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THE ZARISKI TOPOLOGY ON THE GRADED CLASSICAL PRIME
SPECTRUM OF A GRADED MODULE OVER A GRADED
COMMUTATIVE RING

Khaldoun Al-Zoubi and Malik Jaradat

Abstract. Let G be a group with identity e. Let R be a G-graded commutative ring and
M a graded R-module. A proper graded submodule N of M is called a graded classical prime
if whenever r, s € h(R) and m € h(M) with rsm € N, then either rm € N or sm € N. The
graded classical prime spectrum Cl.Spec? (M) is defined to be the set of all graded classical
prime submodules of M. In this paper, we introduce and study a topology on Cl.Spec? (M),
which generalizes the Zariski topology of graded ring R to graded module M, called Zariski
topology of M, and investigate several properties of the topology.

1. Introduction

The scope of this paper is devoted to the theory of graded modules over graded
commutative rings. There is a wide variety of applications of graded algebras in
geometry and physics, (for example see [27, Introduction].)

The concept of graded prime ideal was introduced by M. Refai, M. Hailat and S.
Obiedat in [26] and studied in [24,25].

In the literature, there are several different generalizations of the notion of graded
prime ideal to graded module. The concept of graded prime submodule was introduced
by S.E. Atani in [9] and studied in [2,4,5,10,11,23]. Also, the concept of graded
classical prime submodule was introduced by A.Y Darani and S. Motmaen in [13]
and studied in [1,3,4]. Every graded prime submodule is a graded classical prime
submodule, but the converse is not true in general (see [4, Example 2.3].)

Zariski topology on the prime spectrum of a module over a commutative ring,
have been already studied in [6-8,16,17,19]. Also, some topologies on the spectrum
of graded prime submodules of a graded module over a graded commutative ring
has been studied in [12,22]. Moreover, some topologies on the spectrum of graded
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304 The Zariski topology on the graded classical prime spectrum

classical prime submodules of a graded module over a graded commutative ring have
been studied in [13]. These results will be used in order to obtain the main aims of
this paper.

In this paper, we rely on the graded classical prime submodules, and then introduce
and study a new topology on the graded classical prime spectrum, which generalizes
the Zariski topology of a graded ring R to a graded R-module M, called Zariski
topology of M and investigate several properties of the topology.

2. Preliminaries

Throughout this paper all rings are commutative with identity and all modules are
unitary.

First, we recall some basic properties of graded rings and modules which will
be used in the sequel. We refer to [14,20, 21] for these basic properties and more
information on graded rings and modules.

Let G be a group with identity e and R be a commutative ring with identity
1g. Then R is a G-graded ring if there exist additive subgroups R, of R such that
R = @,cc Ry and RgR, C Ry, for all g,h € G. The elements of R, are said to
be homogeneous of degree g where R,’s are additive subgroups of R indexed by the
elements g € G. If x € R, then x can be written uniquely as deG 24, Where x4
is the component of z in R,. Moreover, h(R) = UgeG R,. Let I be an ideal of R.
Then [ is called a graded ideal of (R,G) if I = @ (I Ry). Thus, if € I, then
T =3 ,cqTy with z5 € I. An ideal of a G-graded ring need not be G-graded.

Let R be a G-graded ring and M an R-module. We say that M is a G-graded
R-module (or graded R-module) if there exists a family of subgroups {M,}yeq of M
such that M = ®gEGM9 (as abelian groups) and RgM), C My, for all g, h € G. Here,
R, M), denotes the additive subgroup of M consisting of all finite sums of elements
Tgsh With 74 € Ry and s € My. Also, we write h(M) = {J M, and the elements
of h(M) are said to be homogeneous. Let M = P .5My be a graded R-module and
N a submodule of M. Then N is called a graded submodule of M if N = B 5N,
where Ny = N N M, for g € G. In this case, N is called the g-component of N.

