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MULTI-VALUED NONLINEAR MAPPINGS

J. N. Ezeora and R. C. Ogbonna

Abstract. Based on the recent important result of S. S. Chang, H. W. Joseph Lee, C.
K. Chan, L. Wang, L.J. Qin [Appl. Math. Comput. 219 (2013) 10416–10424], we study
in this article the split feasibility problem for a countable family of multi-valued κ−strictly
pseudo-contractive mappings and total asymptotically strict pseudo-contractive mappings in
infinite dimensional Hilbert spaces. The main results presented in this paper improve and
extend the aforementioned result.

1. Introduction

In this work, H will be used to denote a real Hilbert space and K will denote a subset
ofH. A mapping T : K → K is said to be (κ, {µn}, {εn}, φ)-total asymptotically strict
pseudo contractive, if there exists a constant κ ∈ [0, 1) and sequences {µn} ⊂ [0,∞),
{εn} ⊂ [0,∞) with µn → 0 and εn → 0 as n → ∞, and a continuous and strictly
increasing function φ : [0,∞)→ [0,∞) with φ(0) = 0 such that for all n ≥ 1, x, y ∈ K,
‖Tnx− Tny‖2 ≤ ‖x− y‖2 + k‖x− y − (Tnx− Tny)‖2 + µnφ(‖x− y‖) + εn (1)

Let (X, d) be a metric space and CB(X) be the family of all closed and bounded
subsets of X. Let H denote the Hausdorff metric induced by the metric d, then for all
A,B ∈ CB(X), H(A,B) = max{supa∈A d(a,B), supb∈B d(b, A)}, where d(a,B) :=
inf
b∈B

d(a, b).

Let T : D(T ) ⊆ H → CB(H) be a multi-valued mapping, a point x ∈ D(T ) is
called a fixed point of T if x ∈ Tx.

A multi-valued mapping T is said to be L-Lipschitzian if there exists L > 0 such
that H(Tx, Ty) ≤ L||x− y||, x, y ∈ D(T ). If L ∈ (0, 1), then T is called contraction,
while T is called nonexpansive for L = 1.
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T is said to be

(i) quasi-nonexpansive if F (T ) 6= ∅ and H(Tx, Ty) ≤ ||x − y||, ∀x ∈ D(T ),
y ∈ F (T ),

(ii) κ−strictly pseudocontractive (see e.g. [11]) if there exists κ ∈ (0, 1) such that
∀x, y ∈ D(T ), H2(Tx, Ty) ≤ ||x− y||2 + k||x− u− (y− v)||2, ∀u ∈ Tx, v ∈ Ty.

In 1994, Censor and Elfving [4] introduced, in finite dimensional Hilbert spaces,
the split feasibility problem for modeling inverse problems which arise from phase
retrievals and in medical image reconstruction. It is now known that split feasibility
problems can be used in various disciplines, such as image restoration, computer
tomograph and radiation therapy treatment planning (see [2, 3, 5, 6]).

Let H1 and H2 be two real Hilbert spaces, K and Q be nonempty closed convex
subsets of H1 and H2, respectively. The split feasibility problem is formulated as
follows: find a point q ∈ H1 such that

q ∈ K and Aq ∈ Q, (2)

where A : H1 → H2 is a bounded linear operator. If (2) has solutions, it can be shown
that x ∈ K solves (2) if and only if it solves the following fixed point equation:

x = PK((I − γA∗(I − PQ)A)x), x ∈ K, (3)

where PK and PQ are the projections onto K and Q, respectively, γ is a positive
constant, and A∗ denotes the adjoint of A. When K and Q in (2) are the sets of fixed
points of two nonlinear mappings, and K and Q are nonempty closed convex subsets
of H1 and H2, respectively, then the split feasibility problem (2) is also called split
common fixed point problem or multiple-set split feasibility problem (see [9, 16]).

Split common fixed point problems for nonlinear mappings in the setting of two
Hilbert spaces have been studied by many authors; (see, for instance, [7,8,10,12–14]).

Recently, Chang et.al [9] obtained strong and weak convergence results for multiple
set split feasibility problems for a family of multi-valued mappings and a single valued
nonlinear mapping in Hilbert spaces.

