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EXISTENCE AND UNIQUENESS RESULTS FOR THREE-POINT
NONLINEAR FRACTIONAL (ARBITRARY ORDER) BOUNDARY
VALUE PROBLEM

Sachin Kumar, Ramesh Kumar Vats, Hemant Kumar Nashine

Abstract. We present here a new type of three-point nonlinear fractional boundary
value problem of arbitrary order of the form
‘Diu(t) = f(t,u(?), tel0,1],
u(n) =u'(0) =u"(0) =---=u""2(0) =0, IPu(l)=0, 0<n<l,

where n — 1 < g < n,n € N, n > 3 and °D? denotes the Caputo fractional derivative

of order ¢, I” is the Riemann-Liouville fractional integral of order p, f : [0,1] x R — R
I'(n)

is a continuous funct}on and n" ! # ey ey ==y We :give new existence apd
uniqueness results using Banach contraction principle, Krasnoselskii, Scheafer’s fixed point
theorem and Leray-Schauder degree theory. To justify the results, we give some illustrative
examples.

1. Introduction

Boundary value problems for differential equations of integer and non-integer order
have been addressed by several researchers. Differential equations of non-integer order
play important role to describe physical phenomena more accurately than the classical
integer order differential equation. The need for fractional order differential equations
stems in part from the fact that many phenomena cannot be modelled by differential
equations with integer derivatives. Some of the areas of present-day applications of
fractional calculus include Fluid Flow, Rheology, Dynamical Processes in self-similar
and porous structures, Diffusive Transport akin to diffusion, Electrical Networks,
Probability and Statistics, Control Theory of Dynamical Systems, Viscoelasticity,
Electrochemistry of Corrosion, Chemical Physics, Optics and Signal Processing, and
so on (see [4-7] and references therein).
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Existence of solutions to fractional differential equations have received consider-
able interest in recent years. There are several papers dealing with the existence and
uniqueness of solution to initial and boundary value problems of fractional order dif-
ferential equation. Using well known fixed point theorems, like Schauder’s fixed point
theorem, Leray-Schauder Theorem, and the Banach contraction mapping principle,
several results for linear and nonlinear equations have been obtained in the litera-
ture on fractional differential and integral equations (see, e.g., [1-7] and references
therein).

In 2011, Ahmed et al. [1] studied the following boundary value problem of frac-
tional order differential equations with three-point integral boundary conditions

‘Dix(t) = f(t,z(t)), 0<t <1, 1<qg<2

n
z(0) =0, z(1) = a/ z(s)ds, 0 <n <1,
0
where ©D? denotes the Caputo fractional derivative of order ¢, and existence and
uniqueness results were proved.

In 2012, motivated by [1], Sudsutad et al. [5] discussed the existence and unique-
ness of the following boundary value problem with three-point fractional integral
boundary conditions

Diat) = f(t.a(t)), t€ 0.1], g € (1.2,

x2(0) =0, afIPz](n) =z(1), 0 <n < 1.
The results of [5] were complemented in [3] and extended to cover the multivalued
case.

Further, Tariboon et al. [6] considered the value z(n) for some n € (0,7), in-
stead of the value x(0), which appeared in all the above mentioned boundary value
problems. They proved existence and uniqueness results using Leray-Schauder’s non-
linear alternative for the following boundary value problem with fractional integral
boundary conditions

‘Dix(t) = f(t,z(t), 0<t<T, g€ (1,2],
xz(n) =0, IPz(T) = 0.
Motivated by above mentioned works, this paper deals with the existence and unique-

ness of solutions for the following three-point nonlinear fractional boundary value
problem of arbitrary order

cDu(t) = f(t,u(t), 0<t<1; )
u(n) =u'(0) = u"(0) = --- = u""%(0) = 0, [Pu(1) =0,

wheren—1 < ¢ < n,n € N, n > 3 and D9 denotes the Caputo fractional derivative of
order g, I? is the Riemann-Liouville fractional integral of order p, f : [0,1]xR — Risa
pI:‘,—(Z)—2)...(p 13- The novelty of this boundary
value problem lies in the fact that we have the arbitrary order of Caputo fractional
derivative. We denote X = C([0, 1], R) as the Banach space of all continuous functions
from [0,1] into R with the norm ||z|| = sup{|z(¢)| : ¢ € [0,1]}.

