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FILTERED LAGRANGIAN FLOER HOMOLOGY OF PRODUCT
MANIFOLDS

Jovana Nikolié

Abstract. In this note we construct a commutative diagram in filtered Lagrangian
Floer homology that involves a product of certain Lagrangian submanifolds. As a corol-
lary, we prove the Kiinneth formula for Lagrangian Floer homology. We also prove that
the Kiinneth formula for Lagrangian Floer homology lifts through a Lagrangian type of
Piunikhin-Salamon-Schwarz map to the Kiinneth formula for Morse homology.

1. Introduction

Floer [5] introduced Lagrangian Floer homology as an infinite dimensional version of
Morse homology. He used this theory to prove the Arnol’d conjecture. This homology
was further developed by Oh in [18] and Fukaya, Oh, Ohta and Ono [6,7] in a very gen-
eral situation. It is well known that, in the case when it is defined, Lagrangian Floer
homology neither depends on the choice of a Hamiltonian nor of a compatible almost
complex structure. The existence of the action functional allows us to define filtered
Lagrangian Floer homology as a homology of an appropriate (filtered) subcomplex.
However, this homology does depend on the choice of a Hamiltonian. Filtered ho-
mology plays an important role in the study of Hamiltonian spectral invariants (see
[4,13,15,18,19,23]).

The Kiinneth formula is a well known and useful algebraic tool. Here, we prove
this formula in the Lagrangian Floer homology context (we work with Zs coefficients)
as a corollary of our main theorem. Our proof is rather elementary. The existence of
an appropriate commutative diagram between the chain maps (see Theorem 1.3) and
the direct limit as our parameters tend to infinity gives us the Kiinneth formula in
Lagrangian Floer homology. This formula was also proved by Li [16] in the monotone
case and by Amorim [2] in the more general Fukaya-Oh-Ohta-Ono setup. Both of
them, Li and Amorim, used the framework of spectral sequences.
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Before stating the main result we define the class of Lagrangian submanifolds we
are considering in this paper.

DEFINITION 1.1. Let (M,wps) be a closed symplectic manifold and let Ly; be a
closed Lagrangian submanifold of M. We say that Lj,; is relatively symplectically
aspherical if

[WMHTQ(M,LM) = 0’ :LLLM|7T2(M,LM) = 07 (1)
where pr,,, is the Maslov class.

One very nice example of a relatively symplectically aspherical submanifold is the
subtorus L = T* x {0} of the torus T?*. In this case (1) holds since 72 (T?*, L) = 0.
More examples of such submanifolds can be derived using the plumbing construction
(see [24]).

REMARK 1.2. All our statements also hold in the monotone case. We say that a
Lagrangian submanifold is monotone if it satisfies [wWas]|r, (3,0 ) = THL s 7o (0, 14p) fOT
some positive constant 7. In that case the PSS map (see Section 4 for the definition)
is only a homomorphism in general. For the sake of brevity, we use the stronger
assumption (1).

Throughout this paper we assume that Ly; C M and Ly C N are relatively
symplectically aspherical submanifolds of closed symplectic manifolds (M,wys) and
(N,wn). Their product L := Lj; X Ly is a relatively symplectically aspherical
submanifold of (P = M x N,wy; ®wn) (see Subsection 2.4 for the precise definition).

Let H : M x [0,1] — R be a smooth Hamiltonian such that the intersection
Ly Nk (L) is transversal. The first condition in (1) gives us a well defined action
functional (see Subsection 2.1). The latter provides a filtration on the Floer homol-
ogy for Lagrangian intersections, C'F(=°%) (L, %, (L)) (see Subsection 2.2). We
also pick a smooth time-dependent Hamiltonian K on the manifold N such that the
intersection Ly N ¢k (Ly) is transverse.

The following theorem is the main result of this paper.

THEOREM 1.3. For all a,b € R there exists a commutative diagram

a

_ _ wa:b _
Dy omp CFT (Lng, bk (Lag)) ® CFST P (Liy, ¢k (L)) == CFS™ T (L, ¢ 0 1o (L))

&}a@il}\}gl //q)aer,a,E ,L%+b.’d+5i (2)
oo.d oz wab =
Bramp CFST P Ly, ¢k (Lar) ® CPET P (L, ¢k (L)) — CES % (L, k0 o (L)),

where @ > max{a,a + b — min Crit Ak} and b > max{b,a + b — min Crit Ay }. The
vertical arrows are inclusions of chain complexes and the maps ¥~ and ®» are chain
maps.

