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A NOTE ON JA-AUTOMORPHISMS OF A FINITE p-GROUP

Rasoul Soleimani

Abstract. Let GG be a finite group. An automorphism « of G is called an I A-automor-
phism if z7'z® € G’ for all z € G. The set of all IA-automorphisms of G is denoted by
Aut®’ (G). A group G is called semicomplete if and only if AutG,(G) = Inn(G). In this
paper, we obtain certain results on a finite p-group to be semicomplete.

1. Introduction

Let G be a finite group and N a characteristic subgroup of G. Let a be an au-
tomorphism of G. If Ng® = Ng for all g in G, we shall say that « centralizes
G/N. We let Aut™(G) = Aut(G,N) denote the centralizer in Aut(G) of G/N.
Clearly Aut™(G) is a normal subgroup of Aut(G), the automorphism group of G,
and o € Aut’™(G) if and only if z~'2* € N for all z € G. The group AutG/(G)
have been studied by several authors, where G’ stands for the derived subgroup of
G, see for example [3,5,6,9,10,15-17]. Now let M be a normal subgroup of G. We
let Autys(G) denote the group of all automorphisms of G centralizing M. Moreover,
Auth}(G) = Auty (G, N) = Aut™ (G) N Autp(G). Tt is well-known that if G is a
finite p-group, then so is the group AutGl(G).

In this paper, we study closely the group Aut® (G) for a finite p-group G. In
Section 2 we give some basic results that are needed for the main results of the paper.
In Sections 3 and 4 we prove the main results of the paper and give necessary and
sufficient condition for a finite p-group G to be semicomplete when (G, Z(G)) is a
Camina pair and G’ is cyclic.

Throughout the paper all groups are assumed to be finite groups. We use standard
notation in group theory. In particular, we use the notation Hom(G, A) to denote the
group of homomorphisms of G into an abelian group A. A group G of order p™ is said
to be of maximal class if m > 2 and the nilpotency class of G is m—1. A p-group G is
said to be extraspecial if G’ = Z(G) = ®(G) is of order p. Also, a non-abelian group

2010 Mathematics Subject Classification: 20D45, 20D15
Keywords and phrases: Automorphism group; p-group; semicomplete group.

176



R. Soleimani 177

that has no non-trivial abelian direct factor is said to be purely non-abelian. Recall
that a group G is called an (internal) central product of its subgroups Gy, ..., G, if
G=G1...G, and [G;,Gj] =1 for all 1 <17 < j <n. In this situation, we shall write
G =G *...xG,. The terms of the lower central series and the upper central series
of a group G are respectively denoted as I';(G) and Z;(G). If « is an automorphism
of G and z is an element of G, we write % for the image of z under «. For a finite
group G, Q;(G), d(G), M(G), exp(G) and cl(G) respectively denote the subgroup of
G generated by its elements of order dividing p’, minimal number of generators, the
set of all maximal subgroups, the exponent and the nilpotency class of G. Also the
size of a finite group G is shown by |G|, o(x) for the order of z € G, C,, is the cyclic
group of order n and X3 for non-abelian p-group of order p? and exponent p, where
p is an odd prime. For s > 1, we use the notation G** for the iterated central product
defined by G** = G * G**~1 with G*! = G, where G is a finite p-group. We also
make the convention G*° = 1.

2. Some basic results

In this section, we give some known results which will be used in the rest of the paper.

An automorphism « of a group G is called central if z7'z* € Z(G) for all z € G.
The set of all central automorphisms of G is denoted by Aut?(G), where Z = Z(Q).
The following well-known results will be later used in the paper.

THEOREM 2.1. ( [2, Theorem 1]) For a finite purely non-abelian group G, there is a
1-1 correspondence between Hom (G, Z(G)) and Aut? (G), whence [Hom(G/G', Z(G))| =
|Aut? (@)].

LEMMA 2.2. ( [1, Lemma 2.1]) Let G be a finite group and N be a normal subgroup
of G such that G/N s abelian. Let G/N = (x1N) x...x{xgN), where x1,...,24 € G
and d=d(G/N). If uy,...,uq € Z(N) such that

(u)™ =" 1<i<d

[zi,uj]:[xj,ui] 1§Z<]§d
where n; = o(x;N), then the mapping x; — x;u;, 1 < i < d, can be extended to an
automorphism of G leaving N elementwise fized.

