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GENERALIZED HOLDER’S INEQUALITY IN MORREY SPACES

Ifronika, Mochammad Idris, Al Azhary Masta and Hendra Gunawan

Abstract. The aim of this paper is to present sufficient and necessary conditions for
generalized Holder’s inequality in Morrey spaces and generalized Morrey spaces. We also
obtain similar results in weak Morrey spaces and generalized weak Morrey spaces. The
sufficient and necessary conditions for the generalized Holder’s inequality in these spaces are
obtained through estimates for characteristic functions of balls in R

1. Introduction and preliminaries

Several authors have made important observations about Holder’s inequality in the
last three decades (see [1,2,7,12]). Recently, Masta et al. [6] obtained sufficient and
necessary conditions for the generalized Holder’s inequality in Lebesgue spaces. In
this paper, we are interested in studying the generalized Holder’s inequality in Morrey
spaces and in generalized Morrey spaces. In particular, we shall prove sufficient and
necessary conditions for generalized Holder’s inequality in those spaces. In addition,
we also prove similar result in weak Morrey spaces and in generalized weak Morrey
spaces.

Let us first recall the definition of Morrey spaces. For 1 < p < g < 0o, the Morrey
space MY (R9) is the set of all p-locally integrable functions f on R? such that

1

Il = s B[ Iswray)” <o

a€R,r>0

Here, B(a,r) denotes the open ball centered at a € R? with radius r > 0, and
|B(a, )| denotes its Lebesgue measure. One might observe that |- || \(z defines a norm
on MP?(R%), and makes the space complete [9]. Also note that M&(R?) = LP(R)
if ¢ = p. Thus, ./\/lg(]Rd) can be viewed as a generalization of the Lebesgue space
LP(RY).

The following theorem presents sufficient and necessary conditions for Hélder’s
inequality in Morrey spaces.
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THEOREM 1.1. Let 1 <p<qg<oo, 1 <p; <q1 <00, and 1 < py < g9 < o0. Then
the following statements are equivalent:

1 4 1 1 1,1 _1
(1) p1+p2§pand(h+qziq'

(2) 1fgllae < I flpzillgllpzz for every f € MEHR?) and g € MP2(RY).

Let us now move to the weak Morrey spaces. For 1 < p < g < oo, the weak Morrey
space wM{I’(IRd) is the set of all measurable functions f on R? for which [ fllwre < oo,

11 1

where || flluag := SUPeera, r o [Bla,r)[ 77 y [{z € Bla,r) : [f(2)] >~}[7.
Note that |- ||,z defines a quasi-norm on wMP(RY). If ¢ = p, then wMP(R?) =
wLP(R?). Here, wMP?(R?) can be viewed as a generalization of the weak Lebesgue

space wLP(R?). The relation between wM?(R?) and M#(R?) is shown in the follow-
ing lemma.

LeMMA 1.2, ([5]) Let 1 < p < q < co. Then ME(R?) € wME(R?) with || fllyper <
Ifllaez for every f € MP(R?).

This lemma will be useful for us to study sufficient and necessary conditions for
generalized Holder’s inequality in weak Morrey spaces.

Next we present the definition of generalized Morrey spaces and generalized weak
Morrey spaces. For 1 < p < ¢ < o0, let G, be the set of all functions ¢ : (0,00) —
(0, 00) such that ¢ is almost decreasing (i.e. there exists C' > 0 such that ¢(r) > C ¢(s)
for every 0 < r < s < o0) and r%qﬁ(r) is almost increasing (i.e. there exists C' > 0
such that r%qﬁ(r) < Cs%d)(s) for every 0 < r < s < 00). Note that if ¢ € G, then ¢
satisfies the doubling condition, that is, there exists C' > 0 such that % < ig:g <C
whenever 1 < © < 2. For ¢ € G, the generalized Morrey space MZ(]Rd) is defined as
the set of measurable functions f on R? for which

1z = sup 1(1 |f<x>|pdx)”<oo.