We provide explicit definitions of the maps ¥~ and &~ in Section 3 and prove
Theorem 1.3 therein. The existence of the commutative diagram (2) is potentially
important in the theory of spectral invariants.
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Since ¥ and ® are chain maps there is a commutative diagram in homology

\p‘j’b
H, [CF“(LM) ® CFb(LN)} ——> HF?*"(L)

(17v}a®111)\?g)*l $a+0,3,0 lltlljtb,a‘*’g
~ "'g ~
H, [CFE(LM) ® CFb(LN)} ——> HF;™"(L).

* Q1

For brevity, we use the notation C'F?(Ly) instead of CF(=%®) (L, ¢ (Lyr)) and

HF(L) instead of HEy ™" (L, ¢}z 1 (L)). Taking the direct limit as a — +o0
and b — 400 we obtain the diagram

Wy
lim——— lim—— H, [CF“(LM) ® CF”(LN)] — > HF,(L, ¢}px (L))

= | |~ i

=

Dy =~

/

_ ~ Wy
limz——— lim—— H, [CFE(LM) ® CFb(LN)] — > HF,(L, ¢}y (L))
—+oo

a—+oo

Since we work with Zs coefficients and our homology groups are finite dimensional
vector spaces the direct limit commutes with homology. For parameters a and b big
enough the vertical arrows are therefore induced by the identity and so in homology
they are isomorphisms. Thus, the diagonal arrow is an isomorphism, as well as \Iff.f’b,
for a and b big enough. As a corollary of this commutative diagram we obtain the
Kiinneth formula for Lagrangian Floer homology.

COROLLARY 1.4. Let (M,wyr) and (N,wy) be closed symplectic manifolds and Ly C
M, Ly C N closed relatively symplectically aspherical Lagrangian submanifolds. For
generic Hamiltonians H € C*°(M x [0,1]) and K € C*(N x [0,1]) it holds

HFy(La % Ly, $ro (Lo x In)) = @) HF(Lar, ¢3(Lar)) @ HFo(Ly, ¢ (L))
r4+s=p

This isomorphism provides us some examples of non-displaceable Lagrangian sub-
manifolds.

DEFINITION 1.5. We say that a closed Lagrangian submanifold Ly, is displaceable if
there exists a Hamiltonian diffeomorphism ¢p : M — M such that LyNé g (L) = 0.

We know that the Floer homology of a displaceable Lagrangian submanifold equals
zero. Combining this with Corollary 1.4 we obtain non-displaceable Lagrangian sub-
manifolds.

COROLLARY 1.6. Given symplectic manifolds with Lagrangian submanifolds as in
Corollary 1.4, if Ly is not displaceable in M, then Lp; x Ly is not displaceable
i M x N.

Specially, the Lagrangian subtorus T* x {0} is not displaceable in T?*. It follows
because T' x {0} is not displaceable in T? (T' x {0} has non-vanishing Floer homology).
A commutative diagram similar to the one from Theorem 1.3 was obtained by
Oancea [17]. Oancea proved the Kiinneth formula for Floer homology for periodic



J. Nikoli¢ 225

Hamiltonian orbits for manifolds with restricted contact type boundary. The Kiinneth
formula was also discussed in [9)].

In general, Lagrangian Floer homology is not isomorphic to the singular homology
of the Lagrangian submanifold (or to Morse homology, which is isomorphic to the
singular one). In [1] Albers constructed, for certain degrees, homomorphisms between
these two homologies. He generalized the well known construction carrried out by
Piunikhin, Salamon and Schwarz [20] (see also [3,10-12] for other generalisations). We
recall the definition of Albers’ homomorphism (which we denote by PSS throughout
the rest of the paper) in Section 4. In our setup, the PSS homomorphisms are actually
isomorphisms. Using the direct sum of Morse functions Schwarz [22] proved the
Kiinneth formula for Morse homology (see Section 4 for details).