Motivated by the results of Chang et al., we introduce and study multiple-set
split feasibility problem for a countable family of multi-valued κ−strictly pseudo-
contractive mapping and total asymptotically strict pseudo-contractive mapping in
infinite dimensional Hilbert spaces.

2. Preliminaries

In the sequel, we shall denote by ⇀ and →, the weak and strong convergence of a
sequence {xn}, respectively.

Definition 2.1. A multi-valued mapping T : D(T ) ⊆ H1 → CB(H1) is said to be
demi-closed at origin if for any sequence {xn} ⊂ H1 with xn ⇀ q and d(xn, Txn)→ 0,
we have q ∈ Tq.
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Definition 2.2. A normed linear space, X is said to satisfy Opial’s condition if, for
any sequence {xn} with xn ⇀ p, we have lim infn→∞ ‖xn−p‖ < lim infn→∞ ‖xn−q‖,
∀ q ∈ Xwith q 6= p.

A multi-valued mapping T : D(T ) ⊆ H1 → CB(H1) is said to be hemi-compact if,
for any sequence {xn} in H1 such that d(xn, Txn) → 0 as n → ∞, there exists a
subsequence {xnk

} of {xn} such that xnk
→ q ∈ H1.

Definition 2.3. Let {xn} be a sequence in H. A point x∗ ∈ H is called a weak
cluster point of the sequence {xn} if there exists a subsequence {xnj} of {xn} such
that xnj ⇀ x∗, as j →∞.

Lemma 2.4. ( [11]) Let Ti : H → CB(H) be a countable family of multi-valued ki-
strictly pseudo-contractive mappings, ki ∈ (0, 1), i = 1, 2, . . . . If supi≥1 ki ∈ (0, 1),
then Ti is uniformly Lipschitz, i.e., there exists L > 0 such that H(Tix, Tiy) ≤ L‖x−
y‖, ∀ x, y ∈ H, i = 1, 2, . . . .

Lemma 2.5. ( [9, Lemma 2.3]) Let T : H → H be a uniformly L-Lipschitzian con-
tinuous and (k, {µn}, {εn}, φ)-total asymptotically strict pseudo contractive mapping.
Then T is demi-closed at the origin.

Lemma 2.6. ( [11]) Let {xi}∞i=1 ⊂ H and αi ∈ (0, 1), i = 1, 2, . . . such that
∑∞
i=1 αi = 1.

If {xi}∞i=1 is bounded, then ‖
∑∞
i=1 αixi‖

2
=
∑∞
i=1 αi‖xi‖

2−
∑∞
i,j=1,i6=j αiαj‖xi − xj‖

2
.

Lemma 2.7. ( [15]) Let {an}, {bn} and {δn} be sequences of nonnegative real numbers
satisfying an+1 ≤ (1 + δn)an + bn ∀ n ≥ 1. If

∑∞
i=1 δn <∞ and

∑∞
i=1 bn <∞, then

the lim
n→∞

an exists.

3. Main result

For solving the multiple-set split feasibility problem, we assume that the following
conditions are satisfied:

1. H1 and H2 are two real Hilbert spaces, A : H1 → H2 is a bounded linear
operator and A∗ : H2 → H1 is the adjoint of A.

2. Ti : H1 → H1, i = 1, 2, . . . is a countable family of multi-valued ki-strictly
pseudo-contractive mappings and for each i ≥ 1, Ti is demi-closed at the origin.

3. T : H2 → H2 is a uniformly L-Lipschitzian continuous and (k, {µn}, {εn}, φ)-
total asymptotically strict pseudo-contractive mapping satisfying the following
conditions:

(i)
∑∞
i=1 µn <∞;

∑∞
i=1 εn <∞.

(ii) there exist constants M > 0,M∗ > 0 such that φ(λ) ≤M∗λ2,∀ λ ≥M .
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4. K :=
⋂∞
i=1 F (Ti) 6= ∅ and Q := F (T ) 6= ∅.

5. For each q ∈ K, Tiq = {q}, for each i ≥ 1.
The set of solutions of the multiple set split feasibility problem will be denoted by

F , i.e. F = {x ∈ K : Ax ∈ Q} = K ∩A−1(Q).