a€R r>0 (T‘) |B(a77ﬁ)| B(a,r)

Note that Mg(Rd) = MP(R?) for ¢(r) := P 1< p < g < oco. Meanwhile, for
¢ € Gp, the generalized weak Morrey space w/\/lZ(Rd) is defined to be the set of all
measurable functions f on R¢ such that

Yl e Blar) : 1f@| > B _

[fllwrmz := sup
*" aemtro o(r)| Bla, )7
Here || - ||wa; is a quasi-norm on wMg(Rd). Furthermore, wMZ(Rd) = wMP(R?)

for ¢(r) := 7~ 4. The relation between the generalized Morrey spaces and their weak

type is given in the following lemma.
LEMMA 1.3. Letl1 <p < oo and ¢ € G,. Then Mﬁ(Rd) C wMg(Rd) with ||f||w/\,[x;5 <
fllver, for cvery f € ME(RY).

In Section 2 we state our main results, and in Section 3 we present the proofs.



328 Generalized Holder’s inequality in Morrey spaces

2. Statement of the results

Our main results are presented in the following theorems. The first theorem is more
general than Theorem 1.1.

THEOREM 2.1. Letm > 2. If 1<p<g< oo andl <p; <q <oo fori=1,...,m,
then the following statements are equivalent:

U 1 1 Ui 1 1

(2)

s
=1

m
< IT il gz for every fi € M (RY), i=1,...,m.
M5B i=1 K

THEOREM 2.2. Letm > 2. If1<p<g<ooandl <p; <q <oo fori=1,...,m,
then the following statements are equivalent:

= 1 1 Qs 1 1

ﬁfi

i=1

(2)

m
< m T fillyaqz: for every fi € wMPH(RY), i =1,...,m.
w./\/lg i=1 ‘

For generalized Morrey spaces, we have the following theorems.
m
THEOREM 2.3. Let m > 2,1 < p,p; < oo with > i < %, ¢ € Gy, and ¢; € G, for
i

1=

i=1,...,m.

—3

<

(1) If ﬁ @i(r) < @(r) for every r > 0, then
i=1 My =l

fi GMgii(Rd),i: 1,...,m.

ﬁ i
=1

| fillags: for every

T ) T ) P ) Pi(RdY 5 —
(2) If i];[l fi » < 11;[1 ||fl||M¢7;L for every f; € M (RY), i = 1,....m, then there
@
exists C' > 0 such that [] ¢:i(r) < C¢(r) for every r > 0.

i=1
THEOREM 2.4. Letm >2 and1 < p,p; < oo fori=1,...,m. If € G, and ¢; € Gp,
such that [] ¢s(r) = ¢(r) for every r > 0 and there exists € > 0 such that r7: ¢;(r)
i=1

are almost_decreasing fori=1,... m, then the following statements are equivalent:

& 1 1
(1) Z_;pjﬁg-

(2)

ﬁ fi
i=1

m
< [T lfillppi for every f; € Mg’ (RY), i=1,...,m.
MPi=1 ®i i
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REMARK 2.5. In [10,11], Sugano states that

ﬁ i
i=1

m
< TI |Ifill pes holds for every
MP =1 ®i

fi e ME(R),i=1,...,m, provided that @;1 i = % and il;ll #i(r) = ¢(r). Theorems
2.3 and 2.4 may be viewed as counterparts of Sugano’s results.

Finally, for generalized weak Morrey spaces, the following theorems hold.

m

THEOREM 2.6. Let m > 2, 1 < p,p; < oo with > 1% < %, ¢ € Gy, and ¢; € Gp, for
i=1""

t=1,...,m.

m

<m [ || fillyspi for every
w./\/lf; i=1 @i

11 f

=1

(1) If ﬁ @i(r) < @(r) for every r > 0, then
i=1

fi ewMgi(Rd),izl,...,m.