The next theorem states that the PSS isomorphism lifts the Kiinneth formula in
Morse homology to the Kiinneth formula in Lagrangian Floer homology.

THEOREM 1.7. There exists a commutative diagram
D, 4oy HF(Lar, ¢4 (Lar) ® HE (L, ¢k (Lx)) —— HF,(L, ¢}y (L))
TPSS,{JM epssiN Tzassf (3)
D, 1oy HM, (frr) ® HM. (fx) ———— > HM,(fas & ),

where PSS denotes the PSS isomorphism of the appropriate Lagrangian submanifold
and U, is an isomorphism of Kinneth type in Morse homology.

We prove this theorem in Section 4. Leclercq [14] proved the same statement but
in a different context. He proved that the PSS isomorphism agrees with the Kiinneth
formula in Floer homology of periodic orbits.

2. Definitions

Let H : M x [0,1] — R be a smooth Hamiltonian, and X g the corresponding Hamil-
tonian vector field, defined by wy (Xg,-) = —dH(").

Denote by ¢%; the family of symplectomorphisms, ¢ : M x [0, 1] — M, which rep-
resents the flow of the vector field Xp, £ 6% (2) = X (¢4 (x)), ¢4 = Id. Throughout
this paper we assume that Ly is transverse to ¢, (Lay).

We also pick an almost complex structure J* which is wy;—compatible, meaning
that was(-, JM+) defines Riemannian metric. In addition, the pair (H, JM) satisfies a
regularity condition. We say that a pair (H, J) is a regular pair if the linearization of
the perturbed Cauchy-Riemann operator at every holomorphic strip with Lagrangian
boundary condition is surjective (see [5]).

2.1 Action functional
Define the action functional Ag : Qo(M, Lys) — R on
Qo(M, Lar) := {y € C([0,1], M) | v(0),v(1) € L, [y] =0 € m (M, Ln)}
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as An) == [[ wws [ H 0.1 dt (1)

Here, an extension h is any map from the upper half-disc
h:DY ={z€C|lz|] £1,Imz >0} — M,

such that h(e™) = y(t) and h(t) € Ly for t € [—1,1]. Since [war]|ry(a,L,) = 0, the
first integral in (4) does not depend on the extension h.

2.2 (Filtered) Lagrangian Floer homology

The set of critical points of A, denoted by Crit Ay = {y € Qo(M, Ly) | 4= Xu(v)},
is in one-to-one correspondence with the set Ly Mgk (Las) (which is finite). The con-
dition piz,, [x,(a1,2,,) = 0 ensures that the relative Maslov index jur,,, () is well defined
for all x € Crit Ay (see [21] for details). For z,y € Crit Ay we form the moduli space
Isu + JM(9pu — X (u)) =0,
Mz, y; HyJM) =S u R x [0,1] — M | u(R x {0}),u(R x {1}) C Ly,
u(—o00,t) = z(t), u(4+o0,t) = y(t)

For a generic choice of the pair (H,JM) these moduli spaces are smooth mani-
folds of dimension ur,,(z) — pur,,(y) carrying a free R—action if z # y. We set
M(z,y; H, JM)[d] to be the union of the d—dimensional components. The moduli
space M\(x,y;H, JM)[d_l] = M(z,y; H, JM)[d] /R (modulo R-action) is compact if
d=1. If d =2 it is compact up to a simple breaking, i.e. it admits a compactifi-
cation (denoted by the same symbol) such that the boundary decomposes as follows
aﬂ(x,z;H, Iy = U ./\//\l(x,y;H, IM) o) % M\(y,z;H, JM )0, see [5] for details.
yeCrit Ay

The Floer complex CFy(Lys, ¢ (Las); H, JM) is generated over Zs by the set of

Hamiltonian chords (i.e. by the set of critical values of the action functional)
CFy(Las, 6% (Lag); Hy, JM) := Zo(x € Crit Ay | pur,, (z) = k).
The boundary operator 9 is defined on generators = € CFy(Lyy, ¢k (Lar); H, JM) by
d(zx) = > ﬂgﬂ(i,?ﬁH, JM)0) - y, where ﬁg/\//Y(az,y;H, JM )0 denotes the (mod 2)
y€Crit An

number of elements in M (z,y; H, JM )i0]- The Lagrangian Floer homology groups are
HF.(Lar, ¢y (Lar)) = Ho(CF(Las, ¢4 (Lar); H, JM),8). Floer homology does not
depend on a generic choice of compatible almost complex structure and it is invariant
under Hamiltonian perturbations, i.e. HF.(Lar, ¢k (Lar)) 2 HE(Lar, ¢ (Lar)) for
any two Hamiltonians H, H' as far as ¢k (Lys) and ¢l (L) are transverse to Lyy.