Theorem 3.1. Let H1, H2, A,A
∗, Ti, T,K,Q, κ, {µn}, {εn}, φ and L satisfy conditions

1–5 above. Let {xn} be the sequence generated by
x1 ∈ H1 chosen arbitrary,

xn+1 = α0,nyn +
∑∞
i=1 αi,nwi,n, wi,n ∈ Tiyn,

yn = xn + βA∗(Tn − I)Axn, ∀ n ≥ 1,

(4)

where {αi,n} ⊂ (k, 1) with k = supi≥1 ki ∈ (0, 1) and β > 0 satisfy the following
conditions:

(a)
∑∞
i=0 αi,n = 1, for each n ≥ 1,

(b) for each i ≥ 1, lim infn→∞ α0,nαi,n ≥ 0,

(c) β ∈ (0,
1− k
‖A‖2

).

If F is nonempty, then

(A) both {xn} and {yn} converge weakly to some point q ∈ F .

(B) In addition, if there exists some positive integer m such that Tm ∈ {Ti}∞i=1 is
hemi-compact, then both {xn} and {yn} converge strongly to q ∈ F .

Proof. We observe that by condition (3)(ii), and the fact that φ is a continuous and
strictly increasing function, there exist constants M > 0,M∗ > 0 such that

φ(λ) ≤ φ(M) +M∗λ2, ∀ λ ≥ 0. (5)

To establish conclusion [A], we divide the proof into six steps.
Step 1: We prove that all the sequences {xn}, {yn} and {wi,n} are bounded. and

for each q ∈ F , we also show that limn→∞ ‖xn − q‖ = limn→∞ ‖yn − q‖.
For any given q ∈ F , we have q ∈ K and Aq ∈ Q := F (T ). By the assumption

that for each i ≥ 1, Ti is a multi-valued strictly pseudo-contractive mapping, the fixed
point set F (Ti) is closed, and so is K :=

⋂∞
i=1 F (Ti). From equation (4), condition

(5) and using Lemma 2.4, we have that for each n ≥ 1 and q ∈ F ,

‖xn+1 − q‖2 =‖α0,n(yn − q) +

∞∑
i=1

αi,n(wi,n − q)‖2 (6)

=α0,n||(yn − q)||2 +

∞∑
i=1

αi,n||wi,n − q||2 −
∞∑
i=1

αi,nα0,n||yn − wi,n||2

−
∞∑

i,j=1,i6=j

αi,nαj,n||wi,n − wj,n||2
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≤α0,n||(yn − q)||2 +

∞∑
i=1

αi,n||wi,n − q||2 −
∞∑
i=1

αi,nα0,n||yn − wi,n||2

≤α0,n||(yn − q)||2 +

∞∑
i=1

αi,nD
(
Tiyn − Tiq

)2
−
∞∑
i=1

αi,nα0,n||yn − wi,n||2

≤α0,n||(yn − q)||2 +

∞∑
i=1

αi,n
(
||yn − q||2 + k||yn − wi,n||2

)
−
∞∑
i=1

αi,nα0,n||yn − wi,n||2

=

∞∑
i=0

αi,n||yn − q||2 −
∞∑
i=1

αi,n(α0,n − k)||yn − wi,n||2

=||yn − q||2 −
∞∑
i=1

αi,n(α0,n − k)||yn − wi,n||2 ≤ ‖yn − q‖2 and

‖yn − q‖2 = ‖xn − q‖2 + 2β〈xn − q, A∗(Tn − I)Axn〉+ β2‖A∗(Tn − I)Axn‖2. (7)

Notice that

β2‖A∗(Tn − I)Axn‖2 ≤ β2‖A‖2‖(Tn − I)Axn‖2. (8)

Since Aq ∈ F (T ), and T is a (k, {µn}, {εn}, ∅)-total asymptotically strict pseudo
contractive mapping, we have