LEMMA 2.3. ( [17, Lemma 2.2] Let G be a group and M, N be normal subgroups of
G with N < M and Cy(M) < Z(G). Then Aut};(G) = Hom(G /M, Cx(M)).

3. Main results

In this section, we study the group Aut® (G) for a finite p-group G. For simplicity,
we let T'; = T';(G), for all 4.
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LEMMA 3.1. Let G be a finite nilpotent group. If o € AutGI(G) anda €Ty (i=1,...),
then a® = a (mod T';11).

Proof. The result is clearly true for ¢ = 1. Proceeding by induction on ¢, and assume
the validity of the lemma for some i. Let a € I';;;. Then a is a product of terms
b= [y, g], such that y € T; and g € G. Now

b* = [y*, %] = [yd, gzl (deTir,ze@)
= [y, 92]*[d, gz] = [y, gz)* (mod Tii2)
= ([, 21y, 91)" = [y, 2" [y, 9" = [y, 9]"*  (mod Tits)
= [y,9lly, 9], zd] = [y, 9] = b (mod Tiys),

and the lemma follows. O
THEOREM 3.2. Let G be a finite nilpotent group of class c. Then

(i) Aut® (G) = Aut& (G);

(it) Aut™(G) < Z(Aut® (G));

(i) AutG/(G)/AutF“(G) is isomorphic to the subgroup of automorphisms in
Aut®/Te(G)T,).

Proof. (i) Follows from Lemma 3.1.

To prove (i), take a € Aut'*(G) and 8 € Aut®’ (G). Then for g € G, g* = gd
and ¢® = gz, where d € T, and z € G'. Thus ¢*° = (gd)? = grd = gdr and
%% = (gx)® = gdx, by (i) and since Aut(G,T.) = Autg (G, T.). Hence aff = fa and
o € Z(Awt% (Q)).

(iii) Clearly o € Aut®’ (G) induces an automorphism @ in F%, defined by (gT'.)% =
g°T'.. It is easy to see that the mapping a — @ defines a homomorphism of AutG/(G)
into Aut(l%7 %) The kernel of this homomorphism is Aut'(G), for @ = T if and
only if g7tg® € T, for all g € G, which means that o € Aut(G,T.). 0

THEOREM 3.3. Let G be a finite nilpotent group. Then Cl(AutG/(G’)) =cl(G) — 1.

Proof. Suppose that cl(G) = ¢. We use induction on ¢. For ¢ = 1, it is clearly true.
Assume that the result holds for any finite nilpotent group of nilpotency class less

than c. Hence cl(Aut(l%, %/)) = cl(%) —1 < d(G) — 2. Since Inn(G) < Aut® (@),

(G) — 1 < c(Aut® (G)). Now by Theorem 3.2 (ii) and (iii) we have cl(G) — 2 <

’ u G’ u el ’
d(Aut (G)) — 1 = cl(Zéhjtic,((GC;))) < d(pmEry) < cd(Aut(E, &) < (@) - 2.

Consequently, cl(Aut® (G)) — 1 = cl(G) — 2 and cl(Aut® (G)) =cl(G) —1. O

COROLLARY 3.4. Let G be a finite p-group of order p™. Then G is of mazximal class
if and only if cl(Aut? (G)) =n — 2.
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THEOREM 3.5. Let G be a finite p-group of class c. Then Autg‘: (Teeq) = Inn(Teyq)
if and only if T is cyclic, where Z = Z(Te—_1).

Proof. By Lemma 2.3, Autl®(I'.;) = Hom(T'.—1/Z(Tc—1),T.). It is sufficient to
prove that exp(T'e—1/Z(T.—1)) < exp( ¢). Suppose that exp(F )=p*and g € Ty
such that 0(¢Z(Te_1)) = exp(Te1/Z(Te_1)). Now [¢P",z] = [g,z]?" = 1 for all
z €G. So g*" € Z(T'._1) and the proof is complete. 0
As an application of Theorem 3.5, we get the following corollary which is the same
as [17, Proposition 3.2].