This paper is organized as follows: Section 2 is preliminary while Section 3 contains

continuous function and n" ! # GE=D0
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an auxiliary result that is used to get some existence and uniqueness results in Section
4. In the final Section 5, we illustrate some examples for validation of our results.

2. Preliminaries

In this section, we introduce notation, definitions of fractional calculus and prove a
lemma before stating our main results.

DEFINITION 2.1. For a continuous function f : [0,00) — R, the Caputo derivative of
fractional order ¢ is defined as

1 t
CDIf(t 27/ t— )" M (s)ds, n=[q] + 1
0=t |, = (s) 0
provided that f(™)(t) exists, where [q] denotes the integer part of the real number g.

DEFINITION 2.2. The Riemann-Liouville fractional integral of order ¢ for a continuous
function f(t) is defined as

17F(t) = ﬁ/o (t— )7 f(s) ds, g >0,

provided that such integral exists.

LEMMA 2.3. ([2]) Let ¢ > 0, then 19 ¢D%u(t) = u(t) +co+cit +cat? +- - -+ cp1t" 1,
for somec; € R, 1 =0,1,2,...,n— 1, where n is the smallest integer greater than or
equal to q.

3. Auxiliary result

Here we present a supporting result for the existence result of the next section.

I(n) "
p+n—2)(pF1)’

n—1
LEMMA 3.1. Let #* =T
y € C([0,1],R), the problem

{Cun(t) =y(t), 0<t<1;

—1<q¢<n,0<n<1. Then for

(2)

u(n) =4 (0) =u’(0) =--- =u""2(0) =0, IPu(l) =0,
is equivalent to the integral equation
-1 t — )9 y(s s—L ! —5)71y(s)ds
ut) = 5 [ (0= ds = s [ =yt 3)
(" =t e [ pra-1 Q" —t7h) 7 g1
T T 0 (- ) yls) do - I'(p+1)I(q) /0 (1= 8} (e ds
where
Q- o) 0

L(n)—n""tp+n—-1)(p+n—-2)...(p+1)
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Proof. In view of Lemma 2.3, we may reduce (2) to an equivalent integral equation
1 t
u(t) = = / (t—s)T y(s)ds —co — crt — cot? — - — ¢ 1"t (5)
I'(q) Jo
for some ¢; € R,7=0,1,2,...,n— 1.

From /(0) = 0, it follows ¢; = 0. Also, u”/(0) = 0 = ¢2 = 0. Continuing in this
way, we have u"~2(0) = 0 = ¢,_2 = 0. Thus (5) becomes

1 ‘ q—1 n—1
u(t) = @/0 (t—8)" y(s)ds —cog — cp_1t" .
u(n) =0= ﬁ/o (n—5)T"y(s)ds — cg — cp1n™ ! = 0. (6)
Now
Plu(t)] = ﬁ /0 (t — )P~ [T%(s) — co — cn_15"1] ds
- _ cot? _cn,1tp+”_11"(n)
RS TP VR YRy
_ 1 ' Pl (s) ds — cot? o cn1tPt" 10 (n)
_F(P+Q)/o(t ) d T(p+1) T(p+n)
P =00 L [T epraty(a s - 0 amal(m) _
)] =0~ o =y ds— s - S o (0
On solving (6) and (7) for ¢y, ¢,—1, we have:
__ @ ' —s)Pta1y(s 5_762 ! —8)1 1 y(s)ds
ot _F(P+Q)/0 (=9 y(s)d F(p+1)1“(q)A (7= 9)" yls) d
_ L M sty ds - T [T gpraty(s)y ds
and co _F(q)/o (n—1s)""y(s)d F(p+q)/0 (1 PHIly(s)d

nnle n 1
+ —8)1 y(s)ds
I(p+1DT(q) /0 = ue)
where @ is defined in (4). On putting the values of ¢; in (5), we obtain the solution (3).
0

The converse of the above lemma follows from Definition 2.2 and Lemma 2.3.