Let R be a G-graded ring and M a graded R-module. A proper graded ideal
I of R is said to be a graded prime ideal if whenever rs € I, we have r € I or
s € I, where r,s € h(R) (see [26].) Let Specy(R) denote the set of all graded prime
ideals of R. The graded radical of I, denoted by Gr(I), is the set of all x € R
such that for each g € G there exists ny, > 0 with 2™ € I. Note that, if r is a
homogeneous element, then r € Gr(I) if and only if v € I for some n € N (see [26].)
It is shown in [26, Proposition 2.5] that Gr(I) is the intersection of all graded prime
ideals of R containing I. A proper graded submodule N of M is said to be a graded
prime submodule if whenever r € h(R) and m € h(M) with rm € N, then either
re (N:gM)={reR:rM C N} orm € N (see [9].) It is shown in [9,
Proposition 2.7] that if N is a graded prime submodule of M, then P := (N :g M) is
a graded prime ideal of R, and N is called graded P-prime submodule. Let Spec,(M)
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denote the set of all graded prime submodules of M.

A proper graded submodule N of M is called a graded classical prime submod-
ule if whenever r,;s € h(R) and m € h(M) with rsm € N, then either rm € N or
sm € N (see [4,13].) Of course, every graded prime submodule is a graded classical
prime submodule, but the converse is not true in general (see [4, Example 2.3].) Let
Cl.Specy(M) denote the set of all graded classical prime submodules of M. Obvi-
ously, some graded R-modules M have no graded classical prime submodules; such
modules are called g-Cl.primeless. We know that Specy (M) C Cl.Spec,(M). As it is
mentioned in [4, Example 2.3]), it happens sometimes that this containment is strict.
We call M a graded compatible R-module if its graded classical prime submodules and
graded prime submodules coincide, that is if Specy(M) = Cl.Specy(M) (for example
see [4, Theorem 3.2 and 3.3]). If R is a G-graded ring, then every graded classical
prime ideal of R is a graded prime ideal. So, if we consider R as a graded R-module,
it is graded compatible.

3. Topologies on the graded classical prime spectrum

Let R be a G-graded ring and M a graded R-module. For each graded ideal I of R,
the graded variety of I is the set VZ(I) = {P € Specy(R) | I C P}. Then the set
E9(R) = {VZ(I) | I is a graded ideal of R} satisfies the axioms for the closed sets of
a topology on Specy(R), called the Zariski topology on Spec,(R) (see [25,26]).

In [12], Specy(M) was endowed with quasi-Zariski topology. For each graded
submodule N of M, let VI(N) = {P € Specy(M) | N C P}. In this case, the
set ({(M) = {VZ(N) | N is a graded submodule of M} contains the empty set and
Specg(M), and it is closed under arbitrary intersections, but it is not necessarily
closed under finite unions. The graded R-module M is said to be a g-Top module if
¢J(M) is closed under finite unions. In this case (¥(M) satisfies the axioms for the
closed sets of a unique topology 7¢ on Specy(M). The topology 7¢ (M) on Specy (M)
is called the quasi-Zariski topology.

In [13], Cl.Specy (M) was endowed with quasi-Zariski topology. For each graded
submodule N of M, let V{(N) = {C € Cl.Specy(M) | N C C}. In this case, the
set nf(M) = {VI(N) | N is a graded submodule of M} contains the empty set and
Cl.Specy(M), and it is closed under arbitrary intersections, but it is not necessarily
closed under finite unions. The graded R-module M is said to be a g-Cl.Top module
module if (M) is closed under finite unions. In this case nf (M) satisfies the axioms
for the closed sets of a unique topology ¢f on Cl.Specy(M). In this case, the topology
0f(M) on Cl.Specy(M) is called the quasi-Zariski topology.

Now we define another variety for a graded submodule IV of a graded R-module
M. We define the variety of N to be VI(N) = {C € Cl.Specy(M) : (C :rp M) 2
(N 5 M)},

The following proposition shows that this variety satisfies the topology axioms for
closed sets.
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THEOREM 3.1. Let R be a G-graded ring and M a graded R-module. Then the fol-
lowing hold:

(1) V9(0) = Cl.Specy(M), and VI(M) = (.

(i) If {Nx}rea is a family of graded submodules of M, then

() V¢(N) = W(Z(NA ‘R M)M).

AEA AEA
(iii) For every pair N and K of graded submodules of M, we have

VI(N)UVI(K) = VI(N N K).

Proof. (i) It is clear.