Since the action functional decreases along the perturbed holomorphic strips u €
M(z,y; H,JM), the differential O preserves the filtration given by Ay. Thus we can
define filtered Lagrangian Floer homology as

CF M (Lag, ¢k (L)) := Zo(x € Crit A | pu,, (2) = k, A () < A),
B)

A= 0| 4 m(— 000
: CF.” %" (L ¢y (L))’
HF N (Lag, ¢} (Lar)) = H (CFC=N (Lag, ¢4 (Lar)), 0).
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2.3 Morse homology

We only sketch the construction of the Morse homology and we refer to [22] for details.
Let X be a closed, smooth manifold and f : X — R a Morse function. For a critical
point p of f, ms(p) denotes its Morse index. We define the Morse chain complex as
the Zs-vector space generated by the set of critical points of f

CMy(f) = Zo(p|p € Crit(f), ms(p) = k).

It is graded by the Morse index of a critical point. The boundary operator is given by

om(p) = > n(p,q)q, where n(p,q) is the (mod 2) number of gradient trajectories
qeCM.(f)

v:R—= X, 4 =—=Vf(v), such that v(—o0) = p and y(+00) = g. Morse homology is

defined as the homology of the complex C'M, with respect to the boundary operator

Om HM.(f) = H(CM.(f),0n).

2.4 Product of symplectic manifolds

Let (M,wys) and (IV,wy) be closed symplectic manifolds and Ly, € M, Ly C N
its closed Lagrangian submanifolds. Suppose that the condition (1) holds for both
pairs (M, Lys) and (N, Ly). Denote by P:= M x N,and 71 : P - M, g : P > N
the corresponding projections. Then w(X,Y) = wps (M1 X, 1Y) + wn (72 X, m2,Y),
X)Y € TP 2 TM x TN, defines a symplectic form on P, usually denoted by
w=wp ®wy. It is obvious that L := Ly, x Ly is a closed Lagrangian submani-
fold of (P,w).

Let K be a time-dependent Hamiltonian function on N, X the corresponding
vector field and ¢k its flow. We can defined a time-dependent Hamiltonian function on
Pby (H®K)(z,y,t) = H(z,t)+ K(y,t). Its Hamiltonian vector field X yqx satisfies
Xrek(a,b) = (Xu(a), Xk (b)) € Tian P, for all a € M and b € N. Obviously, its
flow is G5 (4,5) = (Sl (a), 9l ().

If JV is an almost complex structure on N which is wy —compatible and (K, JV) is
aregular pair, then J(X,Y) := (JM(X), JN(Y)), is an w—compatible almost complex
structure on P and (H @ K, J) is a regular pair.

In Subsection 2.1 we saw that we can define the action functionals Ag on Qo (M, L)
and Ax on Qo(N, Ly). Since [w]|r,p,ry = 0 we can define Apgx on Qo(P, L), too.
Let us find the connection between these three functionals. Take z € Qo(M, L),
y € Qo(N, Ly) and define z(t) = (z(t),y(t)) € Qo(P, L). We know that

Anex(z) = //Di

:-/ h*w+/ (H(z(t),8) + K(y(t),1)) dt,
D2 0

h*w + /I(H ® K)(2(t),t) dt,
0

where h is any map from the upper half-disc ]D)i to P that restricts to z on the upper
half-circle. Denote by h, = 7 o h and h, = m3 0 h. We see that h, is a map from the
upper half-disc ID)?|r to M that restricts to = on the upper half-circle. The same holds
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for hy and y. For the 2-form h*w we compute
h*w(X, Y) = w(h*X, h*Y) = wM(m*h*X, Wl*h*Y) + OJN('/TQ*h*X7 Wg*h*Y)
= W (hes X, b Y) + WN (hys X, hyiY) = hpwn (X, Y) + hywn (X, Y).
Now,