In view of Lemma 3.1, the BVP (1) can be written as a fixed point problem. For
this, we consider the operator P : C([0,1],R) — C(]0,1],R) that is defined by

PO = / (t= 9 (s ds = s [ 9 sl ds
L9 1Q / P f (s, u(s)) d

Q(nn 1 tn 1

St [ st s 0
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To simplify and to our convenience, we put

_ 2 @ . el
CT(g+1) Tp+DI(g+1) T(p+qg+1)

4. Main results

In this section, we develop four different types of results for existence and uniqueness
of the proposed nonlinear fractional differential equation (1). To complete the results,
we use Banach contraction principle, Krasnoselskii, Scheafer’s fixed point theorem and
Leray-Schauder degree theorem.

The first result is based on Banach contraction principle.

THEOREM 4.1. (A) Assume that there exists a constant L > 0 such that |f(t,u) —
f(t,v)| < Llu —v| for each t € [0,1], and all u,v € R, and

(B) LA < 1, where A is defined by (9), then the BVP (1) has a unique solution
on [0,1].

Proof. Obviously, fixed points of the operator P defined by (8) are solutions of the
problem (1). We shall prove that P is a contraction.
Let u,v € C([0,1],R), then for each ¢ € [0,1], we have
1

—P(v _— t —8)T7 M f(s,uls)) — f(s,v(s s
|P(u)(t)—P( )(t)ISF(q)/O(t )7 f (s, uls)) — f(s,v(s))]d

1 O (s auls)) — F(s.v(s)) ds
+F(q)/0(,7 )T f(s,uls)) — fs,v(s))]d

Q|
- I(p+q)

T —8)T7 f(s,u(s)) — f(s,v(s))| ds
T, = ) — (s d

<L|u—v[r(1q)/0t<t—s>q-lds+1/0”<n—s>q-1ds

/0 (1= )01 £ (s, u(s)) — (5, 0(5))] ds

['(q)
I (] I AR Q) L SyPra1 gg
+F(p+1)F(q)/o(n ) d +F(F+Q)/o(1 ) d}
1 1 Q) [9]
<L =l [F(q 1) T+ D) TN+ | Th+g+ 1)]'

Thus ||P(u) — P(v)|| < LA||lu —v||. As LA < 1, P is a contraction, which satisfies all
the conditions of Banach Contraction Principle. Hence, P has a fixed point which is
a solution of the problem (1). O

We prove the following result by using Krasnoselskii’s fixed point theorem

THEOREM 4.2. Let f : [0,1] x R — R be a continuous function and assume that the
hypothesis (A) of Theorem 4.1 and the following hypotheses hold
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(C) |f(t,w)| < @(t) for all (t,u) € [0,1] X R and ¢ € C([0,1],RT);

(D)

Q) Q)
[r<p+ DD Totat 1)] <t (10)

Then the boundary value problem (1) has at least one solution defined on [0, 1].

Proof. Suppose sup,c(o,1)[¢(t)] = [|#]; we fix € > [[¢[|A and consider B, = {u €
C([0,1],R) : |Ju|| < €}. We define the operators Fy and F» on B, as:

(Fru)(t) ﬁ / (t— )71 (5, u(s ))ds—ﬁ / "= 97 f(s,uls)) ds, ¢ € [0,1].

(Fou)(t) = o " Q/ s)PTIL (s, u(s)) ds

tnl

,L T s u(e)) ds
T'(p+1)I(q) /0(77 )1 f(s,uls)) ds, t € [0,1].

For u,v € B, we have:

| Fru + Foo <”¢’H /(t— )97 ds + el / (17— )7 ds
0 0

['(q) I'(q)
o] "t — 1 |Q| [T a1 g
* T(p+q) ( ) i
ol Q] [n"~! t” i 1
+ F(p+ 1T / —5)9" " ds

_ 2l bl e L leliel _,
I(g+1) T+ Tlp+q)

Thus u,v € Be = Fiu + Fyv € B.. From (A) and (10), F» is a contraction mapping.