〈xn − q, A∗(Tn − I)Axn〉 = 〈A(xn − q), (Tn − I)Axn〉
= 〈A(xn − q) + (Tn − I)Axn − (Tn − I)Axn, (T

n − I)Axn〉
= 〈(TnAxn −Aq), (Tn − I)Axn〉 − ||(Tn − I)Axn||2

=
1

2

{
||TnAxn −Aq||2 + ||(Tn − I)Axn||2 − ||Axn −Aq||2 − ||(Tn − I)Axn||2

}
≤ 1

2

{
||Axn −Aq||2 + k||(Tn − I)Axn||2 + µnφ

(
||Axn −Aq||

)
+ εn

}
+

1

2

{
||(Tn − I)Axn||2 − ||Axn −Aq||2

}
− ||(Tn − I)Axn||2

=
k − 1

2
||(Tn − I)Axn||2 +

1

2

{
µnφ

(
||Axn −Aq||

)
+ εn

}
≤ k − 1

2
‖(Tn − I)Axn‖2 +

µn
2
{M∗‖A‖2‖xn − q‖2 + φ(M)}+

1

2
εn. (9)

Using inequalities (8) and (9) in equation (7), we obtain

‖yn − q‖2 ≤(1 + βµnM
∗‖A‖2)‖xn − q‖2

− β(1− k − β‖A‖2)‖(Tn − I)Axn‖2 + β{µnφ(M) + εn}



238 Split feasibility problem

By condition (c), (1− k − β‖A‖2) > 0, therefore we have

‖yn − q‖2 ≤ (1 + βµnM
∗‖A‖2)‖xn − q‖2 + β{µnφ(M) + εn}. (10)

Substituting inequality (10) into equation (6), we have an+1 ≤ (1+δn)an+bn , where
an = ‖xn − q‖2, δn = βµnM

∗‖A‖2 and bn = β{µnφ(M) + εn}. Applying condition
(3) (i), we get that

∑∞
n=1 δn < ∞ and

∑∞
n=1 bn < ∞. So, from Lemma 2.7, we

get limn→∞ ‖xn − q‖ exists. From equation (6) and inequality (10), we know that
limn→∞ ‖yn−q‖ exists. Also, limn→∞ ‖xn−q‖ = limn→∞ ‖yn−q‖ ∀ q ∈ F . Hence,
{xn} and {yn} are bounded. Furthermore, since for each i, Ti is a multi-valued ki−
strictly pseudo contractive, we have

‖wi,n − q‖2 ≤
(
H(Tiyn, Tiq)

)2 ≤ ‖yn − q‖2 + k||yn − wi,n||2

implying ‖wi,n − q‖ ≤ ‖yn − q‖+
√
k||yn − wi,n||. (11)

So, from (11) and the fact that {yn} is bounded, we get that {wi,n} is also bounded.

Step 2: Now we prove that for any i ≥ 1, the following conditions hold:

lim
n→∞

d(yn, Tiyn) = 0, and lim
n→∞

‖TnAxn −Axn‖ = 0.

For any q ∈ F , it follows from (3.1), (10) and Lemma 2.6, that for any n ≥ 1 we have

‖xn+1 − q‖2 ≤(1 + δn)‖xn − q‖+ bn − β(1− k − β‖A‖2)‖(Tn − I)Axn‖2

+ k

∞∑
i=1

αi,n‖yn − wi,n‖2 −
∞∑
i=1

αi,nα0,n‖yn − wi,n‖2.

So,

β(1− k − β‖A‖2)‖(Tn − I)Axn‖2 − k
∞∑
i=1

αi,n‖yn − wi,n‖2 +

∞∑
i=1

αi,nα0,n‖yn − wi,n‖2

≤(1 + δn)‖xn − q‖+ bn − ‖xn+1 − q‖ → 0 as n→∞. (12)

By conditions (b) and (c), and conclusion (12), we have

lim
n→∞

‖(Tn − I)Axn‖ = 0, lim
n→∞

‖yn − wi,n‖ = 0 ∀ wi,n ∈ Tiyn. (13)

Hence, we have

lim
n→∞

d(yn, Tiyn) ≤ lim
n→∞

‖(yn − wi,n)‖ = 0. (14)

Step 3: We prove that limn→∞ ‖xn+1 − xn‖ = 0.

