Qj—kj (2)

Since T is onto, there is y € R™ such that Ty = U,Te,,, where 1 <t < n — k.

Since T strongly preserves <, and Ty <,7 Te,, we have y <,1 e,. Hence there is

an upper triangular substochastic Toeplitz matrix W = [wq \ - -+ \ w,—1] such that
y = We,. Consequently UpTe, =Ty =TWe,. We have:

k n Atn
D1 G Wn—j1 F Do gy 01, Wn—j41
k+1 ) n )
ijz aj—1Wn—j+1 + Zj:k+2 a2, Wn—j+1
. An—k,n
: ag
TWe, = | @Wkt1 + QW + -+ apW2 + An—knW1 | — : =UTe,
A WE + GWE—1 + - -+ + apwy
ai
: 0
aiwsz + aswq :
ajwi i
0
Since ajw; = 0 implies w; = 0 and ajws + asw; = 0 implies wy = 0, continuing
this process, we have w; = --- = wi—1 = 0. Now ajw; + aswy—1 + - -+ + apwi—p+1 +
Op—t+1,n—t+k+1Wi—k + -+ + Ap—t+1pw1 = a1. Hence w, = 1 and like the above
argument we conclude wyy1 = -+ = wipp—1 = 0. We have aywiyg +aowiqpp—1+ -+

AWl + Ont g1t 1 W+ At k41,0 W1 = Ak, HeNce ap ¢ py1n—t41 <
Gp—k.n. 1f we consider j =n —t 41, then

Aj—kyj < Gn—f,n- (3)
By inequalities (2) and (3) we have aj_i j = @n—gn, Vk+1 < j < n, and the proof
is completed. O
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