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TEOPEMA JINYBMJIJISL O KOH®POPMHBIX OTOBPAKEHUN AX
OBJIACTE MHOTOMEPHOT'O EBKJINJIOBA 1
IICEBAOEBKJINTOBA ITPOCTPAHCTBA

Buiagnvmup AuronoBuu 3opuyu

Awnoranusa. Kaxapiii, KT0 mpocaymag Kypc KOMIIJIEKCHOTO AHAIN3a, 3HAET TEOPEMY
Pumana o koHdOpMHOM 0TOOpaKEHUN, CBUIETEILCTBYIONLYIO 0 KOHMOPMHOM rudKoCcTH 0612~
creit gByMepHOR 1w10ckoctu (1 BOOGIEe AByMEpHON mosBepxHoctu). B ormaue or miockoro
ciydast, 00JIaCTH TPOCTPAHCTBA DOJIBINEH PA3MEPHOCTH OKA3LIBAIOTCS B OTIPEIEIEHHOM CMBbI-
cie koHDOpMHO xkécTKIME. 06 9TOM TOBOPHT OHA (MEHee MOMyJIIpHast) TeopeMa JInyBuJLs,
OTKPBITasl TIOYTHU OJHOBPEMEHHO C YIOMSHYTOM Teopemon Pumana. Mbl mpuBomM 3/1€Ch OTHO
13 BO3MOXKHBIX JI0OKA3aTE/IHLCTB 3TOM TEOPEMBbI, JOIOJIHEHHOE COBPEMEeHHO O6ubmorpadueii,
CoZlepKaIel Apyrue MOAX0Abl K 9TONM TeopeMe, a TAKKe €€ yCUIEeHUS U PA3BUTHS.

1. /IBa BBOJIHBIX CJIOBa

Korna roroBujioch mepBoe W3manue CTaBIei MMpOKO u3BecTHo Kuurn b. A. Jlybpo-
BuH, C. I1. HoBukos, A. T. ®omenko, «CoBpemennas reomerpusi», Cepreit IlerpoBud
Horukos mompocust MeHs JIJTst 9TOM KHUXKKHU COOOIIUTH T0KA3ATETHCTBO KIACCHIECKOM,
HO HE OYEHb INMUPOKO HM3BECTHOW, Teopembl JImyBmiiisi 0 KOH(OPMHON KECTKOCTH
obJiacTeil IPOCTPAHCTBA PA3ZMEPHOCTH BBIMIE JABYX. Zl HPEJIOKMII JTOKA3ATEIbCTBO
HeBaHIMHHBI, KOTOPOE ¢ HEKOTOPHIMU JOOABICHUSAMU OYIET W3JI0KEHO HUKE. ABTODDI
«CoBpeMeHHOW TeOMeTpuu» aJANTHPOBAIN ITO JT0KA3ATEIbCTBO K KOOPIWHATHOMY
CTUJIIO M3JIOXKeHWUsl, puHaTOoMy B KHure. Heckosibko Gosiee abcrpakTaoe (M HE Ipu-
BsI3aHHOE K KOODJIMHATAM) MCXOJIHOE JI0Ka3aTesbcTBO HeBaHIMHHBI, HABEPHOE, BbI-
6UBAIOCH ObI M3 KOHTEKCTA, HO OHO, KAK CMOYKET YBHUJETh YUTATENb, UMEET CBOU
JOCTOMHCTBA. [lOMMMO TOrO, UTO HOKA3ATEIHCTBO B KAKOM-TO CMBICTIE ABTOHOMHO
(He Tpebyer OTCHIIKY K MPEIBAPUTEIHHO MOATOTOBIEHHBIM CYIIECTBEHHBIM M€OMETPU-
YECKUM TIOHATHAM U (paKTaM), B HEM UJIEHHAs CTOPOHA HE OCJIOXKHEHA T€M, 94TO [OPOil
ObIBaeT B F€OMETPUYECKUX KHHUTAX, KOTJA TEKCT HAIPYZKEH WHIEKCAMHU KOOPIHUHAT, 33
KOTOPBIMU YUTATEIH TOXKE JOJKEH BHUMATEIBHO CJIEIUTD.
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N emé onuo mebombinoe BocmomuHaHme. OTHAXKIBI Y MEHsT OBbLIA JIEKIIUAS B yHU-
Bepcurere [loaropuiibl, BO BpeMsi KOTOPOW § KaK-TO YIOMSHYJ Teopemy JlmyBusis
0 KOH(OPMHOHA KécTKocTH npocrpancrs. OOuH U3 ciyliaresed, IOMHIO, OYeHb Ha-
CTOMYMBO IIPOCUJI PACCKa3aTh TEOPeMy IIOAPOOHO M C AoKasarejabCcrBoM. Torma 110
9TOrO JIeJIO HE JOLLIO, IIOCKOJbKO Pa3sroBop ObLI COBCEM O JAPYLrOM. 3aro ceidac,
MPOCMOTPEB M3JIOKEHHOE HUKE, U TOT CJYIIATeIb, W, BO3MOYXKHO, KTO-TO JIPYTOil, HO
TAKOM Ke JTI0003HATEIbHBIN, CMOT'YT MOJIYIUTh HE TOJIBKO CAMO JI0KA3ATEIHCTBO, HO U
U3BECTHYIO MHE JIUTEPATYPY HA 3Ty TeMy (IIePBOMCTOYHUKY ¥ COBPEMEHHOE DA3BUTHUE),
KOTOPOIO s TTOCTAPAJICs cOOpaTh B OubInorpadum.