Anex(z) = —//D h;wM—//DQ h;wN—i—/olH(x(t),t)dt—i—/olK(y(t),t) dt

= An(z) + Ak (y)- ()
The critical points of all three action functionals are related by 2(t) = (&(t), y(t)) =
(X (2), Xk (y) = Xnok(2), so
Crit Agox = Crit Ay x Crit Ag. (6)
If we denote by py the relative Maslov index of Hamiltonian chords on P it holds
pr(z) = pry () + pry (y), (see [21] for details). It also holds pr|x,(p,z) = 0, since
PLaslmo(M,La) = 0 and pipy ry(n,Ly) = 0. Therefore, L is a relatively simplectically
aspherical submanifold of P.

2.5 Product of chain complexes and the algebraic Kiinneth formula

Suppose we are given chain complexes of Abelian groups (C,9%) and (D, d”). Their
tensor product is defined with

(CeD),= P CiwDb;,
i+j=n
with differential operator given by d(c; ® d;) = 9%; @ d; + (=1)ic; ® 9Pd;, on
generators ¢; ® d; € C; ® D;. Since we work with chain complexes over Z, the factor
(—1) in the last formula can be omitted.

The Kiinneth Formula says that for every n there is a natural short exact sequence
0= @ (Hi(C)® H;(D)) » H\(C® D,0) —» P Tor(H;(C), H;(D)) -0
i+j=n i+j=n—1
and this sequence splits (see [8] for details). We are discussing here Floer homologies
over Zs so for any two Floer homologies we have Tor(HF,, HF,) = 0.

3. Commutative diagrams

In this section we prove Theorem 1.3. Given the relations (5) and (6), the definitions
of the maps ¥ and ® are rather straightforward.

By what we have seen in Section 2.4, we can define the map U®? on generators
v @y € CF > (Lar, o} (Lar) ® CFT" Ly, ¢ (L)), by ¥*0(z © ) = (2,y).
The following lemma states that W%? is a chain map.
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LEMMA 3.1. The following diagram commutes.
Brsams [CFTG(LM) ® CF.f(LN)] LA CFet (L)
Diysmp1 [CFf(LJ»I)) ® CFf(LN)] et CFoH (L),

Proof. Tt suffices to prove this property on generators z ® y:
(WP 0 d)(z@y) = V(O 'z @y +z©d"'y)

= \I/a’b [Z ﬁzﬂ(m, l'/)[o] -z

Ry+z® [ Y aMy,y)o -y
y/

= 0> oMo H T ) g’ @ y+ D e My y's K, TV g @)

Y
= Z ﬁZM\(xv x/; Ha J]\/I)[O] (il'/, y) + Z ﬁ?ﬂ(ya y/; K, JN)[O] (l’, yl) (8)
' €CF?_ y ECFY_,

On the other side

(P o U0 (2 @ y) = P (2, y) = Z ﬁg/T/l\(z, 2 H® K, J)qg -2, (9)

2 €CFI(L)

where z(t) = (x(t),y(t)).

If w e M(2,2;H @ K,J) is a holomorphic strip that connects z = (z,y) and
2/ = (2',y') then it splits into two holomorphic strips u! = 7 ou € M(x,2'; H, JM)
and u¥ = myou € M(y,y'; K,JV). And vice versa, if u”l € M(z,2’; H,J™) and
uf € M(y,y'; K, JV) then v = (uff,u®) € M(z,2/; H ® K,J). We conclude that
M(z,2 H® K, J) = M(z,2'; H JM) x M(y,y'; K, JV). We want to describe the
free R—action on the 1-dimensional components of the previous moduli space in order
to count the number of elements of the set M(z, 2'; H® K, J)[g). From the dimension
formula of product spaces we conclude that