(2) If

11 £
=1

m
<m [ fillymep: for every fi € wM: (RY), i =1,...,m, then
wM¥ i=1 i '

m
there exists C > 0 such that T[] ¢i(r) < C ¢(r) for every r > 0.

i=1
THEOREM 2.7. Letm >2 and1 <p,p; <oo fori=1,...,m. If $ € G, and ¢; € Gy,
such that T ¢i(r) = ¢(r) for every r > 0 and there exists € > 0 such that (1)
i=1

i
are almost decreasing for i =1,...,m, then the following statements are equivalent:
s 1 1
(1) > 5 <3
i=1
m m ) J )
(2) |11 f: <m [ fillyaes for every fi € wME (RT), i =1,...,m.
i=1 i=1 i

w./\/lg

3. Proofs of the theorems

Here, the letter C' denotes a constant that may change from line to line. To prove our
results, we shall use Lemma 1.2, Lemma 1.3, and the following lemma.

LEMMA 3.1. ([3-5]) Let 1 <p < 0o and ¢ € G,. Then there exists C > 0 (depending
on ¢) such that

1 C
o(R) < IXBao. B llwmz < IXB(ao.m) Iz < (R
for every ag € R? and R > 0. In particular, we have

d d
R < |IxB(ao.r)llwrz < IXB(ao.r) Mz < C R
for every ag € R* and R > 0.
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Proof. This fact is proved in [3-5]; we rewrite it here for convenience. Let By :=
B(ag, R) € R? where ap € R? and R > 0. If r < R, then ¢(r) > C ¢(R), so that

1 1 xpx% C (IBla,r)NBol\7 _ C
¢<r><|B<a,r>| | e ”d) <3 (Cear) <wm

B(a,r)

for every a € R%. If r > R, then r%qﬁ(r) > C’R%(;S(R)7 so that

R i) O s < €
¢(r)<B(a,r)| / |XBU($)|d> §¢(R)R%|B(,)0BO| g(ﬁ(R)

B(a,r)
for every a € R%. Hence we conclude that |xz, HM{; < %R).
Next, by Lemma 1.3, we have ||XBo||wM§> < ||XB0||M’;« Finally, by using the

definition of || - H"UMZ’ we have
||XB || S v <{‘r€BO : |XBo(x)|>'7}|>p: i (|Bol)P: Y
"M = o(R) | Bol S(R) \|Bol )~ &(R)’
for every v € (0,1). Therefore || x5, ||pr > d>( 7> and the lemma is proved. U

3.1 The proof of Theorem 2.1

Proof. (1)=(2) Let 37, - < +and 3372, - = ¢ hold. Put - := 331", —-. Clearly
p* > p. Now take an arbitrary B := B(a, R) C R? and fl € MH(R ), where
1

i =1,...,m. By the generalized Holder’s inequality in Lebesgue spaces we have
1

B ( / ﬂm)wdx)p < Bl ( / ﬁﬂ(:cw*dw)
i ([ 1 |Ptdx)

m
< T il
q

2,

Taking the supremum over B, we obtain

17

(2)=(1) Suppose that < H ||fl||Mm for every f; € MPi(RY),i = 1,.

ME i=1

H fi
Take an arbitrary R > 0 and choose Ji = xBo,r) for i =1,...,m. It follows from

m
< Hm ||f1||/\/l§; = 1_[1 ||XB(07R)HM§Z.
i=

the hypothesis that ||xp(o,r)llmz =

d__ m d
Hence, by Lemma 3.1, we have R« ity < C'. Since R > 0 is arbitrary, we conclude
1
that Z@ 1 q =
Next, choose 0 < € < min{%7 e dp’"} Clearly € < d. For arbitrary K € N, we

define ge g (x) := X{OS\Z\<1}(x)+2j:1 X{j<|z|<j+j—<} (). (If one prefers, one may re-
duce to the case of d = 1 and then consider the tensor product Ge x (1, z2,...,%y) =
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Ge. i (1) ge, ik (T2) - - - ge, i (xy,) for the general case, working with cubes instead of balls.)
We define f; := ge x,i = 1,...,m. Note that []\"; fi = ge x andso |[]'", f,»|p = ge K-
Hence, we obtain

il;[lfi = sup |B(a,r)|a" P (/B |H fl(gc)| dx)