From the continuity of f, one obtains that the operator Fj is continuous. Also F) is

uniformly bounded on B, as

H¢||
Fu
Now, we will prove that the operator F} is compact Define

sup If(t u)| = fs-

(t,u)€[0,1]x

Then, we have

[(Fru)(ty) — (Fru)(ta)] :‘F(lq)/o ' [(t2 S e 3)’1—1] f(s,u(s))ds
+ / 2(152 —8)17 f(s,u(s)) ds

ty

fs

<—=5 __|2(ty —t 14—
F(q+1)|(2 1)+1 2|
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which is independent of u and tends to zero as t; — t5. Thus F} is equicontinuous.
Hence by Arzeld-Ascoli theorem, F} is compact on B.. Thus all the assumption of
Krasnoselskii’s fixed point theorem are satisfied. So the conclusion of Krasnoselskii’s
fixed point theorem implies that the boundary value problem (1) has at least one
solution defined on [0, 1]. U

The next result is based on Schaefer’s fixed point theorem.

THEOREM 4.3. Assume that the function f :[0,1] x R — R is continuous and the
following assumption holds.

(E) There exists a constant p > 0 such that |f(t,u)] < p for each t € [0,1] and
u e R.

Then the BVP (1) has at least one solution on [0,1].

Proof. We divide the proof into four steps.
Step I. Continuity of P.
Let {u,} be a sequence such that u, — u in C([0,1],R). Then for each ¢ € [0, 1]

IPWH@—PWWNégiié@—$“ﬂﬂ&w@»—ﬂawﬁﬂ%

I'(q)
L ! 73q71 S, Un(S)) — J(s,uls S
+H®A(n VI £ (5,un(s)) — £(5,u(s))| d
& ' — )Pt f(s w (s)) — f(s.u(s S
+F@+@A<1 VP F(s,un(s)) — s ul(s))] d

L ! 7Sq71 s . (s)) — s. u(s s
Tt L 0= 9 e = S5, ) d

1 t o — f(s,u(s s
<t ) (97 S 175w (5) — 5w d

: n ! — J(s,uls S
+f@ié<”‘@ 2 1 (s un(s)) = S5 u(s)ld

& 1 —s)Ptal gy s,un(s)) — f(s,u(s))|ds
*r@+®A<1 JrHt sup (1 ua(s) = Fs,u(s)ld

‘Q| K q—1
R T, 0 S ()~ £ )
Since f is continuous function, then ||P(uy) — P(u)| — 0 as n — oo. This means
that P is continuous.
Step II. P maps bounded sets into bounded sets in C([0, 1], R).
So, let us prove that for any € > 0, there exists a positive constant M such that for
each u € B, = {u € C([0,1],R) : |Ju|| < €}, we have ||P(u)|| < M. Now, for any
u € By, by using (8) and (E), we have:
1

- ' — 8 f(s, uls s i ! — )7 (s, u(s S
POOI< g [ (6= sl ds+ g [0 97wt a
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& 1 — s)PTIY £ (s, u(s s L ! — 8)T Y f(s, u(s s
[ g s ds + o AD [= rGsatsld
K ' _ )11 gs B K _§)9 1 s ,U|Q‘ ! _ g1 g
SF(‘])/O(t ) dJrl“(q)/oO7 ) d+1“(p+q)/o(1 ) !
& ! 7SQ*1S

* O J, 0 S A

Thus, || P(u)]| < Ap := M which implies that P maps bounded sets into bounded sets
in C([0,1],R).