(i) Let C' € ,_, VY(Nx). Then (N :r M) C (C :g M), for all A € A. It follows
that (Nx :p M)M C (C :p M)M, for all A € A and consequently >, A (Nx :r
M)M C (C :g M)M. Since (C :g M)M C C, we conclude that (3 _ (Nx :r
M)M :p M) C (C :g M). Therefore C € VI(3_ _ (N :r M)M). Conversely,
let C € Vg(Z)\eA(N)\ ‘R M)M) Then (N)\ ‘R M) Q ((N)\ ‘R M)M ‘R M) Q
(> xeaNx:r M)M :g M) C (C :g M). It follows that (Nx :r M) C (C :g M) for
all A € A. Thus C € VI(N,) for all A € A. Hence P € (], _, VI(NVy).

(i) Let C € VI(NNK). Then (NNK :g M) C (C:g M), so that (N :g M) (K :g
M) C(NNK :g M) C (C:g M). Since C is a graded classical prime submodule
by [4, Lemma 3.1], we have that (C :g M) is a graded prime ideal of R. It follows
that (N :g M) C (C :g M) or (K :g M) C (C :g M) by [26, Proposition 1.2]. Thus
C € VI(N) or C € VI(K). Hence C € VI(N)UVI(K). The opposite inclusion is
easily seen. O

DEFINITION 3.2. Let R be a G-graded ring and M a graded R-module. Since n?(M) =
{V9(N) | N is a graded submodule of M} is closed under finite union, the family
n9(M) satisfies the axioms of topological space for closed sets. So, there exists a
topology on Cl.Specy(M) called the Zariski topology and denoted by 9.

Let M be a G-graded R-Module and Y a subset of Cl.Spec,(M). We will denote
Neey € by S(Y) (note that if Y = 0, then I(Y) = M).
The assertions in the following lemma are straightforward to prove.

LEMMA 3.3. Let R be a G-graded ring and M a graded R-module. Then:

(i) VI(N) C VI(N) for every graded submodule N of M.

(i) If Y1 C Ya, then $(Y7) 2 S(Ya).

(iii) Y CVI(S(Y)) CVI(S(Y)), for every Y C Cl.Specy(M).

(iv) If NC K C M, then VI(N) D VI(K) and VI(N) D VI(K).

(v) ForY C Cl.Specy(M), we have S(VI(S(Y))) C I(VL(S(Y))) = S(Y); in general
the inclusion might be proper.

(vi) Equalities VI(N) = VI(I(VI(N))) and VI(N) = VI(I(VIL(N))) hold for any
graded submodule N of M.

THEOREM 3.4. Let R be a G-graded ring and M a graded R-module. Let N be a

graded submodule of M and I a graded ideal of R. Then VI(IM)UVYI(N) =VI(IN) =
V9(IM N N).
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Proof. Clearly VI(IM)UVI(N) CVI(IMNN)CVI(IN). Let C € VI(IN). Then
(IN:g M) C (C:g M). It is easily seen that I(N :g M) C (IN :g M). Since C'is a
graded classical prime submodule by [4, Lemma 3.1], we have (C' :p M) is a graded
prime ideal of R. Since I(N :p M) C (C :g M) by [26, Proposition 1.2], we have
IC(C:gM)or (N:g M) C(C:grM)and consequently (IM :g M) C (C :g M) or
(N:g M) C(C:g M). Hence C € VI(IM) or C € VI(N),i.e. C € VI(IM)UVI(N).
Thus VI(IN) C VI(IM)UVI(N). O

COROLLARY 3.5. Let R be a G-graded ring and M a graded R-module. Let I and J
be graded ideals of R. Then VI(IM)UVI(JM)=VI(IJM)=VI(IMNJM).

LEMMA 3.6. Let R be a G-graded ring and M a graded R-module. Let N be a graded
submodule of M and I a graded ideal of R. Then:

(i) If (N:g M) = (K :g M), then VI(N) = VI(K) for all graded submodules N and
K of M. The converse is true if N and K are graded classical prime submodules.
(1) VI(IM) =VI(Gr(I)M) = VI(IM) = V{(Gr(I)M);

(11i) VI(N) = VI((N :g M)M) = VI(Gr((N :g M))M) = VI((N :g M)M) =
VI(Gr((N :g M))M).

Proof. (i) It is clear.