MP acRd r>0 (a,r) 34
1 1 %
>|B(0,K + K “)|a~» / ge k() dx
B(0,K+K~¢)
d d K %
=C(K+K i » \B(O,1)|+Z/ da
j=1 J<]z|<j+5c

1
P

K
=C(K + K955 [ [BO, 1]+ (B0, +5)| = |B0.5))

P

K 3 K
SC(K+ K70 [ Y[+ =7 | 2CK+K 977 [ Y 0!
j=1

Jj=1

The last inequality follows from the Mean Value Theorem applied to the function
t — t¢ on the interval [4,7 +j~¢] for each j = 1,..., K. Observe now that for K > 2,

we have
K K 1
cd—e—1 d—e—1 _ d—e _ _ _ d—e
> /1 t dt = C(K 1) 0(1 d%)K

j=1

> Cdee > C(KJ’»K*G)d*E.
We note that this inequality also holds for K = 1 provided that C' < 1. With this
observation, we obtain

[[5] =zC@E+K i F(K+K )55 =C(K+K )i 5.
i=1 Mfl)
Meanwhile, for each ¢ = 1,...,m, we claim that
1 1
sup  |Bla,r)|5 % (/ Sy )™ < B, )] (/ iy de) ™
a€Rd r>0 B(a,r) B(0,L)

for some integer L with 2 < L < K 4 1. Observe that f; = g,k is symmetrical about

0 and has most mass around 0, and so for each a € R? and r > 0, we have
1

L 1 1 ey
Blanf# ([ L )< B /| o Jwy )

Now, as a function of 7 only, the value of the last expression on the right-hand side
gets larger and larger as r grows from 0 to 2 but decreases for r > K + K~¢. This
verifies our claim about the supremum.
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Since%—iSOforz':1,...,mandj+j_€§2jf0rj:1,...,K,Wehave
1

11 _ bi
[ fill sz = sup  [B(a,7)[% ”( fi(x)pldCﬂ)

a€R®,r>0 B(a,r)

<C'|B(0,L)|% ~

& : &
( e >Pidw> <CLiTH <301 ICASS ”—fﬂ)

B(0,L)
L e
gCLi‘i<u%Q1n+§:j*f*> < CLu wLvi # =CLu .
j=1

Moreover, since L < K +1 < 2(K + K~°), we obtain || fi| v < C(K + K‘G)q%_p%
fori=1,...,m. '

m m
Knowing that > g =2 and H [ fil pzi, we conclude from the
i=1 " =1 lmz =1 :
two inequalities above that (K + K~¢)~ P+Z’7 1% < C for every K € N. Therefore
> pl < l as desired. U

REMARK 3.2. For m = 2, we obtain the proof of Theorem 1.1.

3.2 The proof of Theorem 2.2

Proof. If (1) holds, then by similar arguments as in [8] we can prove that (1) implies
(2). Tt thus remains to prove that (2) implies (1). To do so, take an arbitrary R > 0
and let f; := xpo,r) for ¢ = 1,...,m. By the hypothesis, we then have

117

i=1

m m
<m [T illoae: =m [TIxs0mlore:-

wM? i=1 i=1

||XB(0,R) ||wa; =

Hence R ™21 < C. Since this holds for every R > 0, it follows that >_." q =

1

q

Next, let 0 < € < mln{dq%,.. dp’”} and define g k() = X{o<jz<1}(®) +

Z]K:l X{j<|z|<j+j—<} (@), for arbitrary K € N. For i = 1,...,m, let f; = gc k.
We observe that

117
=1

1

IB(0,K + K )i~ #

l\D\H

{z € B(a,r) : |fi(z)| > }‘

w./\/léj
>CK+K i #(K+K )y 5 =CK+K )i s.