Step III. P(B.) is equicontinuous with B defined as in step II.
Let 0 <t; <ty <1andu € B.. Using (8) and (E), we have:

Iﬂwm—mxm|ﬁ%/7@—w*—m—w4us

t n—1 n—1

1 : 1 p|Q| |ty t | 1

+ = ty —8)7 1 ds + )71 ds
['(q) /tl (f2 =) L(p+1)

1 1
|tn _tfl | |Q|/ p+q ldS
L'(p+q)

<K pltz —t)?
“T(g+1) [(g+1)
plOI e~ =571 plQ 7 =571
Flp+q+1) P(p+ 1 (g+1)
Ast; — to, the right-hand side of the above inequality tends to zero. As a consequence
of Steps I to III together with the Arzeld-Ascoli theorem, we get that P : C([0,1],R) —
C([0,1],R) is completely continuous.
Step IV. We show that the set
© ={ue C([0,1,R) : u=0P(u) for some 0 < 6 < 1}

[(t2 —t1)9 + (t2 —tD)] +

is bounded.
Let u € ©. Then u(t) = 0P(u)(t) for some 0 < § < 1. Now, for each t € [0,1],
using (8) and (E), we have

_0P@) )] < 2 [T - sytas+ 2 [ = syt as
)] =0P0)] < s [ = as s s [ = oyt

['(q)
+9N|Q| |77n L—gn- 1/ p+q L ds
I'(p+q)
OplQ| n" ' — "~ 1/ a1
- d
+ F(p—|— 1 s S
7 % 1l Q| plQ|

§Fm+1y+rw+1> Mop+a+1) T+ g+ 1)
Hence, we get [Ju|| < Ap:= N.
This implies that the set © is bounded. By Schaefer’s fixed point theorem, P has a
fixed point which is a solution of the problem (1). U
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Our final existence result is based on Leray-Schauder degree theory.
THEOREM 4.4. Let f:[0,1] x R — R be a continuous function. Assume that

(F) there exist constant 0 < k < & where A is given by (9) and M > 0 such that
[f(t,uw)| < E|lu| + M, Vt €[0,1], u e C[0,1].

Then the boundary value problem (1) has at least one solution.

Proof. Let us consider the fixed point problem
Pu=u (11)
where P is defined by (8). In view of the fixed point problem (11) we just need to

prove the existence of at least one solution u € C[0,1] satisfying (11). Define a ball
B, C C[0,1] with radius r > 0 as

B, = {u € C[0,1] : trél[gﬁ] lu(t)| < r},

where 7 will be fixed later. Then, it is sufficient to show that F : B, — C|[0, 1] satisfies
u # APu, Yu € dB,, YAe€|0,1]. (12)
Let us define
G\, u) = APu, Yue C(R), Xe][0,1].
Then, by Arzeld-Ascoli Theorem, gx(u) = v — G(A\,u) = u — APu is completely

continuous. If (12) is true, then the following Leray-Schauder degrees are well defined
and by the homotopy invariance of topological degree, it follows that
deg(gx, Br,0) = deg(I — AP, B,,0) = deg(¢1, B, 0)
= deg(go, Br,0) = deg(1,B,,0) =1+#0, 0 € B,
where I denotes the unit operator. By the nonzero property of Leray-Schauder degree,
g1(t) = u — APu = 0 for at least one u € B,. In order to prove (12), we assume that
u = APu, A € [0,1]. Then for v € B, and t € [0,1] we have
u(t)] =[A(Pu)(t)]
1 /t
S [ (= 8)T f (s uls))l ds +
I'(q) Jo
|Q
I'(p+q)
Q|

n 1
+m/o (n =) [f(s,u(s))| ds

1

I'(q)
1
A(lfﬁﬁfﬂﬂawﬁnw

A%n—@“lﬂawﬁ)%

+

<(kllull + M) {F(lq)/o (t—s)q1d8+r(1q)/0n(77—s)q1ds

QU 1) pratygy ¢ Y 811 ds
S, A s e o) d}
<(k|lu|| + M)A
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which, taking norm (sup;epo,) [u(t)| = [lul|) and solving for ||ul|, yields
Jul < T
u
T 1—kA
On taking r = Mlé\A + 1, (12) holds. This completes the proof. 0
5. Examples

In this section, we discuss some examples to illustrate our results (Theorem 4.1-
Theorem 4.4).