(i) Clearly VI(Gr(I)M) C V{(IM) C V9(IM) by Lemma 3.3(i) and (iv). Next we
claim that VI(IM) C V{(Gr(I)M). To see this, let C € VI(IM). Then I C (IM :g
M) C (C :g M). Since C' is a graded classical prime submodule by [4, Lemma 3.1],
we have that (C' :g M) is a graded prime ideal of R. It follows that Gr(I) C Gr((C :g
M)) = (C : M) by [26, Proposition 2.4(5)]. Thus Gr(I)M C (C :zg M)M C C. Hence
C € V{(Gr(I)M). Consequently, we have VI(Gr(I)M) C VI(IM) C VI(IM) C
VI(Gr(I)M), and so these terms are all equal. Replacing the middle I by Gr(I), we
get (i).

(iii) It suffices to show that VI(N) = VI((N :g M)M) by (i). Clearly ((N :g
M)M iz M) = (N i M). Now C € VI(N) & ((N :g M)M :x M) = (N :z M) C
(O:RM)<=>CEV9((N:RM)M). ]

Throughout the rest of this paper, we assume that Cl.Spec,(M) is non-empty,
unless stated otherwise, and is equipped with Zarisky topology for every graded R-
module under consideration.

The map 1 : Cl.Specy(M) — Specy(R) where R = R/Ann(M) defined by

P(C) = (C :g M) for every C € Cl.Specy(M) will be called the natural map of
Cl.Specy(M).

THEOREM 3.7. Let R be a G-graded ring and M a graded R-module. The natu-
ral map 1 of Cl.Specy(M) is continuous for the Zariski topologies; more precisely,
1/1’1(‘/%([)) = VI(IM) for every graded ideal I of R containing Ann(M).

Proof. Let I be a graded ideal of R, V%(T) € ¢9(R) and C € z/)_l(VEf’(T)). Then

P(C) = (C:g M) € VE(I), hence I C (C:g M). This implies I C (C :g M). So
IM C (C :g M)M C C and hence C € V{(IM). By Lemma 3.6(ii), C € V{(IM) =
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VI(IM). Therefore ¢y~ (V2(I)) € V9(IM). For the converse inclusion, let C' €
VI(IM). Thus IM C C € Cl.Specy(M) and so I C (C :p M) C Specy(R) by [4,
Lemma 3.1]. So we get ¢(C) = (C :g M) € V(I). It follows that C' € ¢~ (V4(I)).
Therefore w_l(V%(T)) =VI(IM). 0

Let R be a G-graded ring and M be a graded R-module and p € Specy(R). Then
the set Cl.Spech(M) is defined to be {P € Cl.Specy(M) | (P :r M) = p}.

THEOREM 3.8. Let R be a G-graded ring and M a graded R-module. The following
statements are equivalent for any C, D € Cl.Specy(M):

(i) The natural map v : Cl.Specy(M) — Spec,(R) is injective.

(i) If VI(C)=V9(D), then C = D.

(i4i) |Cl.Spech(M)| <1 for every graded prime ideal p of R.

Proof. (i)=-(ii): Suppose that VI(C) = V9(D). Since C,D € Cl.Specy(M) by
Lemma 3.6(i), we have (C :g M) = (D :g M) and hence (C:g M) = (D :g M).
Thus (C) = ¢ (D). Since % is injective, C' = D.

(ii) = (iii): Let |Cl.Spech(M)| > 1 and let C, D € Cl.Spech(M) be such that C' # D.
Thus (C :g M) = (D :g M) = p. By Lemma 3.6(i), VI(D) = V9(C) and by the
hypothesis we get D = C, which is a contradiction.

(iii) = (i): Suppose that ¥(C) = (D). Hence (C:g M) = (D:g M). By [4,
Lemma 3.1], we conclude that (C :g M) = (D :g M) = p for some graded prime
ideal p of R and since |Cl.Spech(M)| < 1, we get D = C. U

THEOREM 3.9. Let R be a G-graded ring and M a graded R-module.  Let
¥ Cl.Specy(M) — Specy(R) be the natural map of Cl.Specy(M). If ¢ is sur-
Jective, then 1 is both closed and open. More precisely, for every graded submodule
N of M, y(VI(N)) = V%((N :r M)) and ¢¥(Cl.Specy(M) — VI(N)) = Specy(R) —
V%((N :r M)).