2. Omnpenenenne KOHMOPMHBIX NPeobpPa30BaHUN METPUKU

B Gusuke JjiokanbHbIN (MECTHBIN) BHIOOP MACHITA0OB €CTh CHEIUAbHBIA BUJ KaJIu-
OGpoBOYHBIX MpeobpasoBanuil. B reoMeTpun OHU U3BECTHBI 10/, UMEHEM KOH(MODPMHbBIX
IpeodPA3OBAHUN METPHUKH.

Hamomunym, uro orobpazkenue f: (X, g) — (X, §) 0IHOr0 puMaHOBa MHOTOOGDA3HS
B IPYrO€ HA3BIBACTCA KOHPHOPMHDLM, €CITH OHO COXPAHAET YIVIbI, UJIH, YTO TO JKE CAMOe,
ecJii OHO JIOKaJIbHO (Ha ypoBHe auddepeniuaa) saBisgercs romorerueil (1oxobuem).
AnanuTruecku 3TO MOXKHO 3alUCAThL B CIEGIYIOIINX KBUBAJEHTHBIX (opmax (Tie
i = f(2)):

(1) d3(z) = AMx)ds(x) — 3aBucsIee OT TOUYKW, HO He 3aBHCSIINEE OT HATTPAB-
JieHusi (M30TPOIHOE) W3MEeHeHne maciiraba B Touke B A(z) pa3 (roMorerws win
JUJIaTalsd KacaTeIbHOrO MPOCTPAHCTBA);

(i4) §(%) = N3(x)g(z) wmm, Tounee, (f*g)(z) = A%(z)g(x), rae, kak u BbiIe,
g M § — METpUIECKNEe TEH30PBbI TPOCTPAHCTB X U X COOTBETCTBEHHO, a f*§ — 3amuch
J B z-KoopauHarax (mepeHoc § B npocTpancTso X );

(#i1) (f'(x)&, f'(z)n)g = A(x)(€,m) g, Tae £, 1 — NPOM3BOIBHBIE BEKTOPBI Kaca-
resibHOro npocranrcesa 1T, X, a f'(x) — kacarenbuoe orobpaxkenue (auddepennuan f)
B TOYKE .

OTH 3KBUBAJECHTHBIE MEXKIy COOON 3allCH OIpEeNeIeHAs KOH(MOPMHOCTH METPUK
U OTOOpazKeHUil IPUMEHUMbBL U B CJlydae IICEBJOPHMMAHOBLIX METPUK U IPOCTPAHCTB
(ranpumep, aust merpukun MUHKOBCKOTO).

3. HeKOTOpI)Ie 3aMevYaHnd 1 HallOMMWHaHUuA

3.1 Auarebpa

Ornocurensuo 060t Guuueiinoit ¢popmer B(z,y) (nomumo toro, uro B(z,z) =
A2 (x,z) Breuer B(z,y) = A\*(r,y)) nanomuum eme, uto eciu (z,y) = 0 Bieder
B(z,y) =0, To B(x,y) = o(z,y). T.e. ecim dopma B obpaiaercsi B HyJIb Ha OPTO-
TOHAJILHBIX BEKTOPAX, TO OHA MPOMOPINOHAIBHA, CKAJIIPHOMY TPOU3BEIECHUIO.
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3.2 Anaaus

HamomuuM TpuBBIYHBIE JJIs COBPEMEHHOTO aHaiu3a auddepeHnalbHbe COOTHOIIEHWST
B €BKJIHJIOBOM IIPOCTPAHCTBE, KOTOPBHIMU MbI BOCIOIB3YEMCS HIXKE [TPHU TOKA3ATETbCTRE
OCHOBHOUW T€OPEMBI:
! . 1! . . " .

fi(@)§ = Def(x); [ (2)(§n) = DeDnf(x);  f7(2)(&n,C) = DeDp D f(x).
CrneBa crogar 3uadvenus quddepennnaios f mepBoro, BTOPOTO U TPETHETO TOPSIIKOB B
TOUYKe & Ha BEKTOpax &, 7, ( KACATEIHHOTO MPOCTPAHCTBA B ITOW TOYKE, & CIIPABA ITH
JKe 3HAYEHUS BBIUUCICHBI TOCIEI0BATETHBIM TudpepeHnupoBanmeM oToOpaxKenus f
[0 YKA3aHHBIM BEKTOPAM.