ExAMPLE 5.1. Consider the first type of fractional differential equation

D3 u(t) — (t—|—1721—|f|(u)(|)| te o] (13)

with three-point boundary value conditions

1
u(75) =0, W'(0) =0, I2u(1) = 0. (14)
n—1 __ . T'(n)
Here ¢ = § = n =5, 77 =5 P=57"" =" = 5w # 1 p+”\ %))(H(n 7 7
4 1 u(t
GFGFDGF ) — ro305 = 0-003315 and f(t u(t)) = rioy Tt As [t u) -
f(t,v)] < f5lu— v, (A) is satisfied with L = §5. Further,
r 2027025
Q| = +5) = VT _ 361773
ITG) —n*(p+4)(p+3)(p+2)(p+1)] 993.112
and thus
2 Q| Q) }
LA=1L +
[F(Hl) Llp+1)I(¢g+1) Tlp+q+1)

_ L] 64 36177320 361773

N 945,/ 992257 7!
49 [0 0382 4 5.9420 + 0.7178] ~ 0.1366 < 1.

Hence all the conditions of Theorem 4.1 are satisfied, and therefore the boundary

value problem (13)-(14) has a unique solution on [0, 1].

ExXAMPLE 5.2. Consider the following fractional differential equation

c2 1 :
D’-’u(t) = m s u, te [0, ].] (15)
with three-point boundary value conditions
1
u(7) =0, u/(0) =0, I7u(l) = 0. (16)
_ 1 _ 1 ,n—1 _ _ 1 I'(n) _ 2 _
Here = ¢, ¢ = 2’ P=5 0" =0 E 6 F G D2 D) — I
%, fltu) = (t+8)2 sin u. Clearly, [f(t,u) — f(t,v)] < é|sinu —sinv| < &|u — ).

Thus (A) is satisfied with L = g; > 0. Also, |f(t,u)| < 3£ = ¢(1) ,i.e., (C) is satisfied.
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Here
0l = L(p +3) 12097
IT(3) =n%(p+2)(p+ 1) 113
and thus
1 120 x 1 12
) Ll _ 1] 12016 OV | _ 00148 < 1.
F(p+1L(g+1)  T(p+q+1) 64113 x 15 x /7 113 x6

Hence, all the conditions of Theorem 4.2 are satisfied and consequently the boundary
value problem (15)-(16) has at least one solution on [0, 1].

ExampPLE 5.3. Consider the following three-point fractional integral boundary value
problem

B 82 e 2tcost

cDhu(t) = — 4 =B 1 1
rult) 9 +10—|—sinu’ €1 (17)
with
1
u(g) =0, ¥/ (0)=0, I3u(1) =0. (18)
_1 ., _9 ., _4 n-1_,2_1 I'(n) — 2 _ 25
Heren=3,¢=3.p=57"" =7 = § # GramnGra-2-GF1) = GINGTD — 1

2t

flt,u) = &+ﬁ. Clearly, [f(t,u)| < 8+ 5=1=p
Thus, all the conditions of Theorem 4.3 are satisfied and hence the boundary value
problem (17)-(18) has at least one solution on [0, 1].

EXAMPLE 5.4. Consider the following fractional differential equation

|u(?)] 3
‘D 2 —— 4 -, t€|0,1 19
2u() 1007Tsm( Wu)4(1+|u(t)|)+4’ € [0,1] (19)
with three-point boundary value conditions
1
u(z) =0, u'(0) =0, I3u(1) = 0. (20)
_ 5 _ _ 1 _ 3 ,n—1 _ _ 1 L'(n) —
Hereg=35=n=3n=gp=5n""=n=1# p+n=—D(p+n—2)..(pt1) —
(p+2)(p+1) 35 and f(tu(t) = 100ﬂ sin(27u) 4(1‘1&)(‘,5)“ + % As [f(t,u)| < 5*10"LL| +1,
therefore (F) is satlsﬁed with k = & and M = 1. Further,
0l = T'(p+3) 1057
IT(3) =n*(p+2)(p+ 1) 3
SR Q @
—<< +
50 — A I'(¢g+1) Tp+1I(@+1) Tmp+qg+1)

| 16 35 x 25 105y/7

B [15\/7r+ 45/ T3
Hence all the conditions of Theorem 4.4 are satisfied, therefore the boundary value
problem (19)-(20) has at least one solution on [0, 1].

-1
] ~ 0.034946.
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