M(z, 2" H @ K, D) =M(,2's H, T o) x M(y,y's K, TV )
UM(JJ,iC/; H, JM)[l] X M(yvyl;Kv JN)[O]
After dividing by the R—action we are only left with those strips w for which z = 2’
or y = y'. Since pr(z) — pr(2’) = 1, in the case when z = 2’ we get ur, (y') =
ML(Z/) 7HJLM(II) =p—-1l-r=s—-1
Similarly, in the case y = 3 we get ur,, (') =r — 1. So,
Z ﬁg./(/l\(z,z’;H@ K, J)jg -2 =
Z€CFITY(L)
Z ﬁZM(:Ev £L'/; Hv JM)[O] (x/a y) + Z ﬁQM(yv y/; K? JN)[O] (.’E, y/) (10)
@/ €CFo_, y'eCFY_,

From equations (8), (9) and (10) we get the commutativity of diagram (7). U
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The chain map ¥*? induces the map at the homology level
et H, [CF*(Ly) ® CF*(Ly)| — HESH(L).

It is obvious that after a direct limit as a,b — +oc the map ¥, = lim lim LV jad
STy Ty
a—+00 b—+o00

becomes U, ([z] ® [y]) = [(z,v)].

Let us define the map ®+@°. Take z € CF1§’°°’”1’)(L,¢}I®K(L)). Define
x=m oz, y = w0z We know that pr(z) = pr,, () + pury(y) = p, so z €
CF.(Ly,¢Y(Lar)) and y € CF4(Ly, ¢ (Ly)) for some r + s = p. Since Ag(z) +
Ak (y) < a+b and Ak (y) > min Crit Ak it follows Ay (z) < a+b—min Crit Ax < a.
Hence, z € CFT(_OO’E)(LM, ®Y,(Las)). In the same way one can show that y is in the
proper filtered complex. We define Q)a*b’a;g(z) = x ®y. The proof of the fact that
$a+b:ab i5 a chain map is similar to the proof of Lemma 3.1.

4. PSS isomorphism commutes with the Kiinneth formula

In this section we prove Theorem 1.7. First, we recall Albers’ construction of an
isomorphism between the Lagrangian Floer homology and the singular homology of
a Lagrangian submanifold (the so called PSS isomorphism).

Let gpr be a metric and fy; a Morse function on Ljs such that the pair (fas, gar)
is Morse-Smale. To p € Crit fj; and x € Crit Ay we associate a moduli space
Far H . (v, ) dsu + JM(atu —B(s)Xgou) =0,
pw ’ u(R x {0}),u(R x {1}) C Ly, ’
u(—!—oo,t) = J)(t), u(—oo,t) = 7(0)7
where V f; denotes gradient of fj; with respect to gy and §(s) is a smooth, increasing
function whose value is 0 for s < 1/2 and 1 for s > 1. The dimension of the manifold
MIH s my, (p) = iy, (). The morphism
PSS™: OMy(far) = CFr(Lar, o3 (Lar)),
defined on generators by
PSSM M (p) = Y oM,
zeCF},
induces an isomorphism PSSEM @ HM (Lys) — HFy(Lar, ¢4 (Lar)).
Now, we give a sketch of Schwarz’s construction of a Kiinneth type isomorphism in
Morse homology. Let fy and gy satisfy the same condition as fj; and gp;. We define a

Morse function fp;@fy on Ly XLy by (far®fn)(z,y) = far(z)+fn(y). Then clearly
Crity (fM @ fN) = U, s=p Crity(far) X Crits(fn). In [22] Schwarz proved that the map

U (CM.(fm) ®CM*(fN))p — OMy(far @ fn) ¥(a, @ ys) = (2,Ys), 7+ 5 = D,
defines a chain group isomorphism.
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We are left to prove Theorem 4. One composition in the diagram (3) is equal to
(Vo (PSS @ PSSEY)) (pl@la) = D (fMPE™ - g MPVE) - [(2,y)].
2€CF, (L), y€CF,(Ln)

Here [p] is an element of the homology group HM,(fyr) and [g] is an element of the
homology group HM;(fn). The other composition in the diagram (3) gives

(PSSEoT) (@) = . oM IO 1)
ZECF,a+5(L)
Since M{ySINIEE = M MPPK for 2 = (2,y) € CFrpa(L), we get the

commutativity of the diagram (3).
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