COROLLARY 3.6. Let G be a finite p-group of class 2. Then Autg (G) = Inn(G) if
and only if G’ is cyclic, where Z = Z(G).

THEOREM 3.7. Let G be a finite p-group of class c. Then Autll:i (Tee1) =Inn(Te—q)
if and only if T is cyclic and Z(Te—q) = FCFc_lp", where |[Te| =p

Proof. Assume that T, is cyclic and of order p™. By Theorem 3.5, it is sufficient to
prove that Autgi (Tee1) = Autls(T._y), where Z = Z(T'._1). Let a € Autll:: (Teo1)
and z € T._;. We may write (zP")* = (zd)?" = 2P" with d € T, which shows
that o fixes any element of Z(['._;), since Z(I'e_q) = ITe1P". Consequently
Aut?i (Tee1) = Auty (T q) = Inn(T,_y).

Conversely, suppose that Autlrﬂz (Te—1) = Inn(T'.—1). By Theorem 3.5, I, is cyclic.
Since T, < TTe 1P < Z(Te 1) < Te_q, it follows that

Inn(T_1) 2Hom(Te_1/Z(T_1),T) — Hom(T'o_1/(T.T"" ), T,)
—Hom(T'.—1/T¢,Te) = Autp, (T'e—1,T) = Inn(Te—q).

Therefore Hom(T'.— /(T FIC) 1),Te) = Inn(T.—1), which gives |FC_1/(FCF‘ZL)| =
ITe_1/Z(Te_1)|. So Z(Lo—y) =Tle1P", as required. U
S. Singh, D. Gumber, and H. Kalra [15] gave a necessary and sufficient condition
on a finite p-group to be semicomplete. Our next corollary, which is a particular

case of Theorem 3.7, gives an another interpretation of this result. This corollary
is [17, Theorem 3.3].

COROLLARY 3.8. Let G be a finite p-group of class 2. Then Aut® (G) = Inn(G) if
and only if G is cyclic and Z(G) = G'GP", where |G'| = p"

We now give an alternative proof for [15, Corollary 2.4].

COROLLARY 3.9. Let G be a 2-generated finite nilpotent group of class 2. Then any
I A-automorphism of G is an inner automorphism.

Proof. Suppose that G = {(a,b). Then G’ = ([a,b]?|g € G) = ([a,b]) and so G’ is
cyclic. Since G is a nilpotent group, G = P; X ... X P,, where P; is the Sylow p;-
subgroup of G, for i = 1,...,n. Thus G’ = P/, Inn(G) = Inn(P) and by Lemma 2.3,
At (G) = Aut™ (P) x ... x Aut?™(P,) = Aut™ (P,) = Hom(Py/ P}, P}) for some
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1 < k < n. Next by [5, Theorem 3.2], |Aut® (G)| = |G’|? and so |[Aut’* (Py)| = | P2
Now since P}, < Z(Py), by [ [14], Lemma 0.4], if exp(Py/Z(Py)) = p™ = exp(P},), then
Py /Z(Py) has the form Cpm x Cpm x A for some (possibly trivial) abelian p-group A. So
by Lemma 2.3, |Aut;’“ (Py)| = [Hom(Py/Z(Py), P)| > |P}|?, where Z = Z(Py). Thus
AutP (P) = Aut?“ (Py), which together with Corollary 3.6 completes the proof. [

4. Groups G such that (G, Z(G)) is a Camina pair

Camina groups were introduced by A.R. Camina in [4] and were studied in past (see
for example [11-13]). Let G be a finite group and N be non-trivial proper normal
subgroup of G. Then (G, N) is called a Camina pair if tN C 2 for all z € G — N,
where ¢ denotes the conjugacy class of z in G. It follows that (G, N) is a Camina
pair if and only if N C [z, G] for all x € G — N, where [z, G] = {[z, g]lg € G}.

In this section, we give necessary and sufficient condition for a finite p-group G
to be semicomplete when (G, Z(G)) is a Camina pair and G’ is cyclic. We start with
some results of I.D. Macdonald.

LEMMA 4.1. ( [12, Lemma 2.1]) Let (G, H) be a Camina pair and G have class c.
Then H=T,(G) and H = Z._,11(G) for some r satisfying 1 <r < c.