From (14), we know that ‖wi,n−yn‖ → 0 and ‖yn−xn‖ = β‖A∗(Tn−I)Axn‖ → 0,
n→∞. Using convexity of || · ||2, we have from (4)

||xn+1 − xn||2 = ||α0,n(yn − xn) +

∞∑
i=1

αi,n(wi,n − xn)||2

= ||α0,nγ(A∗(Tn − I)Axn) +

∞∑
i=1

αi,n(wi,n − xn)||2

≤ α0,n||γ(A∗(Tn − I)Axn)||2 +

∞∑
i=1

αi,n(||wi,n − yn||+ ||yn − xn||)2. (15)
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Hence from (15), we have

lim
n→∞

‖xn+1 − xn‖ = 0. (16)

Step 4: We prove that limn→∞ ‖TAxn −Axn‖ = 0.
Since T is uniformly L-Lipschitzian continuous, (13) and (16) above hold, and we

obtain

||TAxn −Axn|| ≤||TAxn − Tn+1Axn||+ ||Tn+1Axn − Tn+1Axn+1||
+ ||Tn+1Axn+1 −Axn+1||+ ||Axn+1 −Axn||
≤L||Axn − TnAxn||+ (L+ 1)||A||||xn+1 − xn||

+ ||Tn+1Axn+1 −Axn+1|| → 0 as n→∞. (17)

Step 5: We prove that every weak-cluster point of the sequence {xn} and {yn},
q ∈ F .

Since {yn} is bounded and H1 is reflexive, there exists a subsequence {ynk
} ⊂ {yn}

such that ynk
⇀ q ∈ H1. Hence from Step 2, limk→∞ d(ynk

, Tiynk
) = 0. Using the

fact that Ti is demi-closed at the origin, we get that q ∈ F (Ti). Since i ≥ 1 is arbitrary,
we have q ∈ K :=

⋂∞
i=1 F (Ti). On the other hand, it follows from (4) and (13) that

xnk
= ynk

−βA∗(Tnk−I)Axnk
⇀ q. Since A is a bounded linear operator, this means

that Axnk
⇀ Aq. Notice that by Step 4, we have limk→∞ ‖TAxnk

−Axnk
‖ = 0 and

by Lemma 2.5, T is demi-closed at the origin and so, Aq ∈ F (T ) = Q. Hence, q ∈ F .
Step 6: We prove that xn ⇀ q and yn ⇀ q.
Suppose that there exists some subsequence {xnk

} of {xn} such that xnk
⇀ p

with p 6= q. Using similar arguments as the ones above, we can prove that p ∈ F .
Hence from the conclusions of Step 1 and the Opial’s property of Hilbert space, we
have

lim inf
k→∞

‖xnk
− q‖ < lim inf

k→∞
‖xnk

− p‖ = lim
n→∞

‖xn − p‖ = lim
k→∞

‖xnk
− p‖

< lim inf
k→∞

‖xnk
− q‖ = lim

n→∞
‖xn − q‖ = lim inf

k→∞
‖xnk

− q‖. (18)

This is a contradiction. Therefore, xn ⇀ q. By using (4), we have yn = xn+βA∗(Tn−
I)Axn ⇀ q. This completes the proof of conclusion (A).

Next, we prove conclusion (B). Without loss of generality, we may assume that T1
is hemi-compact. From Step 2, we have that d(yn, T1yn)→ 0 as n→∞. Therefore,
there exists a subsequence of {ynk

} ⊂ {yn} such that ynk
→ t ∈ H1. Since ynk

⇀ q,
we have q = t and so ynk

→ q ∈ F . By virtue of conclusions of Step 1, we have
limn→∞ ‖xn − q‖ = limn→∞ ‖yn − q‖ = 0. That is, {yn} and {xn} both converge
strongly to the point q ∈ F . This completes the proof. �

Lemma 3.2. Let H be a real Hilbert space. The following identity holds

||tx+ (1− t)y||2 = t||x||2 + (1− t)||y||2 − t(1− t)||x− y||2,∀t ∈ [0, 1], x, y ∈ H. (19)

Remark 3.3. If {Ti} is a family of single-valued strictly pseudocontractive self map-
pings of H1, then Theorem 3.1 still holds. In fact we have the following result.

Theorem 3.4. Let H1 and H2 be two real Hilbert spaces and {Ti}∞i=1 : H1 → H1 be
a family of single-valued strictly pseudocontractive mappings, and for each i ≥ 1, Ti
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is demi-closed at 0. Let H1, H2, A,A
∗, T,K,Q, κ, {µn}, {εn}, φ, and L satisfy same

conditions as in Theorem 3.1 and {xn} be the sequence generated by
x1 ∈ H1 chosen arbitrary

xn+1 = α0,nyn +
∑∞
i=1 αi,nTiyn,

yn = xn + βA∗(Tn − I)Axn, ∀ n ≥ 1.