Ob6e dacTu 9TUX PABEHCTB CUMMETPUYIHBI OTHOCUTEJBHO MOPSI/IKA CJAEIOBAHUS BE-
KTOPOB.

Ecnu e; — eAMHAYHBIA BEKTOP, TO m03B0IuM cebe BMecto D, f(x) = f'(x)e; nucars
KopoTkO fi(x), a Bmecto D, D, f(x) macats fi;(x) n .11

3.3 KomMeHTapuii m uctopud

KondopmubIX OoTOOpazkeHnit ABYyMEPHBIX MMOBepxHocTelr MHOro. Hampumep, Tio0bre
JIByMEPHBIE PUMAHOBbI [IPOCTPAHCTBA JIOKAJIbHO KOH(POPMHO SKBUBAJIEHTHBI. JTO 110~
3BOJISET BBOJUTH HA HUX KOH(DOPMHO-€BKJIUIOBBI (M30TEPMUIECKUE) KOOPIUHATHI, B
KOTOpbIX MeTpuka umeer Bui A2 (z, y)(dz? + dy?).

B 1851 rogy Puman mokazas, 94To BOOOIIE JTI00ast OTHOCBI3HASA 00JIACTh Ha TLIO0-
CKOCTH, OTJIMYHAS OT CAMOH IIJIOCKOCTH, JOIYyCKAeT KOH(MOpMHOe OTOOpazKeHue Ha
KAHOHUYECKYIO0 001aCTh — KPYT.

IToutn Torma xe, B 1850 roxy, JImyBuIIL OOHAPY KU KOHMOPMHYIO KECTKOCTH
obJracTell MPOCTPAHCTB, MOKA3aB, YTO B BBICIITUX PA3MEPHOCTSIX HET APYTruX KOH(MOP-
MHBIX OTOOparKeHH N, KpoMe “IpOoOHO-THHEAHBIX | KOMIIO3UIIMH IIEPEHEeCOB, TOBOPOTOB,
romoreruil (JuiIaTanuil) 1 MHBEPCHIA.

4. Teopema JImyBusaga

Joboe xondopmmroe omobpasicernue mexncdy 0baacmamu esxkAudosa (usu ncesdoeskiu-
006a) NPocMPancmMea PasmMepHocmU N > 3 eCmb KOMNO3UUUL 08UNHCEHUN (USOMEMPUL,)
U 20MOMEMUL UAY UHBEPCUL.

Mgl foKazkeM TeopeMy JIMyBH/IIA A7 DIaakux orobpaxkenmit (kmacca C'4) B
IpOCTPAHCTBE JII000M (B TOM uuc/e u 6ECKOHEYHOI) pa3MepHocTu n > 3.

a) Iycrb f — naunnoe orobpazkenue. [Iposepum cHavasa, 4To g 060N HAPHI
OPTOHOPMUPOBAHHBIX BEKTOPOB €;, €5, BEKTOD f;;(x) B M1000# TOUKe T JIEKUT B ILJIO-
ckocru BekTopos f;(x), f;(x).

Beuny koudopmuOCTH 0TOOpaXkeHus f HAM JOCTATOYHO, B3sIB €IMHUYHBIA BEKTOD
€), OPTOTOHAJILHBIN €; W €;, TIOKa3aTh, YTO BEKTOP f;; OPTOTOHAJNEH BEKTOPY fr =

f'(z)ey.
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IIpornddepennnposas paBeHcTBO (f;, f;) = 0 MO BEKTOPY €, MOLYINM