THEOREM 4.2. ( [12, Theorem 2.2]) Let (G, H) be a Camina pair, H = Z(G), and
G have class ¢. Then Z,(G)/Z,_1(G) has exponent p whenever 1 <r < c.

THEOREM 4.3. Let G be a finite p-group such that G’ is cyclic and (G,Z(G)) is
a Camina pair. Then Aut (G) = Inn(G) if and only if G is an extraspecial p-
group or G is isomorphic to a central product A % X;?, for some s > 0, p is an
odd prime and A is a 2-generator subgroup which is either a metacyclic group or
A = (a)(b){c), [a,c] = [b,c] = 1,]a,b] = cb?", where k > 1.

Proof. Let (G, Z(G)) be a Camina pair and o € Aut?(G), where Z = Z(G). Since
Z(G) <G, ZZQ((C%) = AutZ(G) NInn(G) = AutZ(G) and so by Theorem 4.2, AutZ(G)
is elementary abelian. Now Z(G) < Z(M) and Cq(M) = Z(M), for all M € M(G) [7,
Remark 2]. Assume that |G/®(G)| = p' and |Z(G)| = p". By [18, Theorem 3.1],
d(Z»(G)/Z(G)) = d(G). Since G is purely non-abelian, we have p* = |[Aut?(G)| =
Hom(G/G', Z(G))| = p™, by Theorem 2.1. Whence r = 1 and Z(G) = C,. If
G/Z(G) be an abelian then by Corollary 3.8, G’ = Z(G) = ®(G) = C), and hence G
is extraspecial. So we may assume that G/Z(G) is not abelian.

We first assume that p > 2. Then by the main theorem of [8], we may write
G = Ay %Ay x...x A, x B, where B is an abelian subgroup, Ay, 4s,..., A, are 2-
generator subgroups, and the classes of As,..., A, are equal to 2. Now G = A %
Agx...x Ay, since B < Z(G) < ®(G). Next for 2 <i <n, (A;, Z(A;)) is a Camina
pair since ©Z(4;) = ©Z(G) C 29 = 2414 = 24 for all x € A; — Z(A;). Thus
Al =Z(A;) = Z(G) 2 C, and A; is an extraspecial p-group of order p* and exponent
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p, where 2 < ¢ < n. So by the theorem mentioned earlier, it follows that G & A*X;;;"',
where s > 0 and A is a 2-generator subgroup which is either a metacyclic group or
A= (a)()(c), Ja, ] = [b,c] = 1,[a,b] = cbP" k> 1.

Suppose next that p = 2. First we show that Z(M) < Z3(G), for all M € M(G). Let
M e M(G),g € G\ M and z € Z(M) \ Z(G). Since g*> € M, [z,G] = [z, M{g)] =
{[z,¢%|0 < i < 2}. By assumption Z(G) C [z,G] and |Z(G)| = 2. Consequently
Z(G) = [#,G] and so & € Z3(G). Next let z € Z3(G) \ Z(G). It follows that
M = Cg(z) is a maximal subgroup of G, since |Cg(z)| = |G|/|[z, G]| = |G|/2. Let
(Z2(GYNG")/Z(G) = (t) and M = Ci(t), where t € Zo(G)NG’ and ¢ = tZ(G). Then
M € M(G) and if g € G\ M, it follows that [t,g] € Z(G). Hence (gt)? = ¢g*t*[t,g] =
g%, since o(t) = 4 and [t, g] = t?. Now since t € Z(M), the map « sending g ++ gt and
m +— m, for all m € M, can be extended to an automorphism of G by Lemma 2.2,
which is an automorphism lying in Aut? (G). So that « is an inner automorphism of
G induced by an element x5 in G. It follows that xp € Cq(M) = Z(M) < Z3(G).
This means that t = g~ 1g® = [g, 2] € Z(G), which is impossible.

Conversely, if G is an extraspecial p-group then by Lemma 2.3, Aut® (G) =
Hom(G/G',G") = Inn(G), and so G is semicomplete. Next let G = A« X3, for
some s > 0 and p > 2. Then by Theorem 3.2.(i), Lemma 4.1 and [6, Theorem 3],
Aut® (G) = Autg’z(G) = Aut$ (@) = Inn(G), which completes the proof. O
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