Proof. By Theorem 3.7, 1 is a continuous map such that w’l(VEf’(T)) = V9(IM) for

every graded ideal I of R containing Ann(M). Hence for every graded submodule
N of M, =1(V. ((N M))) = VI((N :g M)M) = V9(N) (Lemma 3.6(iii)). It
(N :g M)

follows that w((Vg( ) =1o ¢_1(V%(W)) ( N :g M)) as v is surjec-
tive. Similarly, ¢(Cl.Specy(M)—VI(N)) = (¢~ (Specg(ﬁ) (Vg(N iR M))) =
bW (Specy(R)=VE((N :g M))) = oy~ (Specy (R )*‘%’((N :r M))) = Specy(R)—
VE((N :r M)). U

4. Zariski Topology on Cl.Spec,(M) and spectral spaces

For any r € h(R), the set GX, = Specy(R) —VA(rR) is open in Specy(R) and
the family F = {GX, : t € h(R)} forms a base for the Zariski topology on Spec,(R)
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(see [26, Proposition 3.4]). Each GX.. is known to be quasi-compact (see [26, Proposi-
tion 3.8]). In this section, we introduce a base for the Zariski topology on Cl.Specy (M)
for any graded R-module M, which is similar to that on Specy(R). Let r € h(R),
we define GX = Cl.Specy(M) —V9((rM). Then every GX¢ is an open set of
Cl.Specy(M), GX§' = 0, and GX{! = Cl.Specy(M).

THEOREM 4.1. Let R be a G-graded ring and M a graded R-module with natural map
P ClL. Specg( ) — Specy(R) and r € h(R). Then:

(i) 671 (GXr) = GXE.

(ii) Y(GXE) C GX7; the equality holds if v is surjective.

(iii) GX = GXd N GXSCI, for any r,s € h(R).

Proof. (i) v™HGX7) = ¢~ (Specy(R) — ( R)
By Theorem 3.7, we have 1~ 1(V. (Tﬁ)) Vo (r
Cl.Specy(M) —VI(rM) = GXZ.

(ii) Follows from (i).

) = Cl.Specy(M) — w_l(V%(FE)).
M). Tt follows that ¥~ }(GX7) =

(iii) By (i), GX& = ¢ ~1(GX7s). By [26, Proposition 3.6(1)], GX75 = GXrN GXz.
Thus GXE& = ¢~ HGXrs) = z/fl(G #N GXs) =9 Y GXF) N v~ H{GXs) = GXEN
GX¢el. O

THEOREM 4.2. Let R be a G-graded ring and M a graded R-module. The set B =
{GXE :r € h(R)} is a base for the Zariski topology on Cl.Specy(M).

Proof. Let U be any open set in Cl.Specy(M). By Lemma 3.6, U = Cl.Specy,(M) —
V9(IM) for some graded ideal I of R. Note that VI(IM) = VI3 oy pyriM) =
Vg(Zrieh(l)<riM : M)M) = ﬂTiGh(I) V9(r;M) by Theorem 3.1(ii). Hence U =
Cl.Specy(M)—VI(IM) = ClLSpecy (M) —,.encry Y (riM) = U, enn GX¢'. There-
fore the set B is a base for for the Zariski topology on Cl.Specy(M). 0

THEOREM 4.3. Let R be a G-graded ring and M a graded R-module. If the natural
map 1 : Cl.Specy(M) — Specy(R) is surjective, then the open set GXE is quasi-
compact for each r € h(R); In particular, the space Cl.Specy(M) is quasi-compact.

Proof. Since B = {GX& : r € h(R)} forms a base for the Zariski topology on
Cl.Specy(M) by Theorem 4.2, for every open cover of GX&, there is a set {r, €
h(R) | a € A} such that GX& C |J,cn GXEL . By Theorem 4.1(ii) GX7 = (GX<) C
Uaer Y(GXE) = U,en GX7., . Since GX7 is quasi-compact ( [26, Proposition 3.8]),
there exists a finite subset A’ C A such that GX7 C [J,cp GX7,. By Theorem 4.1(i),
we get GX& =9 HGX7) C Upen GXE . U

Let M be a G-graded R-module and Y be any subset of Cl.Spec,(M). We will
denote the closure of Y in Cl.Spec,(M) for the Zariski topology by CI(Y).