Meanwhile, by Lemma 1.2 and the Morrey-norm estimate for f;, we obtain || f;|,, Mo <
L € m
| fill pqri < C(K—FK‘E)‘%‘_E‘ fori=1,...,m. Since }1" | L = Land ||T] fi <
a4 qi q i=1 'w/\/lg

m —eqym e
m IT [[fillyamzi, we have (K + K—¢) #"&i= v < C.

i=1 :

Since it holds for every K € N, we must have Y ;" pi < % O
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3.3 The proof of Theorem 2.3

Proof. (1) Suppose that H ¢i(r) < ¢(r) for every r > 0. Take an arbitrary B :=

B(a,R) C R? and f; € Mpl (RY), where i = 1,...,m. Putting p% =y, L o it
follows from the generalized Holder’s inequality in Lebesgue spaces that

P

o \B|/H'f’ i) < |B|/H'fl o ds

LA 1

s | [ 1
B

11 £

=1

bS]
-

Pi dz

IN

We can now take the supremum over B to obtain

m
= A
=1 4

(2) Suppose that H Hsz/v(”l for every f; € MY RY, i =1,...,m.

My =1

Take an arbitrary R > 0 and define f; := XB(07R) for i =1,...,m. Then there exists

C > 0 (independent of R) such that ¢(R) < ”XB(O,R)HM’(; < 11;[1 ”XB(O,R)”MZ%L_ <

r_c
Il 5

. Thus [] ¢:(R) < C ¢(R), as desired. O
i=1

3.4 The proof of Theorem 2.4

Proof. (1)=>(2) Suppose that >\, i < %. As before, one may easily observe that
II fi S H ||f1||M2 for every f; € MZZ_(Rd), i=1,...,m.
i=1 i=1 i

Il

i=1

(2)=(1) Let H Hf,HMm for every f; € Mgi(Rd), where i = 1,...,m.

P =1
My ?

For arbitrary K € N, we define g. x(z) := X{OS‘$|<1}(x) + Zjil X{jgmgﬂ-fﬁ}(x),
where € > 0 satisfies the hypothesis (which forces us to have e < d). Fori=1,...,m,
let f; := ge k. It is easy to check that

ﬁ i = . : / ek () d '
A = w9\ [BOK+ K ) ’
= My B(0,K+K~¢)
Z f ]d e—1 Z 5 )
(K + K<) r (K + K ;; (K+K )i g(K + K—)

Meanwhile, for ¢ = 1,...,m, by using similar arguments as in the proof of Theorem
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2.1 one may observe that for 2 < L < K + 1,

C 1 v C
Wiz, = 5.0 <|B(0 L) /gE’K(z)dI> S KK 9ok K

B(0,L)
Since || [] f: <TI ||fz||M; and [] ¢:(r) = ¢(r) for every r > 0, then for arbi-
=1 vy =1 i=1
trary K € N it holds (K + K—e)—§+Z}';1 < C. Hence, Y 1", pi < % U

3.5 The proof of Theorem 2.6

Proof. (1) Suppose that i];[l ¢i(r) < ¢(r) for every r > 0. Let f; € wM (R?), where
i=1,...,m. For an arbitrary B := B(a, R) C R? and v > 0, let

1 P
A(B,7) = reEB: >y .
w @B i ||szme |
Putting p% =" pi, we observe that
- <
1 .
AB) < |————" |z €B: HI >

BI(HT ou(R)” i &

L i=1

— -ng* z€B : H\ | >0 F,
_|B| oi(R HfZHpr
where g := -+—L—. Furthermore, by using Young’s mequality for products, we have
IT ¢i(R)
i=1 ] %
1 P
AB,7) < | { > 70}
(B < |5 H‘ mnwm |

_ 1

1 * liis p* fz(.’IJ) Py p*
< |—=n"5 [{z€B: —|—=——1" >

kL { 2 o E Bl

IN
1]
B[~

S,

p* fz<.’1,‘) 2y Yo
reB: —| ——m |7 > —
{ i ‘¢¢(R)||fi||uwtiii | m}
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p*