(fir, [3) + (fis fir) = 0.
Beuay paBHONpPABHOCTH WHIEKCOB i, j, k, UX IMUKJIUIECKON MEPECTAHOBKON TOIYYUM
erie /iBa Takue paBeHcTBa. CKIIAIbIBas JIBA PABEHCTBA W BBIYUTAS TPETHE, HAMIEM, 9TO
(fij» fx) = 0, 7.e. meiictBuTenBHO f;j = pf; + v [}, nae BeKTOpH f;, f; OPTOTOHAIBHE,
w=(fij, i)/ (fis fi) v = (fig, [3) ) {Fis £i)-
b) Ilycts A?(x) = (f;, f;)(z). B cuny kondopmuoctu f BepHo Takike, 4to A2 =
(fj, f;). B sTux obo3HarteHnsax
fij = )\T\in + %fjv
rae (mo morosoperoctn) A, = N (x)e;, Aj = N (x)e;.
¢) Ecom nonoxkuts p = A\7!, To HaiizenHoe pasioxkenue fi; MEpENuIIeTcs B BHIE
pfij + pifi + pif; = 0. OTciona BBITEKaET, 9TO
(pf)iz = pisf + pfij + pifi+ pifi = pisf w (pfijk = pijfe + pijrf-
IMocienuee paBeHcTBO O3HAYAET, YTO BEIMYUHA Pjj [, CUMMETPUYHA OTHOCHTE/ILHO
i,7,k. Ho BexkTopm f;, f;, fx He konnumHeapHel, 3HaUUT p;; = 0 J1a m1000# mapbI
OPTOHOPMUPOBAHHBLIX BEKTOPOB €;, €.
d) Cneposarensno p"(x)(&,m) = o(x)(&,n) u p"(x)(§,n,¢) = Dco(x)(&,n), rae
Ternepb ykKe MPOu3BOJIbHbIE BEKTOPHI &, 1, ( € T, R™ MOXKHO MEHSTH MECTaMHu.
Bnaunt (D¢, 0(x))& = (D¢,0(x))&1 Anst 00X, B TOM YHCIE W He KOJUTHHEAPHBIX,
BeKTOpOB &1,&y € T, R™.
9TO BO3MOKHO TONBKO, ecnu Deo(x) = 0 mns moboro sBekropa § € T, R™.
[Momywaercs, aro o(x) = const, u 3HAUUT p;; = 00;;, e 0;; = 0 mpu ¢ # j u
0jj = 1lmpm i =j.
e) Takum obpasom, dbyukius p(z) UMeeT OUeHb ONPEIEIeHHbII B
p(x) = a1 (x — 2o, — o) + by.
Te ke coobparkenus, IPUMEHEHHBIE K 0OpATHOMY OTOOpAarKEHHUI0, JTA0T
Az) = az(y — Yo,y — Yo) + bz, e x = f~'(y).
f) Hockonbky pA = 1, nosyvaercs, uro orobpazkenue [ yaoBJIeTBOpsieT ajredpa-
HYIECKOMY COOTHOIIEHUTO
(a1] — zol* +b1)(azly — yo|* +b2) =1,
o3HauaoIemy, 9ro f mpeobpasyer cdepnl B chepbl.
[Ipumensisa, ecim HAIO0, BCIOMOTATENbHbBIE CABUTH, MOYKHO CUATATh, 9T0 Tg = 0,
Yo = 0, T.€. (a1|z|2 + bl)(a2|y|2 + bg) =1.
g) Beuuy kondopmuocru orobpazxenus f, ryuu, OproroHaibubie chepam ¢ LeHTPOM
xo = 0, mpeobpas3yroTcst B JIyYn, OPTOTOHAIILHBIE cepaM ¢ TeHTpoM Yo = 0.
[ockobky |dy| = Az)|dz| = p~!(x)|dx|, To BIONL 3THX Jydeit ¢ TOYHOCTIO /O
aJTUTUBHON IMOCTOSSHHOI UMEeM

|| dr
] = / —
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®yuxnus |y| anreSpandecKu 3aBUCHUT OT ||, HOITOMY B IIOC/IEAHEM HHTErPAJIe TOZKHO
ourh a; = 0, b0 by = 0.
h) Urak, B ucxounom, orpevaroiiem KoHdopMHOCTU 0TOOpazKeHus [ paBeHCTBE

—1 1
|dy| = A(z)|dz|, Bo3MoOkHO 7M6O A(2) = by *, MH6O A(z) = PR
B nmepBom ciydae mocie BCIIOMOTATETHHOW TOMOTETHH ¢ KO3(uinmenTom by MbI
MPUXOINM K M30METPHUYECKOMY O0TOOparkKeHWIo MpocTpaHcTea (Korma |dy| = |dz|).

Bo BropoMm ciiyuae MbI CHOBA MPUXOAUM K JABUKEHHUIO MPOCTPAHTBA IOCIE BCIIO-

MOraTeJIbHON NHBEPCHH &1;) .
;

Teopema mokazaHa.
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LIOUVILLE THEOREM ON CONFORMAL MAPPINGS OF DOMAINS IN
MULTIDIMENSIONAL EUCLIDEAN AND PSEUDOEUCLIDEAN SPACES

Vladimir Antonovich Zorich

Abstract. Everybody who attended a course in complex analysis, knows Riemann The-
orem on conformal mappings, demonstrating conformal flexibility of domains in the two-
dimensional plane (more generally, in a two-dimensional surface). In contrast to the plane
case, domains in spaces of dimension greater than two are conformally rigid. This is the
content of a (less popular) Liouville theorem, which appeared almost in the same time as
the mentioned Riemann theorem. Here we present one of the possible proofs of this theo-
rem together with a contemporary bibliography containing new approaches to this theorem
together with its generalizations and extensions.
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