THEOREM 4.4. Let R be a G-graded ring, M a graded R-module andY C Cl.Specy(M).
Then VI(I(Y)) = CUY). In particular, Y is closed if and only if V,(3(Y)) =Y.
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Proof. By Lemma 3.3(iii), ¥ C V9(3(Y)). Let VI(N) be any closed subset of
Cl.Specy(M) containing Y. Then (N :g M) C (C :g M) for every C € Y. This
implies that (N :g M) C Neey(C :r M) C (S(Y) :p M). Hence, for every
D e VIS(Y)), (N :p M) C (S(Y) i M) C (D :x M), that is, VI(3(Y)) C
VI(N). Hence VI(I(Y)) is the smallest closed subset of Cl.Specy(M) including Y,
so VI(3(Y)) = CI(Y). U

THEOREM 4.5. Let R be a G-graded ring, M a graded R-module and C' € Cl.Specy(M).
Then:

(i) CU{C}) = V¥(C).

(it) For any D € Cl.Specy(M), D € CI({C}), if and only if (C :r M) C (D :g M)
if and only if V9(D) C VI(C).

Proof. (i) Apply Theorem 4.4 by taking ¥ = {C}. (ii) This follows from (i). U

A topological space X is called irreducible if X # () and every finite intersection
of non-empty open sets of X is non-empty. A (non-empty) subset Y of a topology
space X is called an irreducible set if the subspace Y of X is irreducible, equivalently
if Y7 and Y5 are closed subsets of X and satisfy Y CY;UY;, then Y CY,orY C Y,
(see [18].)

The following corollary is a result of Theorem 4.5(i).

COROLLARY 4.6. Let R be a G-graded ring and M a graded R-module. Then for
every graded classical prime submodule C of M, V9(C) is an irreducible closed subset

of Cl.Specy(M).

THEOREM 4.7. Let R be a G-graded ring, M a graded R-module andY C Cl.Specy(M).
If (Y) is a graded classical prime submodule of M, then'Y is irreducible.

Proof. Assume that C := (Y) is a graded classical prime submodule of M. By
Theorem 4.4, cl(Y) = VI(C). Now let Y C Y7 UY5, where Y7, Y5 are closed sets.
Then we have V9(C) = cl(Y) C Y1 UYa. Since V9(C) C Y1 UY; and by Corollary 4.6,
V9(C) is irreducible, VI(C) C Yy or VI(C) C Ys. Hence, Y CYi or Y CYs. Thus Y
is irreducible. 0

THEOREM 4.8. Let R be a G-graded ring, M a graded R-module andY C Cl.Specy (M)
such that (3(Y') :r M) = p is a graded prime ideal of R. If Cl.Spech(M) # 0, then
Y s irreducible.

Proof. Let C € Cl.Spech(M). Since (C' :p M) =p = (3(Y) :r M) by Lemma 3.6(i),
we have VI(C) = VI(3(Y). Then VI(C) = VI(I(Y)) = CI(Y) by Theorem 4.4.
Therefore, CI(Y') is irreducible and so is Y. 0

Let Y be a closed subset of a topological space. An element y € Y is called
a generic point of Y if Y = cl({y}). Note that a generic point of the irreducible

closed subset Y of a topological space is unique if the topological space is a Ty-space
(see [15]).

THEOREM 4.9. Let R be a G-graded ring and M a graded R-module. Then:
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(i) Every C € Cl.Specy(M) is a generic point of the irreducible closed subset V9(C').
(i) Every finite irreducible closed subset of Cl.Specy(M) has a generic point.

Proof. (i) is clear by Theorem 4.5(3).

(ii) Let Y be a finite irreducible closed subset of Cl.Specy(M) and Y = {C1,...,C,},
where C; € Cl.Specy(M), n € N. ThenY =cl(Y) =VI(C1n---NCyp) =VI(C1)U
-+-UV9(C},) by Theorem 4.4 and Theorem 3.1(iii). Since Y is irreducible, Y = V9(C;)
for some (1 <1 <n). Now by (i), C; is a generic point of Y. O

THEOREM 4.10. Let R be a G-graded ring and M a graded R-module. Then the
following statements are equivalent for any C, D € Cl.Specy(M):

(1) Cl.Specy(M) is a Ty-space.