P
Since Z- W " > 2 js equivalent to | f;(z)| > (Z;’;”)”l (R)Hf,HwM2: =,
we obtain '
1
< S P ez e B lfi@) >l |
B,) < Z( o /pz |B]
i=1 1 fill o pari
m pi* m o o
NP AP [{z € B : 4 NaB
—m Z(&) 7i{z | fi(z ) }| <m Z(ZL) <m b = m,
b ¢i(R)P (Bl f:lly, = \pi — pi

because 1 < p* < p; fori=1,...,m. We then take the supremum of A(B,7) over

1 s

i=1

B := B(a,R) C R% and 7 > 0 to obtain

w./\/lg

(2) Let H fi <m]] HfinMZi for every f; € wM; (RY),i=1,...,m. Take
i=1 i

wME
an arbltrary R > 0 and define f; := xp(o,g) for i = 1,...,m. By the hypothesis,

m
we have HXB(O,R)”st) <m]] ||XB(O’R)HwMgi. It thus follows from Lemma 3.1 that
i=1

there exists C' > 0 (independent of R) such that [] ¢;(R) < C ¢(R). O
=1

3.6 The proof of Theorem 2.7
Proof. (1)=(2) Suppose that Y ",
I fi

=1

IN

ES ’E-h—-

As before, for every f; € w./\/lf;; (RY),

1
p

<m
w/\/l;)5 i

m
mi];[le,»HwMy for every f; € wMZZ(Rd),

i=1,...,m, we obtain ||fZ||me .

1

IN

(2)=(1) Suppose that

=1 pr

where ¢ = 1,...,m. Define g k() := X{o<|z|<1}(z) + Zj 1 X<l <545 e}( ), for
arbitrary K € N (where € > 0 satisfies the hypothesis), and for ¢ = 1,...,m put
fi = g¢, k. By using the same arguments as in the proof of Theorem 2.2, we have

" C

H fi > - .

pale} (K+ K—9)ro(K + K—¢)

Next, using Lemma 1.3 and the generalized Morrey-norm estimate for f;, we have

C
fillwper: < 1 fill s < - ,
Mo, Mot T (K 4 K% gi(K + K

< [T llaeg, a0 [T 6r) = 60 for ev-

w./\/lf;

ﬁfi

=1

fori =1,...,m. Since

wMg
ery r > 0, it follows that (K + K‘E)_ﬁ'zg1 i < C. We therefore conclude that
Z:'il i < Il, O
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4. Concluding remarks

We have shown sufficient and necessary conditions for generalized Holder’s inequality
in several spaces, namely Morrey spaces and their weak type versions. From Theorems
2.1 and 2.2, we see that both generalized Holder’s inequality in Morrey spaces and in
weak Morrey spaces are equivalent to the same condition, namely ZZ’;I pi < % and
> é = %. Accordingly, we have the following corollary.

COROLLARY 4.1. For m > 2, the following statements are equivalent:

m m

(1) |11 f: < IL I fill pzi for every fi € Mb: (RY), where i =1,...,m.
=1 lpme =1 :

2) |11 f: <m [T Wfillypqe: for every fi € wMEH(R?), wherei=1,...,m.
=1 |lwme i=1 “

Similarly, from Theorems 2.4 and 2.7, we have the following corollary about
Hoélder’s inequality in generalized Morrey spaces and in generalized weak Morrey
spaces.

COROLLARY 4.2. Let m > 2 and 1 < p,p; < o0 fori =1,....m. If ¢ € G, and
&; € Gp, such that [] ¢i(r) = ¢(r) for every r > 0 and there exists € > 0 such that
i=1

rf’%'qbi(r) are almost decreasing for i = 1,...,m, then the following statements are
equivalent:
m m )
(1) |11 f: < T1 I fill pyri for every fi € ME (RY), where i =1,...,m.
i=1 |lpmp =1 i ‘
m m .
2) |11 f: <m ] fillyaqei for every fi € wMZ: (R?), wherei=1,...,m.
=1 llwmz i=1 i ‘
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