(20)

If F 6= ∅, then the conclusions of Theorem 3.1 still hold.

Proof. Using Lemma 3.2, one can easily get that {xn}, {yn} and {Tiyn} are all
bounded. The rest of the proof follows as in the proof of Theorem 3.1. �

4. Application

Let H be a real Hilbert space, S : H → H be a nonexpansive mapping with
F := F (S) 6= ∅ and T : H → H be a nonexpansive mapping. The hierarchical
variational inequality problem for a nonexpansive mapping S with respect to the
nonexpansive mapping T is to find an x∗ ∈ F such that

〈x∗ − Tx∗, x∗ − x〉 ≤ 0 ∀ x ∈ F . (21)

It is known that (21) is equivalent to the following fixed point problem:

find x∗ ∈ F such that x∗ = PF (Tx∗), (22)

where PF is the metric projection from H onto F . Letting K = F and Q = F (PF )
(the fixed point set of PF ) and A = I (the identity mapping on H), then problem
(22) is equivalent to the following multi-set split feasibility problem: find x∗ ∈ K
such that Ax∗ ∈ Q.

Lemma 4.1. ( [1]) Let K be a closed and convex subset of a smooth Banach space
E. Suppose that {Tn}∞n=1 is a family of λ-strictly pseudocontractive mappings from
K into E with

⋂∞
n=1 F (Tn) 6= ∅ and {µn}∞n=1 is a real sequence in (0, 1) such that∑∞

n=1 µn = 1. Then the following conclusions hold:

1. G :=
∑∞
n=1 µnTn : K → E is a λ−strictly pseudocontractive mapping;

2. F (G) =
⋂∞
n=1 F (Tn).

Lemma 4.2. ( [17]) Let K be a nonempty subset of a real 2−uniformly smooth Banach
space E and T : K → K be a λ−strict pseudo-contraction. For α ∈ (0, 1), define
Tαx = (1 − α)x + αTx. Then, for λ ∈ (0, α

K2 ), Tα : K → K is nonexpansive and
F (Tα) = F (T ).

Recall that Hilbert spaces are 2-uniformly smooth, they are also smooth. For
α ∈ (0, 1), let Λ := Tαx = (1−α)x+αGx, where G is defined as in Lemma 4.1. Using
Lemmas 4.1 and 4.2, and Theorem 3.1, we obtain the following result.
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Theorem 4.3. Let H,S, T,Λ,K,Q be as defined. Let {xn}, {yn} be the sequences
defined by

x1 ∈ H1 chosen arbitrary

xn+1 = αnyn + (1− αn)Λyn,

yn = xn + β(Tn − I)xn, ∀ n ≥ 1,

(23)

where {αn} ⊂ (0, 1) and β > 0 satisfy the following conditions:

(i) lim infn→∞ αn(1− αn) > 0;

(ii) β ∈ (0, 1).

If K∩Q 6= ∅ , then {xn} converges weakly to a solution of the hierarchical variational
inequality problem (21). In addition, if the mapping G is semi-compact, then both
{xn} and {yn} converge strongly to a solution of the hierarchical variational inequality
problem (21).

Proof. From Theorem 3.1, F (G) 6= ∅, so Λ is quasi-nonexpansive. Furthermore, since
T is nonexpansive, it is uniformly L−Lipschitzan continuous and (κ, {µn}, {εn}, φ)−to-
tal asymptotically strict pseudocontractive with L = 1, µn ≡ 0, εn ≡ 0, and φ = 0.
Therefore, all conditions of Theorem 3.1 are satisfied. Hence, the conclusions of The-
orem 4.3 follow from Theorem 3.1. �

Remark 4.4. A look at the proof of Theorem 3.1 shows that the proof carries over to
the case of multi-valued quasi nonexpansive maps. Consequently, Theorem 3.1 is an
improvement and extension of Theorem 3.1 of Chang et al [9], and other important
results in this direction of research.
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