(ii) The natural map v : Cl.Specy(M) — Specy(R) is injective.

(iii) If VI(C)=V9I(D), then C = D.

(iv) | Cl.Spech(M) |[< 1 for every graded prime ideal p of R.

Proof. (i)« (iii) This follows from Theorem 4.5 and the fact that a topological space
is a Ty-space if and only if the closures of distinct points are distinct.
The equivalences of (ii), (iii) and (iv) are proved in Theorem 3.8. O

LEMMA 4.11. Let R be a G-graded ring and M a graded R-module. Let C' € Cl.Spec,(
and Q ={(D :g M) | D € Cl.Specy(M)} C Specy(R). Then the set {C} is closed in
Cl.Specy(M) if and only if

(i) p=(C :g M) is a mazimal element of the set Q, and

(ii) Cl.Spech(M) = {C}, that is, |Cl.Spech(M)| = 1.

Proof. Assume that {C'} is closed in Cl.Specy(M). By Theorem 4.5(i), we have
{C} = CI({C}) = VI(C). Let g € Q such that p C ¢q. Then there exists D €
Cl.Specy(M) such that ¢ = (D :g M). Hence (C:g M) =p Cqg= (D :g M). Thus
D € V9(C) = {C} so that D = C and p = ¢, which proves (i). Let C" € Cl.Spech(M).
Thus (C' :g M) = p = (C :g M) and hence C" € V9(C) = {C}. So ¢! = C and
(ii) follows. Conversely, we assume (i) and (ii), and show that V9(C) C {C}. If
D e VI(C), then ¢ = (D :g M) 2 (C :g M) = p. Therefore (i) implies ¢ = p and
consequently (ii) implies D = C by (ii). Thus V9(C) C {C}. Since C is a graded
classical prime we have {C'} C V9(C), so that V9(C) = {C}. By Theorem 4.5(i),
Cl({C}) = {C}. Therefore the set {C} is closed in Cl.Specy(M). O

Let X be a topological space and let x1 and x5 be two points in X. We say that
1 and z9 can be separated if each lies in an open set which does not contain the other
point. X is a Tj-space if any two distinct points in X can be separated. A topological
space X is a Ty-space if and only if all points of X are closed in X (see [18]).

THEOREM 4.12. Let R be a G-graded ring, M a graded R-module and Q = {(D :g
M) | D € Cl.Specy(M)} C Specy(R). Then Cl.Specy(M) is a Th-space if and only if
(i) (C:r M) =p is a mazimal element of Q for all C € Cl.Specy(M), and

(ii) |Cl.Spech(M)| =1 for every graded prime ideal p of R.

M),
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Proof. If Cl.Specy (M) is a Ti-space then the singleton sets are closed in Cl.Specy(M).
So we get (i) and (ii) by Lemma 4.11.

Conversely, (i) and (ii) are equivalent so that the singleton set {C} is closed in
Cl.Specy(M) for every C' € Cl.Specy(M), that is, Cl.Specy(M) is a Ti-space. U

A spectral space is a topological space homomorphic to the prime spectrum of
a commutative ring equipped with the Zariski topology. Spectral spaces have been
characterized by Hochster [15] as the topological space W which satisfy the following
conditions:
(i) W is a Ty-space.
(ii) W is quasi-compact.
(iii) the quasi-compact open subsets of W are closed under finite intersections and
form an open basis.
(iv) each irreducible closed subset of W has a generic point.

THEOREM 4.13. Let R be a G-graded ring and M a graded R-module such that
Cl.Specy(M) is finite and |Cl.Spech(M)| < 1 for every graded prime ideal p of R.
Then Cl.Specy(M) is a spectral space.

Proof. Since Cl.Specy(M) is finite, every subset of Cl.Specy(M) is quasi-compact.
Hence the quasi-compact open sets of Cl.Specy(M) are closed under finite inter-
sections and form an open basis. Also by Theorem 4.10, Cl.Specy(M) a Ty-space.
Moreover, every irreducible closed subset of Cl.Specy(M) has a generic point by
Theorem 4.9. Therefore Cl.Specy (M) is a spectral space by Hochster’s characteriza-
tion. 0
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